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In the present work we have established the correlation between Dirichlet averages and
fractional derivatives of the function z"(log z)? and the Dirichlet series. Some particular cases

are also mentioned.

1.Introduction

In a series of papers [1] Carlson has defined the Dirichlet averages of
functions which denote a certain kind of integral averages with respect to a
Dirichlet measure. Many of the most important special functions have been
derived as Dirichlet averages of the function z?, %, e!/# and z" log z.

In the present paper our aim is to establish the correlation between
Dirichlet averages and fractional derivatives. We have considered the function

z"(log z)?

which is the p-times derivative of 2™ with respect to the degree of homogeneity n
and also considered the Dirichlet series [cf. 4]. This Dirichlet series is a certain
kind of double series.

We list some definitions used to investigate the results of the present
article.
Standard simplex in R*; n > 1:

We denote the standard simplex in R"; n > 1: by

E =FE, = S(u1,u2,....,us) u3 >0, ug >0,...,u, 20

and

(1.1) ' Xn:uj <1

=1
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Dirichlet measure:

Let b€ C*, k > 2, and let E = Ej_, be the standard simplex in R*¥-1.
The complex measure y; is defined on E:

= k-1 \
(1'2) dﬂ'b(u) . B_(bj H ’U::'J 1(1 t 2 u,-)b"—ldul...duk_l
1=1 Jj=1
will be called as Dirichlet measure.
Here

. _ D(by)-T(b)

B(b) = B(by,...,bx) = (b1 + .+ bx)
and C5 = {2 € Cz #0, |ph z| < 7/2}, open right half plane and Cs = Cs X
... x Cs k-times.
Dirichlet averages:

Let © be a complex set in Cs, z = (21,...,2k) € Q*, k > 2 and u.z be a
complex linear combination of z, ..., 2.

Let f be a measurable function on €, and p; be a Dirichlet measure on
the standard simplex E in R*¥~!. Define

(1.3) F(b,z) = /E F(u.2)dps(w).

We shall call F(b, z) the Dirichlet averages of f with variables z = (21,..., 2k)
and the parameters b = (by,..., bg).
Here

k k-1
(1.4) uz=) ujzjand up=1- Z uj
j=1 =1

If k = 1, define F(b,z) = f(z). Following are the Lemmas, which we

need for our investigation.

Lemma 1. (Dirichlet averages of z") Let n € N = {1
be a Dirichlet measure on the standard simplez E in R, k
z € CF define

(1.5) Ra(b,2) = /E (u.2)"dps (u);

called the Dirichlet averages of z™.
Particularly when k = 2

_T@+p)
(OB

3,...} and up
2.

| 2)
> For every

(1.6)  Ra(8,4%,y) /0 [uz + (1 - w1 (1 - w1 du,
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where 3 and (' have positive real part, z and y are independent and n is unre-
stricted.

Equation (1.6) is equivalent to
. INCEY: EPRPORE _
A1) Ra(8 B2 = N - 0 D - 0P

where
(1.8) DeF(z) = T“TEE)_ /Oz(z — 1> F(t)dt

called the Riemann-Liouville operator or Fractional Derivative of order a for
Re(a) > 0. .
Equation (1.7) can also be written as [cf. 3]

Ra(B,82,y) =y"2Fi(-n,B8,8+p1- %)
(1.9)

= znZFl(_na ﬂlvﬂ R %)

Lemma 2. The pth derivative of the multivariate hypergeometric func-
tion R, with respect to the degree of homogeneity n, can equivalently be thought
of as a Dirichlet average of 2= (z") = z"(log z)P, denoted by A% (b, 2).

Then

(1.10) AL(b,2) = sl Ra(6,2)]

where R, (b, z) is defined in from (1.5) to (1.8).
We shall often display the components of b and z by writing

An(byy ooy bis 21, ooy 2)

Lemma 3. (Dirichlet average of e*) Let uy be a Dirichlet measure on
the standard simplex E in R¥=!, k > 2 defined in (1.2), then for every z € C
we have

S(b,z) = fp e dun(u)

= Z::O ;nl—rRm(b, Z)

(1.11)
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called the Dirichlet average of e*.
Particularly when k = 1

S(b, z) = €.
Equation (1.11) may also be equivalent to:
For k=2
S(B,852,y) = (2 - y)' PP eV D L e (z — y)Pl
(1.12)

= e, Fi[8, B+ 02—y, (ReB,B' > 0)

Dirichlet Series:
Let f(x) be an entire function represented by the Dirichlet series [{]

(1.13) f(z) = i a, exp(zA,)
n=1 .

z=0+41p, V-1 =1, 0 and p are real.
where the constants A, satisfy the following condition:

0< A <A< .. <A< A, > 00 as n— oo.

The Dirichlet series defined by (1.13) is a certain kind of double series as
it contains the exponential terms.

2.Main results

In this section we shall show the equivalence of single Dirichlet average
(k = 2) with the fractional derivative of the function z"(logz)? and of the
Dirichlet series defined in (1.13).

Let f(z) be defined by

f(z) = z"(logz)? forn,p€ N, (n > p)
(2.1)
=0 (n < p)

then for k = 2 (i.e. the single Dirichlet average of f(z)) is given by the equiva-
lence relation

22) A, Bie ) = “GET - )P DY [a (g ). (y - )]
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where Re(f), Re((') > 0.
Let f(z) be defined by the Dirichlet series (1.13); then for Re(3), Re(8') >
0 and A, > 0 also {\,} is an increasing sequence, then

(2.3) T8, 852,9) = 3 am Fr[B, B+ B Mz — v)]
n=0

which we shall call Dirichlet averages of the Dirichlet series.

Proof.
To establish the result (2.2), we use (1.6) and (1.10) to write, for k = 2,

A8, Br2,y) = £ [BEH iz + (-
| xuf=1(1 — u)? ‘ldu]

After differentiating partially the above equation p-times with respect to
n and making use of (1.8) we arrive at the desired result.

As a particular case of the result, if we take p = 1 then, our result reduces
to Gupta and Agarwal [3]. Also if we set p = n in (2.2), without the loss of
generality we get

AR(B, 85 z,y) = An(B,8';2,y)
= S (y — 2)1-A-0' Dy, [(aloga)".(y - 2)°]

Now to establish the second result (2.3) we use (1.11) to write for k = 2,

(2.4)

T;\(ﬂyﬂ,;z»y) Zan 2 m(ﬂaﬂ,; AmZ, Amy).

n=0 m—O

With the aid of equation (1.6) we may write the above equation as

TAB,B52,y) = S0 Tone 2 iGtes
X AT [uz + (1 — w)y]™uf~1 (1 - u)P'~1du.

By putting u(z — y) = t under simple manipulation, and using (1.8), we may
write

S 3 @ LOAR) o gy D ()™ (o — )
n=0m=o "
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Again using the definition of Dirichlet average given in Lemma 3 to write
A (o]
Tn (ﬂvﬂ’; z, y) = E aanl[ﬂ; :3 + ﬂ,; An(z - y)]
n=0
thereby we arrive at the desired result.

Following particular cases might be of interest to extend the work.

Particular cases

Particular cases of (2.3):
(i) f ' =+ —p and y = 0, we have.

T (8,7 - B;7,0) =D an1 F1(B;7; An7)

n=0
where ; F} (a; b; z) is the confluent hypergeometric function [2].
(ii) f weset 8= —r, ' =14+ a+r and y = 0 in (2.3), we obtain

T,’,\(—-r, l1+a+r;z,0) =Y oanFi(-rl+o AnZ)

= S o ity
where L? is the familiar Laguerre polynomial [cf. 2].
(i) f weset B=v+ %, ' =v+ 1, z=ipand y = —ip in (2.3) we have
2ap)” )
v+1 T#(V"""%’V"" %;‘P,—W) =
Y v

= T tipyant F 120 + 1;200ip) =
= 2.n=0 T(v+1) Ynl 1(V+ 23 v+1; ntp)._

= Yonzo andy(2Anip),
where J, (z) is the well-known Bessel function of the first kind [2].
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