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Separable Commuting with the Generalized Hardy-Littlewood
Operator for Several Complex Variables

Miryana S. Hristova

Presented by P. Kenderov

Results of previous publications are generalized for several complex variables. Descrip-
tions of the commutants of the generalized Hardy-Littlewood operator are made in the case
of separable commuting. Different cases are considered: when the components of the operator
Preserve the powers, increase the powers, and a mixed variant - some components increase,
while other preserve the powers.

The question about the separable commuting with the generalized Hardi-
Littlewood operator for several complex variables was posed and partially con-
sidered in [1]. Later in [2] a possibility was shown to define the commutant in the
multidimensional case when the joint commuting was considered. Descriptions
of commutants of different operators in the multidimensional case are made by
other mathematicions, too (see for example [4], [5], [6], where further refferences
‘exist).

In this note the separable commuting with the generalized Hardi-Littlewood
Operator is considered in the case when the powers are not increased by the ac-
tion of the operator, and a miscelaneous variant of separable commuting is given,
too.

As in our previous papers let Ay be the space of functions y(z), 2z =
(21,2,...,2,) € C*, analytic in neighbourhoods of the origin. The standard
multiindices m = (mq,...,m,), n = (n1,...,n4),k = (k1,...,ks) and a :=
(@q,...,a,), where ay = nj —my+ 1, 1 <1 < s, will be used as well as the
multipowers z¥

Denote by B; = By, n,, 1 <1< s, the operator

— Sk k
—zl ...zs’-

1 z
(1) Biy(z1,...,21,...,25) = ﬁ/o 0y(z1, e atyy oy 25) dly,
1



350 ' Miryana S. Hristova

wheren; = 0,1,2,...and m; = 0,1,2,...,n;+1. It is onedimensional generalized
Hardy-Littlewood operator with respect to the variable z;. For every variable
2z, 1 < 1 < s, a fixed positive integer power p; of the operator B; can be
considered. The commutant of Bf* will be denoted by K B”‘ :

Fix an arbitrary /, 1 < ! < s, and consider the case when the action of
the operator B; preserves the powers, i.e. oy := n; — m;+ 1 = 0 (a shows the
change of the powers).

Let L : Ag — Ag be a continuous linear operator which commutes with
o0

S
the operator Bf‘L Consider Lz* = LHzf‘ as a power series Z Ak,i2" with
|1]=0
unknown coefficients Agi = Ak, kojinynis

Theorem 1. Letl be an integer, 1 <1< s, a:=n —m+1=0, and
p1 be a positive integer. A continuous linear operator L : Ao — Ao belongs to
the commutant K B,”'. if and only if it has the form

(2) Ly(zl, cey 2y ,z,) =
) co oo

>3 ki 2o X

k1=0 ks=0 11=0 ¢_;=0

o0 o0
| APF A e i1—1 k1 i1 is
X E 2 G B N T G RS ol el sl LY
1141=0 1,=0

o o]
where y(2) = Z arz* € Ao, ai,pi,n, m; are the l-th components of the mul-
. |k|=0
tiindices a,p,n,m and di, . ki, .ii-1t41,.is GT€ arbitrary complez numbers,
such that the series in (2) are convergent in a neighbourhood of the origin.

Proof. Let
k oo o0 o0
k. . ; :
(3) sz‘ Vo Z,' a2t = Z pg Z - 2 Ak,'_,,'kh.-,',__,;,_,,,,g,.z“ vo i@ ER,
13 =0 11=0 1s=0

Taking into account the action of the operators B}* and L, and express-
ing LB'z* = B}'Lz* for an arbitrarily fixed multipower k, one compares the
coefficients of the equal multipowers ¢ = (¢1,...,41,...,1,) and gets the equalities

Ay pooahidysrilinia: _ B T s e O
(ni+ ki + 1)P ( + 4+ 1)»
From here it is clear that

Xkyyio ks iy bt ivnte = {

0, for iy # ki
Bl kedyveniiat ity 1ries  TOT 1 = Kis
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The replacment in (3) gives

oo
. . . . 1 u—1 ki _t41 i
Z Z Z Z iy ks it seoit—1sit—1reesia 21 - <211 2] Zpgp c+ 020

11—.0 t‘ ]—01,+1— i&=0

Lzb ...zlk‘ coozh =

and it remains only to apply the operator L to an arbitrary function y € Ag
oo

with the power expansion y(z) = Z axz*, in order to obtain the description (2).

Thus the necessity of (2) for comn;uting with B} is proved. The verification of
the sufficiency of (2) will be omitted because it is a direct calculation of LBJ'z*
and Bl Lz*. =

Now we give a corollary of Theorem 1 for opera.tors commuting simulta-

neously with arbitrary powers of an arbitrary set, say B e Br' 1<h <

. < lg < s, of operators B;. To make the result more readable we suppose,
wit.hout loss of generality, that the commutting is with the first g operators.

Corollary. Let q be an integer, 1 < g < s. Letay:==ny—m+1=0
and p; be positive integers, 1 < | < q. A continuous linear operator L : Ap — Ao
commutes separably with each of the operators Bl', 1 <l < q, if and only if it
has the form

@ Lyx=3 ...3 3. de, edeptria B R

k=0 ke=01g41=0 1,=0

where di, .k, i1, are arbilrary complez numbers, such that the series in (4)
are convergent in a neighbourhood of the origin.

If ¢ = s, then (4) becomes

Ly(z) = Z ardy2*.

|k|=0

In the onedimensional case this is the result of Theorem 2 in [3].

Proof. It is sufficient to mention that in fact here the intersection
N K BM of the commutants of the operators B, 1 <[ < g, should be taken,
using the form (2) of each of the commutants. I

In [1] the separable commutting is considered in the case when the op-
erators B, increace the powers , i.e. a; := n; — m;+ 1 > 1. A theorem is given
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there without an explicit description. Here we give such description in order to
formulate a corollary analogous to the above one.

Theorem 2. Let l, 1 < | < s be arbitrarily fized, and pjay > 0
with p; a positive integer and a; := ny — m; + 1 > 1. A continuous linear
operator L : Ag — Ao commutes with the operator Bl' if and only if for every

y(z) = Z arz* it has the form

k=0
0o pirog—1 00 00 00 [e3) )
(5) Ly(z) = Z Z Z---E---Zakz\k,.»z'+
k1 =0 k=0 ky=0%1=0 1=0 1s=0

LI
oo ["l“l]m 1

f: i i i Z .__f:ak H my + ki — o

my+ i — oy

k1 =0 ki=pioy ks=01,=0 . k ta=0 =0
' =gk e
Ak ky— kl k.. T kl .
1998 Proy PlOyeyKg )11 y.0001) Piap PlO,..ytg

where ay, py, ki, i, my, pu; are the l-th components of the corresponding multi-

indices, and \ are arbitrary complex num-

k, . . k .
k],...,k[— {Waﬁ]p‘al""‘k"" PEEETY A [E“l'_l PlOyeiayts

bers, such that the series in (5) are convergent in a neighbourhood of the origin.

After a suitable renumbering of the variables and a convention about
some products the following holds:

Corollary. Let q be a positive integer, 1 < q < s and let a; :=
n—-m+1>1, pp>1,1<1<q. A continuous linear operator L : Ag — Ao
commutes separably with each of the operators Bl', 1 <1 < q, if and only if for

o0
every y(z) = Z arz* it has the form
k=0
o0 00 00

(6) Ly(z):i...i i Z Z E

ky =0 ks=0 . k .| . 1g41=0 1,=0
= H}'T Py 1q= —quaq Pqoq

LS T P LTI
man]p’ ! ["¢°"]pq ! k
. I'I my + k1 — oy H Mg + Kqg — [qQq
u1=0 m+u - o wnq=0 My + lqg — HqQyq
A 2t

k k . i . i .
ky— [E},T] p1ay,... kg — [,—,;37] Pqaqikg41,eenks i1 — [ﬁfﬁ] P1O1,eenig— [_quaq ] PqOqyig+1s--nis
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where the complez numbers Ar,, . o kesrkssisyniss 0 S 11 < prag,1 <1< q are
arbitrary, but such that the series in (6) are convergent, and the products

[p‘,,l pt—1
II my + ky — oy

m=0 ™tu-—jua

are considered to be equal to 1 for 0 < ki < piay, 1 <1< g, to avoid the splitting
prag—1

of the sum Z into 2 and E

ky=0 ky=0 ki=p1oy
Here the proof will be omitted, because it is similar to the proof of the
previous corollary of Theorem 1.

Now a mixed variant of the separable commutting will be considered,
when a part of the numbers a; := n; — m; + 1 are positive integers, while the
others are equal to 0.

Theorem 3. Let q andt be integer, 1 < g <t < s. Let p; be positive
integers for 1 <l <t,andp =0 fort+1<I<s. Letay:=n—m+12>1
for1 <1 < gq,and ay = 0 for q+ 1 < | < t. A continuous linear operator
L : Ap — Ao commutes separably with each of the operators Bl*, 1 <1< t, if

and only if for every y(z) = f: arz* it has the form
k=0
(7) EgGl=0" i~ Jo, 0% Ui oy P BE

k=0 =0 . k . k.
. - | =2
"= pray | PN '9= | pgaq

. [—1—101 p1—1 ,“""“:aq Pq—1
my + ky — oy my + kg — a0y
ai H ..... H :

=0 ™M1t u - o
d k k. . ' . ' . i
ky— [I’T‘l!—l-] P10 kg — [P_qg;] Pqaq kg1 seerksyin — [;l_%-l-] P10 ,.enyig— [—’—chq PqOgitt4lyents
: : kq41 ke te41 i
zy .28, 2 N a2
where dry . rokop1yikssitriqitgrimic 0 < 71 < pay, 1 < 1 < g, are arbitrary
complez numbers, such that the series in (7) are convergent in a neighbourhood
of the origin, and the products

Bl

H my + k; — oy

m=0 Tutu-— o
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of the origin, and the products

[Pc"(

H mz + ki — oy

o T U

are mn«eidrrcd to be equal to 1 for 0 < ki < pioy, | <1< q, to avoid the splilting

prog—1
of the sum Z nto 2 and Z
k=0 - k=0 ki=pio

Proof. The formula (7) can be obtained as a consequence of Theorem
1 and Theorem 2 taking the intersection of the commutants I\";’,“, 1 <1<y,
described by (2), and l\"}’,’l, q+ 1 <1<, described by (5). =
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