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~ A Probabilistic Validity Measure
in Intuitionistic Propositional Logic!

Branislav Bori¢iét, Miodrag Raskoviétt

Presented by P. Kenderov

An extension of the Heyting propositional logic obtained by adding some probability
measure axioms is considered. The corresponding Kripke—type and algebraic models are
described.

1. Introduction

Our work on this subject was directly inspired by H. J. Keisler’s treat-
ment of probability quantifiers (see [2] and [3]). Instead of the first—order
predicate logic and quantifiers (see also [4]), we consider propositional calculi
with a family of propositional operators satisfying formally the same list of prob-
ability axioms, as those concerning quantifiers (see [1] or [5]). In this paper we
present an extension of the Heyting propositional logic by probability operators.
The main aim was to describe syntax and semantics enabling an adequate ex-
pression of the following statement: “probability of truthfulness of A is greater
(less) or equal to r”, denoted by 7, A (7" A, respectively). The next paragraph
deals with our formal system. Afterwards we define the corresponding Kripke—
type semantics and algebraic models followed by the completeness results. The
paragraph concerning the Kripke models is written by the first (co)author and
the treatment of algebraic semantics belongs to the second one.

'The results contained in this paper were presented at the Conference on Mathematical
Logic held in Belgrade on March 25, 1993. The work on this paper was partly supported by
the Ministry of Science and Technology of Serbia, grant number 0401A.
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2. Formal system

The language of our system consists of usual symbols for logical connec-
tives, propositional letters, parentheses and two types of probability operators:
7" and 7,, for each r € S, where § is a finite subset of the real interval [0, 1],
such that 0,1 € 5. The set of formulae is the smallest set containing proposi-
tional letters and closed under formation rules: if A and B are formulae, then
(~A), (AAB), (AV B), (A— B), n"A and 7, A are formulae.

Let H be the Heyting propositional calculus. Then by H, we denote the
logic having the following axioms:

(0) All formulae provable in 'H.

(1) (monotonicity)

7"A— 7°A, forr<s

T, A —=7m,A, forr 2> s

(2)
1A

7I'0A
(3) (finite semiadditivity)
7#"AAT*B — 1'(AV B), wheret=min(l,r+ s)

1, AANT,BAT°(AAB)— m(AV B), wheret=min(l,r + s)
and inference rules: :
A A— B A
SR (mp) and m (m1)

The axioms (1), (2) and (3), and the inference rule (7,), concerning the
probability operators are called the probability measure conditions.The deriva-
tion from hypotheses may be defined in a usual way: if I' is a set of formulae,
then we say that a formula A can be derived from the set of hypotheses I' in
H, (denoted by I' k3, A) iff there exists a finite sequence of formulae By, ..., B
such that B; = A and every formula of this sequence is a theorem of H,,, belongs
to I or is obtained by the modus ponens rule from the formulae preceding it in
the sequence. It is easy to prove that the Deduction Theorem holds with respect
to the derivability relation just defined.



A Probabilistic Validity Measure in Intuitionistic Propositional Logic 367

3. Kripke type semantics

In this paragraph, we are going to define the Kripke type model cor-
responding to the logic H, obtained as an extension of H by the probability
operators satisfying the probability measure conditions. By an H,—frame we
mean the structure (W, R, (p®)zew, (Pz)zew), where

(i) (W, R) is an H-—frame, and

(ii) p® and p, are partial functions from the power set of W to S C [0, 1]
such that the following conditions are satisfied:

monotonicity: for every x,y € W and every measurable X C W, if z Ry,
then p*(X) > p¥(X) and pz(X) < py(X);

subadditivity: for every x € W and all measurable X,Y C W,

P (X UY) < min(p*(X) +p*(Y), 1)

superadditivity: for every x € W and all measurable X,Y C W, if p*(XN
Y) =0, then

p(XUY) 2 min(pz(X) + pz(Y), 1)

where the class of measurable sets is a o —algebra ower W and for any z € W,
p(W)=1.

Note that the properties considered above correspond to ihe probability
measure conditions. '

An H,—frame together with a valuation, i. e. a mapping from the set of
propositional variables to the power set of W, such that for every propositional
variable P and all z,y € W, if zRy and = € v(P), then y € v(P), will be
denoted by M = (W, R, (p%)zew, (Pz)zew, v) and called an H,— model.

Let M = (W, R, (p%)zew, (Pz)rew,v) be an H,—model. Then, for any
z € W and any formula A, we define the relation z | A, “A holds in the world
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z in M”, by induction on the complexity of the formula A, as follows:

=P iff z€v(P)

zEBAC iff t=B andz=C

= BVC iff t=B orz=C

gk B —C iff forallyGVW, if tRy and y |= B, then y = C
zl= B iff forallye W, if Ry, then not y = B

cE=7B iff p"{ylyE B} <r

tEnB iff pAylyE B} >

where we suppose that, for every formula A, the set {y|y = A} is both p” and
pr—measurable, for any z € W. We say that A holds in a model M, denoted
by M = A, iff for any x € W, z = A. We simply write = A and say that A
is Hp—valid iff for every H,—model, M |= A. In the sequel of this paper we
shall use abbreviations p*(B) and p,(B) for p*{yly = B} and p.{yly B},
respectively.

Now, following a usual procedure, we are going to present the main steps
of the proof that H, is sound and complete with respect to the class of H,—
models.

Intuitionistic Heredity Lemma. In every H,—model, for any for-
mula A and any z,y € W, ifz |= A and zRy, then y = A.

Proof. By induction on the complexity of A. Let us cosider just the
cases with the probability operators.

() HA=7"B,zRy and z |= A, i. e. z |= " B, then by definition of =,
we have p®(B) < r. But having in mind the monotonicity of p’(X), for z Ry, we
have p*(B) > p¥(B), as wel l. Consequently: p¥(B) < r,i. e. y = A.

(2) Similarly, for A = 7. B, zRy and = |= A, by definition of satisfiability
relation and monotonicity of p (X ), we have r < p,(B) < py(B),i. e. y = A.A

For any set of formulae I', we define its deductive closure Cn(I') =
{A|T k3, A}. We say that the set of formulae I' is a saturated theory iff T
is Hp—consistent (i. e. there is a formula A such that not I' k4, A), deduc-
tively closed (i. e. I' = Cn(T')) and has the disjunction property (i. e. for any
formulae A and B,if AVB €T, then A€ or BeT).
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Lemma. A mazimal consistent exztension of any set of formulae is a
saturated theory.

Proof. Let I' be a consistent set of formulae such that not I' - A and
S = {II|T C Il and notI1 + A}. System S is a nonempty set of consistent
extensions of I' closed under unions of nonempty chains and, consequently, by
Zorn’s Lemma, S has a maximal element A. A is a consistent extension of I',
obviously. We prove that A is deductively closed. Let us suppose that there is
a formula B, such that A+ B, but B ¢ A. Then, since A is a proper subset of
AU{B} and A is a mazimal consistent extension of I, we have that AU{B} I- A,
wherefrom A + A, which is a contradiction! We can also prove that A has the
disjunction property. Let us suppose that there are the formulae B and C, such
that BVC € A, B¢ A and C ¢ A. Then, since A is a maximal consistent
extension of I', we have AU {B} + A and AU {C} + A, wherefrom, by the
deduction theorem, we infere A+ B —+ A and A + C — A, and, consequently,
A+ BV C — A. But, since BVC € A, we can get a contradiction: A F A! It
follows that A is a saturated theory extending the set I'.- &

Consequence. If not I' b A, then there ezists a saturated theory A
extending I', such that not A A.

The next usual step is to introduce the canonical H,—model. Let X be
the class of all saturated theories with respect to H,, and for any I', A € X,

TR°A iff(def) T CA
v°(P) =qes {T|P €T}
T (A) = pT{A|A = A} =45 max{t|t = min{s|7*A € A}, T C A}
and
pf(A) = pR{A|A = A} =ges min{t|t = max{s|m,A € A}, ' C A}

Then the structure (X¢, R, (p°)rexe, (pf)rexe, v¢) will be called the canonical
H,—model. Hereafter, for the shortness, we shall drop the superscript ¢, when
it is clear that we work in the canonical model.

Note that, according to the definition above, the measurable sets of the
canonical structure have the form {A|A | A}.
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Lemma. The canonical H,—model is an H,—model.

Proof. First, we prove that (X, R, (p")r, (pr)r) is an H,—frame. (X, R)
is supposed to be an H—frame. For each I' € X, both mappings p (A) and
p.(A) are monotone in the sense of our definition: if p''(A) = p' {II|ll ¢ A} =
max{t|t = min{s|x*A € M},T C M} = r; and p?(A) = pA{II|ll A} =
max{tf = min{sfr*A € 11}, A C I} = ry, then, obvious ly, due to the con-
dition I' C A, we have ry > rp. Similarly, for pr(A) = pr{Il|ll A} =
min{t|t = max{s|r,A € I1},I' C 1} = ry, pa(A) = pa{ll|ll 5 A} = min{t} =
max{spr,A€ I1},A CIl} =r; and T C A, we have r; < r,.

If I' € X, then, having in mind the probability measure conditions, i.
e. finite semiadditivity axioms, as well as that p{yly = AV B} = p(AV B) =
p((A) U (B)) = p({yly = A} U{yly = B}) and p{yly = AA B} = p(AA B) =
p((4) N (B)) = p({yly = A} N {yly F B}), where p may be p* or ps, then
P (AVB) < p'(A) +p"(B) and, for p' (AA B) = 0, pr(AV B) > pr(A) + pr(B).
4 ]

Lemma. In the canonical H,—model, for every formula A and every
ex,

kA iff AeT

Proof. By induction on the complexity of A. We present only the part
of proof related to the probability operators.

(1) If A = n"B and I" |5 #" B, then, by definition, we have max{t} =
min{spr*B € I1},I" C I1} < r and, consequently, for t = min{s|7*B €'}, t <r
and 7B € I' , we conclude n"B € T.

Conversely, if "B € T, then, for each t, if t = min{s|7*B € I1}, where
I’ C 11, we have t < r, and, consequently, max{t|t = min{s|7*B € I1},I' C I} <
r,i. e. ' E#"B.

(2) f A=7,.B and T |= 7, B, then, by definition pr{II|Il |z B} > r,i. e.
min{t|t = max{s|7,B € [1},I' C I} > r. In such a case, if t = max{s|r,B € I'},
we have m,B € I, t > r and, consequently, 7, B € T

Conversely, for n,B € I', we can conclude that, for each t, if t
max{s|7,B € II}, where I' C II, then t > r, and, consequently, min{t|t
max{s|r,Be I}, CM} >r,i.e. [ E7.B. -

m Il
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Completeness and Soundness Theorem. For any formula A, A is
provable in H, iff A is H,—valid. )

Proof. The soundness part can be proved by induction on the length of
the proof of A in H,, and we omit it.
e
On the other hand, the completeness paxt is an immediate consequence
of the preceding lemmata. -

4. Algebraic models

A pseudo—Boolean (or Heyting) probabilistic algebra (PBPA) is a struc-
ture (B, <, (p")res, (Pr)res), such that (B, <) is a partial ordering with a least
element denoted by 0 and greatest element denoted by 1, and for any z,y € B:

i) there is a least upper bound of & and y, denoted z U y;

it) there is a greatest lower bound of z and y, denoted z N y;

i1i) there is a pseudo—complement of z relative to y, denoted = = y and
defined as the largest z € B such that z Nz < y (The pseudo-complemen t ~ z
of  can be defined as z = 0.);

iv) p, and p, are unary operators, such that:

pra < pPz, for r < s;

pre < psx, for r > s

1< plz

1 < pox

p'rNp'y < pt(zUy), where t = min(1,r + s);

prx Np,y N p°(zNy) < p(zU y), where t = min(1,r + s);

T < prE

A PBPA model is a mapping h from the set of all formulae to some
PBPA, such that for any formulae A and B:

h(A A B) = h(A) N h(B), h(~A) =~ h(A),
h(AV B) = h(A) U h(B), h(z" A) = p"h(A),
h(A = B) = h(A) = h(B) and h(r,A) = p,h(A)

h is a model of A, if h(A) = 1, and h is a model of a theory T' when h is a model
of each A € T.
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Alternatively, a model h can be taken to be a mapping from the propo-
sitional variables into PBPA and then extend h to arbitrary formulae according
to the above conditions.

The following extended completeness theorem may be obtained.

Theorem . A formula A is provable in a theory T iff every PBPA model
of T is a PBPA model of A.

Proof. We give a brief outline of the proof. The trivial part is to
prove that 7'+ A implies T = A. The opposite direction is a Lindenbaum—
Tarski algebra construction. First note that the relation “A — B and B — A
are provable in T“ is an equivalence relation. The function which maps each
sentence into its own equivalence class is a PBPA model and each sentence of
T is mapped into 1. If A is not provable in 7', then A is not mapped into 1.4
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