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There are problems in modern science and engineering in which for the exact descrip-
tion of studied phenomena the linearization of nonlinear mathematical models is not sufficient.
In such cases the application of homogeneous and polynomial operators instead of linear op-
erators can be convenient. For these operators many notations and properties are similar to
the notations and properties which are known for linear operators. For example, the nota-
tions of the spectrum and the numerical range can be transferred from the linear analysis to
homogeneous operators as it was done in [9] and [11].

In the present article we extend to homogeneous operators further notations as the
symmetry, the selfadjointness and the normality. The main result is the Theorem 3.7 in which it
is proven that the spectrum of a couple of symmetric homogeneous operators contains nonzero
points.

1. Notations and definitions

Throughout this paper let X, Y denote Banach spacees and X* the dual
space of X. By the symbol (-,-) we mean the pairing between X and X* . In
case of a Hilbert space we use the same symbol for the inner product. For the
norm or weak convergence of the sequence {z,} C X to a point o € X we use
the symbols z, = z¢ or =, = zo respectively.

Let R and C be the spaces of real and complex numbers respectively.
Further we denote S;(0) = {z € X : ||z|| = 1} the unit sphere in X.

Definition 1.1. We shall say that an operator F': X =Y is

(a) a positive homogeneous operator of degree k if there is a number k € R
such that F(tz) = t*.F(z) for any z € X and any t € R, t > 0;
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(b) a homogeneous operator of degree k on a real (resp. complex ) space X
if k is an integer and the equality F(tz) = t*.F(z) holds for any t € R
(resp. t€ C),t# 0 and any z € X;

(c) for any continuous positive homogeneous operator F' : X — Y of the
degree k > 0 we define the norm by ||F|| = Supzes, (o) [1F(2)]]-

Remark1.2. Itis easy toshow that for the operator from the Definition
1.1(c) for any z € X the following estimation holds:  ||F(z)|| < ||F||.||z||*.

Definition 1.3 We shall say that a homogeneous operator P from X
into a Banach space Y of the degree £k > 1 is a homogeneous polynomial op-
erator if there is a k-linear symmetric operator P : X x X x ... x X — X,
(i.e., P(z1,22,...,zx) is linear in any variable z;, j = 1,2,...,k and it does
not change its values under arbitrary permutation of all variables) such that
P(z,z,...,2) = P(z) for any z € X.

Operator P is called the polar operator to the operator P.

For any continuous k-linear operator P we define the norm by

IP|| = sup )||P(a:1,:1:2,...,zk)]|, 1=1,2,...,k.

;€5 (0

R e m a r k 1.4. Polynomial operators have some properties which are
similar to properties of linear operators. For example, it is easy to prove that
for any polynomial operator P : X — Y the following conditions are equivalent:

(a) P is continuous at the point zero;

(b) P is continuous at any point;

(c) P is bounded (i.e. the norm ||P|| is finite);

(d) P is uniformly continuous on every bounded set;

(e) P is Fréchet differentiable at any point;

Definition 1.5. We shall say that a homogeneous operator F' : X — X*
is:

a) positive if for any z € X, z # 0 it holds (Fz,z) > 0;
b) positively defined if there is a number ¢ €R, ¢ > 0 such that

inf Re(Fz,z)=c¢>0.
IES[(O)
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Definition 1.6. An operator F : X — Y is called hemi-continuous at.
zo € X, if for any sequence {t,} C R, t, — 0, and for any h € X it holds
F(zo 4+ t,h) = F(z0) in the weak topology of the space Y.

We shall say that Gateaux derivative F’ of a differentiable operator
F: X — X* is hemi—continuous at a point z € X, if for any sequence {t,} C
[0, +00) such that ¢, — 0 and for arbitrary points h € X, y € X the sequence

{F'(z +t,h)y} C X* converges in the weak*-topology of the space X* to the
point F'(z)y € X*.

In the paper [3] the notation of the adjoint operator to a nonlinear op-
erator was introduced and in [4] some of its properties were studied. We recall
this notation for the convenience of the reader in the following definition.

Definition 1.7. ([3], Definition 3.) Let D C X be an open set which
is starshaped with respect to the origin (i.e., for any z € D and all ¢t € [0, 1] it
holds tz € D).

Let the operator FF : D C X — X* have Gateaux derivative F'(z) at
any point z € D and let F satisfy the following conditions:

(1) F(0) =0;

(2) The function (F'(tz)h, z) of the variable ¢ € [0, 1] is integrable for arbi-
trary (but fixed) points z € D, h € X.

Let us suppose, further, that for any z € D there exists unique point
z*(z) € X* such that for all h € X it holds

1
(z*(2), hy = / (F'(tz)h, z) dt.
0
Then the operator F* : D C X — X* defined for z € D by F*(z) = z*(z) we
call the adjoint operator to the operator F'.

R em ark 1.8. In case of a real Banach space X the adjoint operator
F* from Definition 1.7 can be written in the form

F*(z) = /01 [F'(tz)]" (z) dt,

where [F'(tz)]" denotes the adjoint operator to the continuous linear operator
F'(tz).

Remark 1.9. According to [4] (Theorem 2.6) there exists the adjoint
operator F™* to a nonlinear operator F if F satisfies the conditions (1) and (2)
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from the Definition 1.7 and moreover, F has a hemi-continuous Gateaux deriva-

tive. Then F' and F™ are both hemi-continuous and the following estimation
holds

1
IE* @I < llell [ 1P @)llde, = € X,
The following proposition is a direct consequence of the Definition 1.7
and results from [3] and [4] applied to the class of homogeneous operators.
Proposition 1.10. Let F : X — X* be a homogeneous operator of
the degree k > 1 having hemi-continuous Galeauz derivative F'. Then for any
x € X the following assertions hold:
(1) )
F(@) = L [F@)] 2,
where F* is the adjoint operator to the operator F and [F'(z)]" is the
adjoint operator to the continuous linear operator F'(z);

(2)
F(z) = H(z) + R(z),

where H/R : X — X* are hemi-continuous operators which can be
wrilten as )
H(z) = T [F(z) + kF*(2)],
R@) = roc(F(2) - F@);
(@) = k+1 y
(3) H is a potential operator, H = grad ¢, where
1
p(z) = g7F@E)=)
and the operator R fulfills the equality
ki '
(R(2),2) = g Im{(F(@), )} :

(4) A
IF* @) < FHF @)=

(5) IfS,T : X — X* are homogeneous operators with their adjoints operators
S*, T* then for any A € C it holds (S — AT)* = S* — AT~
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2. Symmetric and selfadjoint operators

Definition 2.1. Let M C X be an open set which is starshaped with
respect to the origin. We shall say that an operator F' : M — X* satisfying
F(0) = 0 is symmetric on M if there exists the adjoint operator F* to F' and
for any z € M it holds F(z) = F*(z).

Let X be a Hilbert space. We shall say that F' : X — X is selfadjoint if
F is symmetric on the whole space X. ‘

Definition 2.2. Let an operator F' : X — X* have Gateaux derivative
F'(z0) at a given point zo € X. We shall say that the operator F is normal at
the point z¢ if for any h € X holds the equality '

| (zo)hl| = || [F'(z0)]" AlI.

(Here [F'(zo)]" is the adjoint to the linear continuous operator F’(zo).)
We shall say that F is a normal operator on an open set D C X if it is
normal at any point z € D.

Remark23. If X is a real Banach space and F : X — X* has a
hemi—continuous Gateaux derivative on M then F is symmetric on M if and
only if F' is potential on M.

Proof. It follows from [4] (Theorem 2.18) and [13] (Theorem 6.3), p.
76). ud

An important example of a selfadjoint homogeneous operator is a con-
tinuous symmetric homogeneous polynomial operator.

E xam ple24. Let k be a natural number and I C R be a compact
interval. Let K (t,t;,t2,...,t) be a real quadratically integrable function on the
Cartesian product I*¥*! such that it does not change its values under arbitrary
permutation of variables t,2y,t,,...,tk. Then the operator S : L*(I) = L*(I)
defined on the real Hilbert space L%(I) by

(Sz)(t) = /n K(t, b1, ta, . .., te)2(t).2(t2). - .. z(tk) dtrdts . . .dtx

is selfadjoint.

Rem ark 2.5. Unlike of the linear case, for a nonlinear operator F on a
Hilbert space with its adjoint F*, the equality F = F™** does not hold generally
even if the operator F' is normal as the following example shows.
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Example26. Let E; be two—dimensional Euclidean space and let
F : E3 — E; be a homogeneous operator of the degree k = 2 defined by

F(z) = (22 — 23, 2z,2,) for any T = (z1,2;) € Es.
Then
2z, -2z 2 2
Fvl — 1 2 ’ * = Ty o
(2) ( 22, 2z, ) ad o IR ( —2z, 2z, )

Using proposition 1.10 we obtain the adjoint operator

F'(z)=§[F'(z)]z'=§( v 323).(:;)=<2¥323).

Further it holds

= (% %), {Eery = (5 5)

Hence, using Proposition 1.10 again, we have

ang oA f 22 D 23 } z3
F (z)—2(2$2 0).(132)—(2?221 !

so that F(z) # F**(z).
At the same time F is normal on E; (see Definition 2.2) because
||F*()h|] = 2|z||.||al| = || [F'(2)]" || for any z,h € E».

Proposition 2.7. Let X be a Hilbert space and let F : X — X* be
a homogeneous operator of the degree k > 1 with its adjoint F* having hemi-
continuous Gateauz derivative. Then the equality F = F** holds if and only if
for any = € X the following condition (*) is satisfied

[F'(2)]" = [F*(=)) v (*)

Proof. Properties of homogeneous operator (see Proposition 1.10) imply
the following equalities

(Fz,h) = (ZF'(2)2,h) = £z [F@)]"h),

and . . 1
(Fz,h) = (¢ {[F* @)1} 2, k) = £ (@, [F @) b,
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which are valid for any z,h € X. »
The assertion follows now immediately. . [

3. Properties of the approximative spectrum of a selfadjoint
homogeneous operator

Definition 3.1. ([9], Definition 3.1) Let S,T : X — X* be homogeneous
operators of the degree k. We call the numerical range of the couple (S,T) the
set W (S, T) of complex numbers defined by

W(S,T) = {%—2—; .z € 51(0), (Tz,z) # o}..

It is evident that if X is a Hilbert space, S is a linear continuous and T is the
identity operator on X then we obtain the well known Hausdorff’s definition of
the numerical range.

Proposition 3.2. ([11], Proposition 3.14) Let S,T : X — X™ be positive
homogeneous operators. Let S be continuous and T be positively defined.
Then the following assertions hold:

(1) W(S,T) is a bounded set and for any A € W(S,T) it holds

151l .
< — =
Al < pat where c zelglf(o) Re {(Tz,z)},

(2) If, in addition, S and T are polynomial operators then W (S, T) is a con-
vezr set. (A generalization of Hausdorff’s and Toeplitz’s theorem on the
convezity of the numerical range).

Definition 3.3. ([11], Definition 3.1) Let S,T : X — Y be positive
homogeneous operators. By the approrimative spectrum (briefly spectrum) of
the couple (S,T) we understand the set o(S,T') of complex numbers defined as
follows

o(S, T)=¢XeC: inf ||Sz — ATz|| =0;.
J:Esl(o)

Definition 3.4. ([11], Definition 3.8) We shall say that Ao € C is the
eigenvalue of a couple (S,T) of positive homogeneous operators S,T: X = Y,
if there is a point zo € S;(0) C X such that Szg — A\oT'zo = 0. The point zg is
called the eigenvector of the couple (S, T) related to Ag.
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The set of all eigenvalues of the couple (S, T) we denote A(S;T).

Proposition 3.5. Let S,T : X — X be continuous homogeneous
operators on a Hilbert space X. Suppose S is symmetric on S;(0) C X and T
is positive. Then the following assertions hold:

(1) W(s,T) c [m,M];
(2) o(S,T) C W(S,T), where

in (S:L', z> . M = M .
z€5(0) (T'z, ) zes (0) {Tz, z)

Proof. According to 3.2 W(S,T) is a connected set. To prove (1) it
is sufficient to show that (Sz,z) possesses real values only because (Tz,z) is
positive due to the assumption. Indeed, using definition 2.2 we have Sz = S*z
for any z € S;(0) and, according to Proposition 1.10, it holds

(52,2) = (£[8'(2))"z,2) = 1z, 5'(2)a) =
= (;5'(z)2,2) = T5@),2) = (S(2), ).

(S(2), z)

(T(2), =)
interval in [m, M.
The assertion (2) is a direct consequence of Theorem 3.13 in [11]. F

It shows that the expression is real and thus W(S,T) is a real

Definition 3.6. Let S,T : X — X* be homogeneous operators. Sup-
posing that sets o(S,7T’) and W(S,T) are nonempty and bounded we define the
number

ro(s) = sup ||
A€o (S.T)

as the spectral radius of the couple (S,T) and the number

rwsT) = Sup  |A|
AeW(S,T)

as the numerical radius of the couple (S,T).

Theorem 3.7. Let X be a Hilbert space and let S,T : X — X*
be homogeneous operators of the degree k > 1 which are both symmetric on
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S1(0) C X. Suppose, further, that S and T have hemi-continuous Gateauzr
derivatives on S1(0) and let T be positive. .

(1)

(2)

(3)

Then the following assertions hold:

The couple (S,T) has only a real approrimative spectrum a(S T) which
lies in the interval [m, M), where

(5@)12) o (S@)2)

sup

ze8,(0) (T(z), z)’ o z‘ESl(O) (T(z),z)’

m=

and both boundary points m and M belong to the spectrum o(S,T).

(5(),9)
(T(y),v)

m or M then X is an eigenvalue of the couple (S,T) with its eigenvector
y.

If there is a point y € S;(0) such that the number A\ = is equal to

's(S,T) = TW(S,T)-

Proof. Applying Proposition 3.5 (2) we obtain

o(S,T)y c W(S,T) c [m,M].

Suppose A = m. Being symmetric on $;(0) , S and T satisfy the inequality

(S'(z)z — AT'(z)z,z) >0  forany =z € 5(0), z€X.

This enables to derive by rutine argument Schwarz’s inequality

KIS'(z) — AT'(2)]z, Y)I* <
([S"(z) = AT'(2)]z, 2)([S"(2) — AT'(2)]y, ¥),

which holds for any y,z € X, z € 5;(0).
Putting z = ¢ and y = % [S/(z) — AT'(z)z], we obtain

IS(z) — AT'(2)||* <
< k(S(z) = AT(2), 2).||S"(z) — AT'(2)|>.k~2.|<]*. e
, )

The assumption A = m = infz¢s, (0) g—z—-—)- implies that

inf (S:c — ATz, z) = 0.
z‘ESl
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The expression ||S’z — AT"z|| is bounded on S;(0) because both derivatives are
homogeneous and hemi-continuous. Taking infimum on S;(0) in the inequality
(**) we obtain inf ¢g, (o) ||Sz — ATz|| = 0, which means that A = m € o(S,T).

Similarly it is possible to show that A = M € ¢(S,T') and (1) is proven.
(Sy, )
(Ty,y)

Px = Sz — A\Tz.
Then P is symmetric on S;(0) and (Py,y) = 0.

To prove (2) we assume that A =
P:X — X by

= m and define an operator

At the same time it holds inf,¢g (o) %T—’z > 0, which implies that

(Pz,z) > 0 for any z € X.

Let t €ER, z € X be arbitrary points. Let us put a = t(Py, z).

Because P is homogeneous and Gateaux-differentiable on S;(0) then,
according to Taylor’s Theorem (see [13], Theorem 4.8), it holds the following

0

IN

(Ply+az), y+az) =

= (P(y) +aP'(y)z +o(a),y + az) =

= (Py,y) + &Py, z) + «(P'(y)z,y) + c@(P'(y)z, z) +
+(o(a),y+ az) =

= t(Py,z)(Py, z) + t(Py, z)(P'(y)z, y) +

+t2(Py, z)(Py, z)(P'(y)z, z) + (o(&(Py, 2)),y + t(Py, z)z).

Further, because P is symmetric on S;(0), due to Proposition 1.10 (1) it
holds

(P'(y)z,y) = (2,1P'(y)]"y) = (2, kP"(v)) = k(=z, P(y)) = k.(P(y), z)-
Using this and the previous inequality we obtain
0 < tl(Py, @) [1 + k + HP(¥)z, 2) + (o(1),y + Py, )2)].

Further, it is obvious that the sign of the right hand side depends on ¢ because,
for sufficiently small ¢ € R, the expression in square brackets is a positive real
number. It implies that (Py,z) = 0 for any z € X, so that Py = 0.
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Hence A = m must be an eigenvalue of the couple (S,T).
The proof that A = M is also an eigenvalue is analogous. ‘ ;
The assertion (3) follows immediately from (1) and (2). ™

Corollary 3.8. Let X be a Hilbert space and let S,T : X — X be
continuous homogeneous symmetric polynomial operators. Suppose T is positive.

Then it holds:

(1) The approzimative spectrum o(S,T) of the couple (S,T) consists of real
numbers only which lie in the interval [m, M], where

m =

(Sz,z) (Sz,z)
in 3 M = sup ——.
z€5,(0) (T'z, z) zes, (0) (T'z, )

Moreover, both m and M belong to o(S,T);
(2) W(S,T) = [m, M];
(3) ro(sT) = TW(S,T)-

Proof. The assertion (1) follows from Theorem 3.7. To prove (2) we mention
that, according to Proposition 3.2, the set W(S,T) is convex. Due to Theo-
rem 3.7 it holds m, M € o(S,T). Because Theorem 3.13 in [11] implies that
a(S,T) c W(S,T) we obtain W(S,T) = (m, M). The assertion (3) is the same
as in Theorem 3.7. The proof is finished. o
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