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Boolean Ring Equations '

Dragié¢ Bankovié

Presented by Z. Mijajlovié

If a particular solution of an equation over a Boolean ring is known, Lowenheim’s
theorem determines a general solution of this equation (sce lor instance, [7]). In this paper we
reduce the finding of a particular solution to solving simple equations in two-clement Boolean
ring, i.e. on {0,1}. In the similar way we also determine general solutions of any cquations

over a Boolean ring, where we do not suppose that a particular solution is known.

1. Introduction

Solving of equations is a basic inference mechanism in algebraic manipula-
tion of formulas, automated reasoning and some programming languages. Since
this paper is concerning with general solution we firstly state the definition of a
general solutions.

Definition 1. Let F be a given non-empty set and ) be a given unary
relation of E. A formula & = (1), where o I — [}is a given function, represents
a general solution of the z-equation Q(x) if and only if

(V1)Q(p(1)) A (Ve )(Q(x) = (3t)x = (1)

We say that the equation Q(2) is consistent if there is y € £ such that Q(y) is
true. ' ’

2. Boolean functions and Boolean polynomials

Let N = {1,...,n}, where n is a natural number.
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2 D. Bankovié

Theorem 1 [9]. A mapping f B" — B is Boolean function if and only
if it can be written in the canonical disjunctive form

f(x)=Jra)x4,
A

where | J4 means the union over all A € {0,1}". f is a simple Boolean function

if (VA € {0,1}™)f(A) € {0,1}.

Theorem 2 [9]. A mapping [ B® — B is a Boolean polynomial if and
only if it can be written in the canonical polynomial form

f(x)=3 6, ][ =

SCN €S
[ is a simple Boolean polynomial if an only if (VS € N )b, € {0,1}.

Theorem 3 [9]. Let B = (B,U,-/,0,1) be a Boolean algebra and n
natural number. A mapping f B" — B is a Boolcan function if and only if it is
polynomial of the Boolean ring R = (B,+,-,0,1).

3. Boolean equations

In this section we collect some background material about Boolean equa-
tions. A detailed account is given in [9]. We shall use the notation: X =
(14009 2n) ABA T = (81, cces b )

Given an arbitrary Boolean algebra B, a Boolean equation in 1z unknowns
over B is an equation of the form ¢g(X) = i(X), where ¢,/ B" — I3 are Boolean
functions.

Theorem 4 [9]. Every Boolcan equation or system of i3oolcan equations

is equivalent to a single Boolean cquation of the form [(X) = 0, where f is a
Boolean function.

Theorem 5 [9]. The Boolean equation f(X) = 0 is consistent if and
only if
I17(a) =0,
A

where [[4 means the product over all A € {0,1}".

Theorem 6 [4]. Let f,g,,...,g0n B® — B be Boolean functions and
G = (g1 -+ 9n)- The formula
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(or, in scalar form, z; = g;j(t1,...,tn) (j = 1,...,n)) represents a general solution
of the consistent equation f(X) = 0 if and only if '

~r)AT) = TT U o5(4) + 13)).

A j=1

Theorem 7 [9]. Let f,g B" — B be Boolean funclions and assume
that TT4 f(A) = 0. Then the following conditions are equivalent:

(VX € B“)(f(.\' =0= g(X) =0)
(VX € B")(9(X < f(X))
(VX € {0,1}")(9(X) < f(X)).

We prove now a lemma that will be used in the proofs of Theorem 9 and
Theorem 10.

Lemma. Let g B® — B be a Boolean function and f B® — B be a
simple Boolean function. If 14 f(A) = 0, then the conditions
(¢) (VX € B")(f(X)=0=g(X)=0)
(b) (VA€ {0,1}")(f(A)=0= g(A)=0)
are equivalent.

Proof. (a) — (b) is trivial. Since f is the simple Boolean function, we
have (VA € {0,1}")(f(A) € {0,1}. Let (b) hold. If f(A) = 0, then g(A) = 0,
Le. g(A) < f(A)). If f(A) = 1, then g(A) < f(A) = 1. Therefore we have
(VA € {0,1}™)(9(A) £ f(A)). Since the latter formula is equivalent to (a), by
Theorem 3, (b) — (a) is proved. : [

4. Boolean ring equations

Given an arbitrary Boolean ring R, a Boolean ring equation in n un-
knowns over B is an equation of the form ¢g(X) = h(X), where g, Bx B — B
are Boolean polynomials. Taking in mind Theorem 3 and Theorem 4, every
Boolean ring equation is equivalent to a single Boolean ring equation of the
form f(X) =0, where f is a Boolean polynomial.

Theorem 8 [9]. The Boolecan ring equation

Zb,H.’L‘.'=0

sCN 1€S$
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is consistent (i.e. (3X)Y ,cnbs [Lies®i = 0) if and only if

by J[ (bs+1)=0.
0#SCN

4.1 Particular solutions

Theorem 9.  Let Y is the m-tuple (m < 2™) of all different ele-
ments by from 3oy bsThiesei = 0 and let M(X,Y) = ¥,cn b, ieszi. If
bp [Togscn(bs +1) = 0, then the formulas

(1) Pi=> zcY" (G=1,.4n)
C ;

(2_¢ means the sum over all C' € {0,1}™) represents a parlticular solution of
Boolean ring equation h(X,Y) = 0 with respect lo X, if and only if |

(2) (VY € V)h(z1ys ey 20y, Y) = 0,

where

V={YlY € {0,1}™ A (3X)A(X,Y)=0}, ie.

(3) V={YY e{0,1}" A by J[ (bs+1)=0}.
P#SCN

Proof. It is obvious that a particular solution (p,, ..., p,) of the equation
I(X,Y) =0 depends on Y, i.e. it is of the form

Pi=3 %Y (j=1,..,n),
C

because of Theorem 3 and Lemma.
Therefore we have the following equivalences:

VY e B™)by JI (bat1)=0= mD 210YC Y 20 cYC ¥) = 0)
0#£SCN « «

& (VY € {o, 1}"1)(bon¢¢b‘cN(b?' +1)=0
= h(ZC 31,(.’),0, -;'v 2(.' :u'(:)’(', Y) . O)

‘because of Theorem 4 and Lemma)

& (VY € V)h(z z,_cl’(?,....an,UYU, Y)=0
(& (¢4



Boolean Ring Equations 5

(V={Y|Ye{0,1}'“ A by J[ b+ 1)=0})

0#£SCN
& (YWY eV)h(z1y,enzny,Y) =0
(because (VY € V)(Vj € N) (¢ zjcYC =zjy). u

The algorithm for solving the latter system has been given in [7).
If we find 21y, ..., 2p,y We get the particular solution (1).

4.2 General solutions

Theorem 10. Let Y be the m-tuple (m < 2") of all different ele-
ments b, from Y gcnbs[lieszi = 0 and let h(X,Y) = Y gcnbs[liesi- If
by [Toxscn (bs + 1) = 0, then the formulas

(-’l) T; = Z(Z ’uj'D,CYC)TD (] =1,..,n)
D cC

(3>p means the sum over all D € {0,1}" and Y mcans the sum over all
C' € {0,1}™) represent a gencral solulion of Boolean ring cquation (X,Y) = 0,
with respect to X, if and only if

(5) (VX € {0, 1}") (VY € V)I(X,Y) = [T U(zjay + ;).
A j=1

where V = {Y|Y € {0,1}™ A by[lprscn(bs + 1) = 0}.

Proof. If h(X,Y) = Yscn bs[lies vi and bg [Tprscn(bs +1) =0, it is
obvious that a general solution

zj =3 ¢;pT" (j=1,..n)
D

of Boolean ring equation 2(X,Y) = 0 is of the form

£ =Y (T 6icYOTP (5=1,..8),
D cC
since the coefficients g; p depend on Y, i.e.

9ip=3_4pcY" (i€ {l,...n},De{0,1}")
C

by Theorem 3 and Theorem 1.
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Taking in mind Theorem 7, we have the following eq uivalences:

(VY € B™) (by[Tpgscn(bs +1) = 0=
(VX € BA(X,Y) = [T4 Ujet(Ep(Ec 2i0.cY ©)AP + 25) )
& (VY € B™) (bpITgpscn(bs+1)=0=
(VX € B)A(X,Y) + [T Ut (Ep(Tc 2i0.cY ) AP + ) = 0)

(because (Va,b € B) (a=b<+ a+b=0))

& (VX € B™)(VY € B") (by [Tpgscn(bs+1) = 0 =
MX,Y) + T4 Ul=1(Cp(Ze 2ip,cYO)AP + ) = 0)
& (VX € {0,1}")(VY € {0,1}™) (bp [psscn(bs +1) = 0 =
WX, Y) + T4 Uit (Ep(Ec 2,0, YO)AP + 25) = 0)

(by Theorem 3 and Lemma)

& (VX € {0,1}")(VY € V)X, Y)+ [TUS zip,e()A” +2) =0
. Aj=1 D ¢

& (VX € {0,1}") (VY € V)A(X,Y) + ] O(Z(Z zip,cY)AP + z))
g Agj=1 D C

& (VX € {0,1}") (VY e VA(X,Y) =]] CJ(Z z3,40Y%) + ;)

A =1 C

& (VX € {0,13") (VY € V)AX,Y) =[] U (zjay + ).
A j=1
If we solve the system (5) we get the general solution (4).
If we take Y* € V, we get the system of 2™ equations:

(6) (VX € {0,1}") h(X,Y™) = H D(Zj,A,Y‘ + ;).
A j=1

Remark 1.
(a) The system (6) does not contain the unknowns occurring in other

equations of the system (5).
(b) Let S, be the solution set of A(X,Y™*) = 0. If we take

{(zl'A’y.’""’znoAvy.)IA e {0’ 1}"} - S’H
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then the equation

X, Y*) =] Uziaye + ;)
A j=1

is satisfied. Namely, if A(X,Y™*) = 0, then

(21,4,y%s -y 2n,A,y*) = (21, ...,2,) for some A € {0,1}",

i.e.
zjays=2; (j=1,..,n) forsome 4 € {0,1}",
ie. '
n .
U (zjay+ +25) =0 for some A € {0,1}",
=1
i.e.

H U(Zij-Y° +z3) = 0.

A =1

(c) f Yo ¢ V, then (21,4,y0, -y 2n,4,y0) (A € {0,1}") can be arbitrary
element from {0,1}" because the n-tuple (z1,4,y0, .-, Zn,4,v0) does not occur in
(6).

The previous Remark 1 gives simple algorithm for solving the system (5).

If we use the known methods for solving Boolean ring equations ([9]), we
really solve these equations in a Boolean ring B or in some ring B’ generated by
the coefficient appearing in these equations ([7]). Our Theorem 10 reduces the
linding of a general solution of Boolean ring equation to solving simple equations
in two element Boolean ring, i.e. in {0,1}.

Example . Determine a general solution of the equation

azy+ay+b=0

in arbitrary Boolean ring with unit.

Note that V = {(0,0),(1,0),(1,1)} because of Theorem 9. Let

g1(t1,12,a,b) = (pooa’V! + poa’d + po2ab’ + pozab)t)ty
= (p1,0a’V’ + p1,1a’b + py2ab’ + py 3ab)tits

= (p2,0a'V + p2,1a'b + pa 2ab’ + pa 3ab)tyth

= (p3,0a'V’ + pa,1a’b + p3gab’ + p3zab)tity
g2(t1,12,a,0) (90,000’ + go,10'b + qo2ad’ + qo,3ab)t|t}

(q1,0a'V" + ¢1,10'b + q1 204V’ + 1 3ab)t}ts
(q2,00'V" + q2,10'b + q22ab" + 2 30b)t41)
= (g3,0a'V" + q3,10'b + g3 2ab’ + ¢z 3ab)t,1}.
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The system (5) becomes

3
aay+ay+b=[[((ir +2)U (G +9) (€ 10,2,3), (2.9 € (0.1)9),
1=0

0 =Tol(Pio+¥)U(go+) (2,9)€{0,1}?)
2y+y =[Teo((Piz+2)U(g2+9) (=, J)E {0,1}?)
zy+y+1 =[[oo((Pist+2)U(Gs+y) (2,9)€{0,1}).

Let us introduce the notations

Ro = {(10,0,%,0), (P1,0,41,0), (P2,0, 42,0); (P3,0, 13,0)}
Ry = {(po1,90,1), (71,1,01,1)s (P2,15 @2,1), (P31, 43,1)}
Ry = {(po2,%,2), (71,2, 11,2)s (P2,22 ©2,2)5 (3,2, 43,2) }
Rs = {(po3,q0,3), (11,3 01,3)s (92,3, 42,3), (P33, 43,3)}

In accordance with Remark 1 (c), R; contains arbitrary elements from the set
{0, 1}2. Further, the solutions sets of the equations 0 = 0, 2y + y = 0 and 2y +
y+ 1 =0 are {(0,0),(0,1),(1,0),(1,1)} {(0,0),(1,0),(1,1)} and {0,1),(1,0)},
respectively. Having in mind Remark 1 (b) we can take, for instance,

{(10,0, %0,0), (1,0, 01,0), (P2,0, 42,0), (3,0, 43,0)} = {(0,0),(0,1),(1,0),(1,1)}

Ry = {(po,1,90,1), (P1,1,91,1), (2,1, 42,1) (P31, 43,1)} = {(0,0),(0.0),(0,0),(0,0)}
R? = {(p0,2’ 40,2)a(p1.2a ql,Z)a(1)2.%(12,2),(1)3,27 q3,2)} = {(Ov 0)7(0’())9(110)’(-',1)}
R3 = {(Po3,%0,3), (P1,3, 11,3), (P2,3, 12,3), (3,3, 43,3)} = {(0,1),(0,1),(1,0),(0,1)}

Thus, a general solution is determined by

z (a0 + abl )ity + (V' + all )ity
y = abtity + (a'V' + ab)tity + abtity + (a'V' + ab’ + ab)lyty,
i.e.

r =(b+ l)tl(iz + 1)+ (b+ 1)tyt2
y =ab(ti+1)(t2+1)+ (a+ b+ 1)(ts + D)ty + abty(ty + 1)+ (ab+ b + 1)tyt,.
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