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Addition, Subtraction and Multiplication
of Sequences of Fractions by Means of Residue
Arithmetic and Mathematical Spectra

M. Stankovié, J. Madié, P. Stanimirovié

. Presented by Z. Mijajlovié

In this paper we define a new kind of mathematical spectra, on sequences of rational
numbers. We show applications of this spectra in exact computations on sequences of rational
numbers.

We use the mathematical spectra of sequences of integers and residue arithmetic.

Using single or multiple-moduli residuc arithmetic we convert given sequences of frac-
tions into corresponding sequences of positive integers. Then we use well known methods on
spectra of integers and we get a resulling sequence of integers in spectral form. Finally, each
clement of the resulting sequence of integers is converted into corresponding fra.ctlon

We also present several applications of the introduced theory.

1. Introduction

The theory of mathematical spectra was introduced by M. Petrovié.
K. Orlov discovered the practical applications of it ([3],{4]).

Definition 1.1. The mathematical spectrum of a sequence of integers
QQ, ..., @y, i.e. the spectrum of the polynomial P(z) = agz™ + ... + a,, is the
ordered pair (5, ), where § = P(10") is the spectral value, and h is the spectral
rhythm, obtained as the first integer such that 10" > max{||a;|}.

There is a bijection between spectrum (S,%) and the corresponding se-
quence (polynomial).

Definition 1.2. The mathematical spectrum of a sequence of fixed-
point numbers a,, ..., a, is the ordered triple (S, A, k), where & is the maximal
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number of decimal digits, and (5, ) is the spectrum of sequence of integers
bo, ..., b, obtained from the equalities b; = 10F % a;, i = 1,...,n.

K. Orlov defined a mathemadtical spectrum of a fraction and introduced
its use for addition, subtraction, multiplication and division ot two [ractions. In
[3] the spectrum of a fraction was defined as the spectrum of its numerator and
denominator. Mathematical operations of two fractions were defined as follows:

Algorithm Ul.

Step 1. Mulliply the spectra of the inilial fraclions.

Step 2. The-valuc of the sceond strip represcnls numncralor of their sum,
and denominator of the sum is cqual lo the ¢ffective valuc of the third strip.

Similarly, numerator of the product of given scquences is cqual lo the
cffective value of the first strip and denominalor is cqual lo the ¢ffective value
of the third strip.

Remark . Subtraction and division are defined by addition and mul-
tiplication respectively.

In this paper we define more general mathematical spectrum on a se-
quence of fractions and describe its use in exact addition, subtraction and mul-
tiplication of the sequences. To perform this we use the single or multiple-moduli
residue arithmetic. :

The theory of residue arithmetic and its applications is given in [1], [2].

Definition 1.3. For given a,b,and m > 1a=0b (mod m) if and only

if m|(a—"b) (a—0b is divisible by m,i.e. b =a (mod m)). In residue arithmetic
« residue b is always chosen to satisfy formula

0<b<m

and we call it the least residue ol a module m (we denote it b = |al,). It is
obvious that | o |m:[] — [Jm = {0.1,.cc,m — 1}.

Theorem 1.1. Lcta, b and i > 1 be inlegers.
(i) The number |a|,, is unique for any a.
(ii) la|ar = |blm if and only if a = b (mod m).

Theorem 1-2,' Iaioblm — ”(tlm ﬂ:o blm = l“:tolb'm'm = ”""m :ho'blmlnu
Jor any integers a, b and m > 1. ;

Theorem 1.3. If an inleger and module wm arc relalively prime, i.c.
(a,m) = 1, there exists only one integer b € [],, such that |abl,, = 1. Obtained
number b is called the multiplicative inverse of a module m and we denole it by

-1
4= (05)s
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Definition 1.4. "If (b,m) = L, then |a/b|,, = |ab~"(m)|,.

Definition 1.5 Q = {a/b | (b,m) = 1} denotes the set of rational
numbers convertible into [],.

Theorem 1.4. Let N be the maximal nonnegalive inlcger satisfying
condition
2N2 4+ 1< m.

If we define sets

Fy={a/b]| (a,b)=1, 0<|a|;u < N. )<|bl.u< N and

(o = {la/blula/b € by},

wof the holomorphism | o |, (I,,+,0) —

then exists the inverse function | o |

(s +0) (see [2]).

2. Mathematical spectrum of a sequence of rational numbers

Definition 2.1 The mathematical spectrum of rational numbers ag/by. . . ..
aj. /by is the ordered triple (M, S, h), where M is sufliciently big module and
(5, h) is the spectrum of corresponding residues r; = |a; /bilas, | <i < k.

Using Theorem 1.4 we can immediately conclude that module M could
be obtained from the conditions (0) and (1):

(0) oN = max{|ao|, ..., |@kls -y |bols vy |0k}

(1) oM is the first prime number such that M > 2% N% 41

If a set of moduli [my,...,m] is used, then we introduce following defini-
tions.

Definition 2.2. The mathematical spectrum of a sequence of rational
numbers is the ordered triple

(2) (M, S, h),

where :

- My, My, ...,my are the least prime numbers such that A = nf=1 m; >
2% N2+ 1.

- 8 is the spectral value whose j-th spectral strip is obtained by the
mixed-radix conversion process with radices niy, ..., mq on the j-th spectral strips
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ol the values of the spectra (1, Sk, hi), 1 < &k < € which are formed according

to definition 2.1.
- The uniform rhythm % is the least integer such that

10" > 2 + max {15il} -

Definition 2.3 The set of spectra {(m;j, 5}, h;)} used in Definition 2.2
is called residue representation of the resulting spectrum (2).

The introduced binary spectral operations (addition. subtraction and
multiplication) are carried out with the rhythm common for the operators and
results ([3], [6]), and with the module which suffices for all operators and results.

Symbolically we can write

(m, S, h)6 (m,S2,h) = (m, 5, h), where &€ {+.—,%}, 5 =555,

3. Choice of module

We choose module m: so that values ol resulting sequence of numbers,
given in a spectral form, could be converted into corresponding fractions. Fach
clement of the resulting sequence depends on all elements of given sequence.
Therefore, both sequences should be entered before the corresponding module

is calculated.
Let the following two sequences of {ractions are entered:

) i _(_"l r ' ks & s
(3) e (b;).‘=1 gt e (di),'=1'

Algorithm M1 gives a module which allows exact addition and subtrac-
tion on these sequences, and algorithm A2 gives a sufliciently big module for
exact multiplication.

Algorithm M1.
Step 1. Compute values:

max 1 = max {|a; *d; £ b; x¢;|, i = 1,...,max{r,s}};
max?2 = max {led(|bid;], i = 1,...,max{r,s}};
N = max {max|.max2};

where led(z,y) represents the lowest common denominator of & and _o/'. Ifr<s
we use a, =0, b =1, k =r+1,..,8 and if s < r we use ¢, = 0, dy, = 1,

k =g+ 1.
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Step 2. Module m' salisfies condition (1). :

Theorem 3.1. Module m given according lo algorithin M1 suffices for
the cxact computation of sum and difference of lwo sequences of [ractions by
mecans of defined mathematical spectra.

Proof. Consider sequences (3). Denominators of the sum and the differ-
cnce of these sequences are equal to led(|b,|d;|) < max2 < N. Also, absolute
values of all numerators and denominators is equal to N. Using Theoremn 1.4 and
inequality (1) we can conclude that all the elements of the resulting sequence
are representable with module m. [ ]

Algorithm M2. :
Step 1. Compute iml = led {|b) * dy|, ..., |by x dy], ..., |b, * d|}.
Step 2. Compute values

max 1 = max {|a1], ..., |er|} ; max2 = max{|ey],...,|es]};

pl =min {|b1],...,|bs|}; p2 = min {|d4],...,|ds]}; and
brl =l +max 1 + max2 + iml/(pl*p2), | = min{r,s}.
Step 3. Set N = max{iml, brl}. Module m is oblained from lhe condition
(1)
Theorem 3.2. Product of sequences (3) can be oblaincd using single-

modulus residue arithmetic with module given according lo algorithm M2 and
defined mathematical spectra.

Proof. The i-th element of the product of sequences (3) is

a ¢ a2 @i a;,
- *—— otk —

b d; by < i < max{r,s).
bl*di*b2 bisy b: dl,l_t_max{z,g}

It is evident that denominator is equal to
led (lay * dil, ..., |a; * dy|) < iml < N.

Also, numerator is equal to

ay xciximl/(by *xdi)+ a+2%ci—y ximl/(bgxdiy) + ...+
a; *x ¢y *x iml/(b; * dy) < min{r,s} * max 1 *x max2*iml/(pl * p2) = brl < N.

In this way, the absolute values of all numerators and denominators of
the product are less than or equal to N. Since m > 2+ N24 |, we casily conclude
that given numerators and denominators can be transformed into corresponding
residue representations.
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4. Addition, subtraction and multiplication by means of
single-modulus arithmetic and mathematical spectra

First we form the mathematical spectra of given sequences using Def-
inition 2.1, where the module A7 is obtained according to algorithm A1 or
algorithm M2.

Then we use mathematical spectra in order to perform addition, subtrac-
tion or multiplication of obtained spectra.

In this way, a resulting sequence is obtained in the spectral and residual
form, i.e. residue representations of its elements are equal to the effective values
of the spectral strips of the resulting spectrum.

Performing conversion back (the computed residue representations to cor-
responding fractions), we obtain the resulting sequence of rational numbers.

Algorithm 01.

.Step 1. Shorten all the given fractions.

Step 2. Select a prime module m according to algorithm M1 or algorithm
M2.

Step 8. Transform given sequences (3) into corresponding scquences of
residual representations module m

M = |“i/bi|m7 I R

(4) P = le;/dibn, = 1, 0eus.
Step 4. The uniform rhythm h is the least integer such that
10" > 2 % max M, oo Ny Pry o P}
(for addition and subtraction), or
10" > 2 % min{r, s} * ma,\: N u N}« max {Py, ., Py}

(for multiplication).

Step 5. Using standard methods form corresponding mathcinatical spectra
of the sequences (4) with uniform rhythm h and perform condensation on the left.
In this way, we get mathematical spectra of the initial sequences by Definition
2.1.

Step 6. After performing necessary mathematical operations on the spec-
tra, we obtain the resulting spectrum, i.e. the solution in the spectral form.
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Step 7. Conversely, from the resulting spectrum, using uniform rhythm
and computing the effective values of the spcetral strip we obtain the sequence of
residual representations

(5) Ri,..en Ry | = max(r, s).

Step 8. For all the integers in (5) perform convcrsion back into corrve-
sponding fraction using module m (see [1],[2]).

Example 1. In this example we perform subtraction of sequences
[—857/510 2465/187 225/333 — 115/60] and [2103/198 — 38/57 — 263/240].
' First we determine a module m applying algorithm A/1.

max1l = max {175,169, 149,197} = 197;
max2 = max {102,66,111,240} = 210;

Applying steps 3,4 and 5 of Algorithm 01. we obtaiu the [ollowing spectras:

sl = (115201, +068893010486024909105599,6);
s2 = (115201, +06889207G800011039,6).

According to step 6, we get the resulting spectrum
s = sl — 2 = (115201, +0688929:15892948109094560, 6 ).
Using rhythm A = 6 we get effective values of the spectral strips (step 7);
68893, —54107, —51891, 94560,

which are converted into resulting sequence of fractions using single-modulus
arithmetic with module m (step 8):

(—175/102 169/66 149/111 — 197/240].

5. Applying multiple-moduli arithmetic

First we choose a base-vector 3 = [m, ..., my] consisting ol prime moduli
my, ...,m¢ which allows conversion of all the elements of the resulting sequence.
Main criterion follows from Theorem 1.4: if absolute values of all the resulting
numerators and denominators are less than or equal to N, then my,...,m; are
least primes such that

t
(6) M=T[mi>2+N*+1.

i=x1
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for given sequences (3), a base vector 3 corresponding to their sum, difference
or product is selected according to algorithm M 3.

Algorithm Ma3.
Step 1. Compute N according lo Algorithm M1 or Algorithm M2.
Step 2. Select moduli m,y, ...,m; according to condilion (G).

Theorem 5.1.  Sum, di_[]'c'r('n(.'} and product of sequences (3) can be
obtlained using multiple-moduli arithmetic with a basc vector 3 given according
lo Algorithm M3.

Proof. According to Theorem 3.1 or Theorem 3.2, absolute values of
all the numerators and denominators of the resulting sequence are less than or
equal to N. Knowing that the base vector 3 satisfies condition (6) and using
Theorem 1.4, we easily conclude that the given numerators and denominators
have corresponding residue representations. ™

A mathematical operation applied to fractions (3) can be exactly per-
formed using multiple-moduli arithmetic according to Algorithm 02.

Algorithm 02.

Step 1. Shorten all given fractions.

Step 2. Choose a base vector 3 = [my, ..., my] according lo Algorithin M 3.

Step 3. Apply Algorithm 01 (except the step 1) for any module from the
chosen base vector. This way, we get t resulting sequences of integers

'R},’R%, ...,‘R,l, for module m,
R} RS, ... R} fi dul

1 VIR RATEY or module ma
RE RS, R, for module m,,

where 1 = max(r,s). ;

Then {R}, w., R}, i = 1,...,1 represent a multiple residue representation
of the i—th element of the resulling sequence. A mived-radiaz. system or the
Chinese remainder theorem could be used during conversion from the residue
system to the mized-radiz system. The result obtained by this conversion process
is the residue representation module M of this element, where M = [[i_; m;.
We will use a mized-radiz system associated with chosen residue system B, i.e.
the set of radices Ry, ..., Ry is chosen so that R; = m,;.

Example 2. Let sequences be

[-23/4 12/5 22/11] and [1/5 —32/16 4/5 2/9).
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We illustrate the exact computation of the difference of these sequences
with a base vector 3 = [my, m3]. Applying Algorithms M1 and M3, we get

N = 4145 my = 631, my = 641.

Applying Algorithm 01 with module m;, we get the following spectra of given
fractions: ‘

s1 = (631, +152381002,3); s2 = (631,0505062901270491,4).
Diflference of this spectra is the spectruim
s’ = (631, —0505047697460489,4).
Liffective values of the spectral strips are
=505, —477, 254, —489.
If we use module m3, we obtain the rhythm & = 4 and following spectra:
83 = (641, +4475387002,3); s4 = (641, +4+0513063901290570,4).

Their difference is
8" = (641, —0513016397420568,4)

and the effective values of the spectral strips are
—513, —164, 258, —568.

Using mixed-radix system with radices m; and my we get the following mixed-
radix representations, i.e. residue representations module M = m; * my =
404471

80894, 101114, 161790, 44943.

Thus, the resulting spectrum is
(404471, 4+080894101114161790044913.6).

After the conversion of the effective values of its spectral strips into fractions
with module M = m; %y we get the following resulting sequence of fractions:

(-1/5, —15/4, 8/5, 16/9].

Example 3. This example shows multiplication of entered sequences

[12/30 — 16/56 135/117] and [—5/17 1215/270 11 — 5/20).
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with a base vector 3 = [my, maq, mz, 1y, ms, mg, N7, ms).
Using Algorithm M2, we get N = 3063060. Also, a((ompllshmg Algo-

rithin M3, we get

my = 37, mg = 41, mg = 43, my = A7, ms = 53, me¢ = H9, m; = 61, g = 67.
Using module my we have the following spectra:
= (37, 4300504, 2); 31 (37, 4+28231109,2).

Product of this speétra is
= (37, +08400830055704170089,4).
Also applying module my we get the following spectra:
s = (41,4252089.2) and  s2 = (41, +1925110,2)
sy = shx 82 = (41, 4017511761 7-11154407190:390., 1 ).
Similarly, using the rest of the moduli we get:
sy = (43,4091221,2) and s3 = (43, 425261132, 2)
s3 = (43, +022505310936096606150672,1);
sy = (47,+384012,2) ; % = (47, +08281135,2)
84 = (47,403041384163421061532.4);
st = (53,+113046,2) ; s2 = (53, +31311113,2)
85 = (53, +037413612615189908960598, 1 );
s = (59, +242542,2) ; 2 = (59, +24341144,2)
s¢ = (59, +057614162122275915621848, 4 );
st = (61,+037052034,3) ; 2 = (61, +32351115.2)
s7 = (61, +1184295933152:31711540510. 4 );
s = (67,+054038,063,3) ; s = (67, +047038011050,:3)
sg = (67, +02538038380:1999055120259303150, 5).

The set of spectra (sy,...,88) represents multiple residue representation
of the resulting spectra (Definition 2.3).



Addition, Subtraction and Multiplication 21

The standard residue representations of elements of the resulting se-
quence, i.e. of the spectral strips of the resulting spectrum are

(26, 24, 10, 22, 3, 45, 25, 59); (16, 28, 18, 21, 36. 0. 31, 19);
(2, 19, 33, 36, 18, 57, 21, 41); (10, 27, 20, 38, 44, 15. 60. 18);
(15, 22, 13, 28, 48, 28, 56, 47); (36, 21, 27, 44, 15, 19, 22, 1).

Using mixed-radix system with radices niy, moy, mg, my, s, e, mer, mg we get
the following mixed-radix representations

32267366918700, 262090004 150293, 2169055967753

31517669853715, 15285208740543, 22604886G16557.

The resulting spectrum is (291818802686993,
022673669187002620900041502930216G90559677534015176698531750015285220
8740543002260488616557, 15),

where M = my*mgsmaxmyrxms*+imgrinzrxing = 39181802686993. Converting the
cffective values of the spectral strips into corresponding [ractions using module
M we get the result:

[—2/17 1121/595 21464/7735 887 /455 2323/182 — 15/52)].

Example 4. In this example we compute the sum ol the [ractions
[218792/56217 253649/96371 — 51493/59143 676/1521] and
[38025/8031 — 180252/60039 12059535/2601900 201/406653].

Using Algorithm M3, we get

N = 584441631, and

ml =79, m2 =83, m3 =89, md = 97,
mb5 = 101, m6 = 103, m7 = 107, m8 = 109.

According to Algorithm 02 we get the following standard residue repre-
sentations of the resulting sequence:

(33,19,40,77,22,49,29,29); (64,3,62.51,20,77,103.75);

(64,49,1,4,28,50,91,47);(57,71,60,86, 1,49, 52, 19).
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Mixed-radix representations of the clements of the resulting sequence are;
4145124306291994 ; 6032934837130087 ;
1500508234338496 ; 60622999819:325:3:34.

Accomplishing the conversion back using module 79 * 83 % 89 % 97 % 101 *
103 # 107 + 109 = 688087171373809, we get the resulting sequence
[>57778507 /8810007 — 21638719/58-144631 ’
16359139/12315660 22933646/51641931].

6. Comparison of the algorithm (/1 and algorithms 01, 02

The resulting sequence in Example 3 can be obtained after 12 multipli-
cations and 11 additions. This way, we must apply Algorithin /1 23 times.
Also, each application of Algorithm {71 requires increase of the rhythm and the
resulting fractions are not shortened. FEutries of a new elements in the given
fractions increase consequently. Applying Algorithm 02 we must perform only
8 multiplications, independently of the number of the elements of the initial
sequences, and the rhythm does not increase.

The main advantage to multiple moduli arithmetic is that smaller moduli
can be used at each repetition. Also, smaller rhythms and effective values of the
spectral strips can be used in the residue representation of the resulting spectra.

We choose the number of moduli in a base vector in accordance with the
computed value of N.

7. Applications

Defined mathematical spectra could be applied in exact computations
with polynomials and vectors. Introduced operations are equivalent with the
corresponding operations on polynomials. Several others applications are pre-
sented below. '

7.1. Internal product of two vectors

Internal product of two sequences of integers @ = [ay...a,] and b =
[01...0,), ie.- TP g a; * b; is equal to the effective value of the central strip
(i.e. n-th strip) of the spectrum which is obtained after multiplication of the
spectrum of sequence a and the spectrum of the reversed sequence b ([6]). In
this way, internal product of two sequences of fractions could be obtained as
follows: -

Algorithm A1l.

Step 1. Compute product of spectrum of first sequence and the spectrum
of reversed second sequence and the cffective value into corresponding fraction
with module (or moduli) used in Step 1.
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7.2. Value of polynomial
Value of ‘polynomial P(x) = a12"™ + ... + @, could be oblained as the
internal product of vectors [ay...a,] and [a"...1], using Algorithm Al.

Example 5. Value of the polynomial 13223 — a2 4 L .7:+ 2 for

a2 = 1/2 could be obtained using modules 59, 61, 71, 7& "() ’[‘]le requltmg

T . 5 11 75 & 1 1
sequence after multiplication of the sequences %—‘ u '.3“ %] and [ -,1; ll é]

is [135 521 12771 12891 1527 1237 3
5 |7 70 140 280 70 112 56

. ; o1 re 12891
value of the polynomial is ~555°.

] The value of the central strip, i.e. the
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