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Sequence in Nonarchimedean Spaces

Ekrem Savas

Presented by P. Kenderov

Sherbakoff [15] generalized the notion of the core of a bounded complex sequence
by introducing the idea of the generalized a-core x{“)(x) of a bounded complex sequence. In
[15] Natarajan introduced a definition analogous to the core in the classical case, but when
K is a complete, locally compact, nontrivially valued, non-archimedecan ficld. The purpose of
this paper is to improve the result of N a t ar a jan by using almost regular matrix

transformation.

1. Introduction

In this paper, I denotes a complete, locally compact, non-trivially val-
ued, non-archmedean field. After M o n n a [6] gave a complete characterization
of regular infinite matrices with coellicients in a complete non-archimedean field
K, the investigation in a summability theory started developing over complete
non-archimedean fields, see the works cited in [6],[10],[11],[12],[13],[14].

HA=(an), n=012,...., k =0,1,2,... is a inflinite matrix with
coeflicients in K. The A-transform Awx of a sequence = (xy), ¥ € K, k =
0,1,2,...is a defined by the sequence (A, (x)), where

X0
Aq(2) = Z ankick, 0 =0,1,2,...,
k=1

assuming that the series on the right hand side converges. The sequence z is said
to be summable by the matrix summability method A, or shortly: A-summable
to s, if Ap(z)— s as n— .
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It may be noted here that L o r e n t z [5] introduced the concept of
almost convergence for real or complex sequences and K u r t z [3] studied
almost convergent vector sequences. In Kin g (2. D aran[l]and Nan
d a [7], some matrix transformations ol almost convergent sequences of real or
complex numbers have been characterized. Further K u rt z [1] has discussed
some matrix transformations for almost convergent vector sequences.

N a n d a [8] introduced and studied the concept ol ¢ of all the almost
convergent sequences of elements of A

The matrix A is said to be almost regular, if whenever .« = (@) converges
to some L in K, the transformed sequences (A, (w)) also almost converge to the
same L.

In [8], the following conditions are given as necessary and sullicient for

A to be almost regular:
1) sup |a(n,k,m)| = supla,x] < .
n,k,m n,k
2) lima(n,k,m) = 0 uniformly in n for all &,
m

3) limZa(n,k,m) = 1 uniformly in n,
m p

m

where a(n, k,m) = m+1 Z Uugi (M >0, n,k>0), a(n,k,0)=a,.

We quote some deﬁmtlous and theorems here for our future reference.

Deﬁnition 1.1 ([9] p.-55). Let X be a topological lincar space over a
nou-trivially valued, non-archimedean fields A'. A subset S of X is said to be
absolutely K-convex, if S is a V module, i.e. VS + VS C 5, when V is the
valuation ring of A". S is said to be N-convex, if 9 is absolutely I\ -convex or a
translate of an absolutely A'-convex set.

Theorem 1.1. ([9],p.27) The only proper K -conver subscls of K are
spheres.
The following result gives some equivalent formulations of the A'-convexity.

Theorem 1.2. ([9],p.56) Let X be a topological lincar space over a
non-trivially valued, non-archimedean field K.
i) S C X is KN-convex if and only if for all \jju,v € N with A+ p+~v =1,
we have A +py +vz €5 forall x,y,z € 5.
ii)  If the charactéristic of the residuc class field V/P of KN is not 2, then
S C X is K-convex if and only if for all x,y € S. A+ (1l — Ny € 9, i.c.
the non-archimedean K -convezily is analogous to the classical convexity when
characteristic of V/P # 2.

Let us define the core of a sequence in K analogously to the definition of
a core in the classical case.



On Almost Summable Sequences and Core of a Sequence 27

Definition 1.2. ([13]) If 2 = (2,), ., € K, n = 0,1,2,... we denote
by N, (z), n =0,1,2,... the smallest A'-convex set containing x,,, #,41,...and
call

<
K(z) = ﬂ K,(2)
n=0
the core of 2.

Any limit point of a bounded sequence « is in K(x), since il z is such a
limit point, then z = lim; @,,(iy for some sequence n(i) of positive integers and
so, 2 € Ky(z), p=0,1,2,...and consequencetly, z € Ki(2). On the other hand,
KN(r) = K if and only if x is unbounded, in view of Theorem 1.1. Also if 2 is a
‘bounded sequence, K(2) is the smallest.closed K-convex set containing the limit
points of x. It now follows that il two bounded sequences have the same set of
limit points, their cores are the same. There are, however, bounded sequences
having different sets of limit points but the same core. From what has been said
above, it is clear that K(2) is the singleton {p} if and only il x converges to p.

It is also wortwhile to note that

k((L) = ﬂ 61,. Xy )y Iy = ﬁll])hL 2 -‘ul
n=0

and K(2) = Cr(«), where « is any limit point of x and

r = inf »
n>0 B

Following Sherb akoff [15] we can define for a > 0, the generalized a-core
ol a sequence & = (2,) by

Catim|z=a,|(2), if @ is bounded,
(1.1) Kj(tl)(w) — q\, lI'l‘lll | )

K, if 2 is unbounded.
For o = 1, K(@)(x) reduces to the usual core K(z).

2. Main theorem
We are ready to establish the following theorem concerning almost regular
Matrices.

Theorem 2.1. An infinile matriz A = (k) wnk € K, nki=
0,1,2,... is such that K(Au.(2)) C A(")(t) Jor any sequence v if and only
if. A is almost regular and salisfics peky

(2.1) l'i_iﬁ(sup la(n, k,m)]) < «a,
moo, gk
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m

where App(z) = Zk:a(n, k,m)xy. is such that a(n,k,m) = ﬁ z;) Ui e -
1=

Proof. It is sufficient to consider bounded sequences. Let @ = (z,) be
a bounded sequence. If y € K(An(2)) for any @ € I\,

|7J - 3' < WI: = (A-nm("v))"

If A is almost regular and satisfies (2.1),

ly - zl < @lz - (Amn(‘w))l

<lim| 3 a(n,k,m)(z — ;) < « lim|z — 2y,
m =0 k
ie. y € Ca@lz—a:,‘l(z) for any z € K, which implies that

K(Aun(z)) C K(a)(%)

Conversely, if K(Amn(z)) C K@) (2), then it is clear that A is almost
regular, by considering convergent sequences @ = (x,) for which K(®(z) =
{li’r‘n Tn}. -

It remains to prove that (2.1) holds. Let, i fpossible, for cach n

(2.2) lim(sup |a(n, k,m)|) > a.
m ﬂ.k

Using (2.2) and the fact that A is almost regular, we can choose two strictly
increasing sequences ((m(z)),(k(m(7)))) of positive integers such that

sup |a(n, k,m(i))] < «
O<k<k(m(i—-1)) i
la(n, k,m(i))| > «,

sup  |a(n, k,m(7))| < a.
k2k(m(i+1))

Define the sequence z = (&) by

=1, k= k(m(i)) g
0, k;ék(m(.,'))}’ i=12,...
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For this sequence z, IC(“j(m) C C«(0), which follows from (1.1). However,

k(m(i-1)) ;
(Am@a(@) = > a(n,k,m(i))ex
k(m(i)) ey :
+ 3 a(n,k,m(i))ay + 3 a(n, k,m(i))x
k=k(m(i—1))+1 k=k(m(i+1))
k(m(i-1)) ‘ )
= Y a(n,k,m(i))xr + a(n, k,m(i))
k=0

- a(n,k,m(7))zy.
k=k(m(i+1))

So,

a < |a(n, k(m(i)), m(i))|

< max{|Apm(i),n ()l sup |a(n, k, m(2))|, sup la(n, k, m(2))|}
- 0gk<k(m(i=1)) k>k(m(i+1))

< max{|(Am@i)n(2))], a, a}.

C'onsequently,
|Am(z'),n(m)l > ooy #1520 v

The almost regularity of A implies that (A,,(),.(2)), is a bounded sequence.
Since K is locally compact, it has a convergent subsequence whose limit can not
be in Cy(0), because of (2.3). This leads to a contradiction with the fact that
K(Apmn(z)) C K(@)(2). Hence,

lim(sup |a(n, k,m)|) < a,
™ ak

which completes the proof of the theorem. -

I would like to express my profound thanks to the Chairman, Dept. of
Math., Liecester University for providing necessary facilities for the succesful
completion of this paper. 1 would also like to thanks to Prof. B. I'isher from
whom I have benefitted much through informal discussion.
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