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A Characterization of Best Multivariate Algebraic

Approximations from Below and from Above
in Terms of K-functionals

P. E. Parvanov

Presented by Bl. Sendov

This paper is the first step in the characterization of the best multivariate algebraic
approximations from below and from above. Direct and inverse inegualities for the best con-

strained approximations in terms of appropriate A'-[unctionals are proved.

1. Introduction

We consider measurable real-valued bounded (from below or from above)
functions defined in every point of the domain Q = I[—1; 1], where

W[a; 0] := {z € RY; x; € [min{a;, b;), max{a;, b;})]  for every i=1,. ..,(l}

and 2 = (T1,...,24),¢ = (aq,....aq),b = (by,....by) are points in R* (d is a
natural number). Here 1 and —1 mean respectively (1,....1) and (=1,...,—1).

Let X be a measurable subset of Q. We shall consider the following
Spaces

§
Ly(X) = {f: oy = { [ 1) < oo} ,
for p € [1,00) (dz means the Lebesgue measure on X ) and
Loo(X) = {f; Iflloetx) = sup {|f(2)]; = € X} < 0},

for p = .
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Here «, 8, ¢ are multi-indices. If a = (ay,..,ay), ay > 0 for any s =
1,.nd,|al = Y4, «; is the length of a. @ > 8 means o, > 3 for any s = 1,...,d
. — 174 s
and () = M5, (5)- ‘

8

Let r be natural. By W (.X) we denote the Sobolev space

. d
o ’ yox 0('.
WI(X):= {f; DD fllpx) < oo} where D = |[(—)L—

le|=r i=1

For v € [—1,1],¢ > 0 we set (1. v) := 1V/T — v2+ (2. lor € 2 we denote
W(t,x) := [1%, ¥(t,z,) and W(1,2) := [1%2, (L, @) At a neighbourhood

of the point z €  we define by
U(t,z) :={y € Q;|as — ys| < (1, a,) for every s =1,....d}.

Everywhere in this paper ¢ denotes a positive number which may depend
on r,d and p. The ¢’s may dilfer at each occurrence. Il ¢ depends on another
parameter we indicate this using brackets.

By H, we denote the set of all algebraic polynomials in 27 of total degree
not greater than n. The best approximations by algebraic polynomials are given
by ‘

E(f, Ha)px) »=inf {|If = Qllpx) 5 Q € i,
and the best approximations from below or from above by algebraic polynomials
are given respectively by

(1.1) E~(f, Hp)px) := inf{”f— Qlvexy Q€ M Q < .f}
and
(L2)  E*(f, Ha)pxry = b {Ilf = Qllpx) 5 Q € Mu , Q 2/},
whenever f is bounded from below or from above respectively.
Everywhere in this paper ! = I(r, p,d) is the bigger of the nummbers [%] +1
and r ([-] - integral part). We investigate the A-functionals
(1.3) : :
K=(f,t)y =K~ (fit; Ly, Wy(¥), W ¥))
= inf If = gllp) + Zjaj=r 1Y @D gll )iy < J. 9 € W,ﬁ(ﬂ)} )
(1.4)
K*(f,1), =K* fm; Ly, Wy (%), Wi(¥))

= inf { || f = gllp@) + Ziaj=ri 1Y (O D9y 9 = 19 € W,i(ﬂ)} ,
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(1.5)
K (. Ly, Wy(W)) := in { I = ol + 3 W OD"leario w,:(m}
and
as K (f,t5 Ly, Wy (W), WH(0)) |
= inf{||f = Illp@) + Ziaj=rd (Dl 0y 5 g € WHRQ) }

Let U C R? be a convex body. We set :
(1.6) (£, 0y = sup {IA] 0 S Olluwys b€ R}
where AT () i o oo b Je |

o (@)= {‘(-)\hj(l) S j)-tinﬁnfhl(
and .
Ry = (-1 (;) [(x + ih).
=0

Let IT = 1U[a; b] and 7 = II[c; d] (a neighbourhood of the 0) be such that

(1.7) xg(n—“,“’)gzz.yr

for some R > 1, where for U C R%, y € R% and t > 0, we denote
U+y:={xeR; x—y €U},

t:={xe R ™'z e U}

The main result of this paper is the following statement for the best
constrained approximations in terms of the K -functionals.

Theorem 1.1. Let 1l < p < oo, r and n be natwral, * = * =~ or “4 ¢
and let f € L,(Q) be bounded from below or from above respectively. Then we
have

4 E*(f, Hor )iy < o™ (fyn™"5 Ly, Wi(W), WH(W )) :

(i)
K* (S0 Ly, Wy (9), WH®)) < ¢ (B*(f, Huca ey + K (fon7"5 Ly WE(9)))
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These inequalities are the rcason for the investigations in [5], where we
characterize for r = 1 and 7 = 2 the constrained A'-functionals in terms of
appropriate moduli and thus we make a characterization of the best algebraic
approximations from below and from above. This theorem is proved in Section
5. Let we mention that the “classic” inverse inequality for the best constrained

approximations is
K* (f, 071 Ly, Wy (), WH(W))
< e (E*(f, Huot)piay + K (fs07%5 Ly, Wi (W), WH(W)) ).

We set

B(t,z) := {y € R ;|ys| < ¥(t,z,) for every s = I....,d}.
In this paper we consider the following averaged modulus of smoothness
1

»

(L.8) ([ ¥())pp(a) = {/ﬂ W(t )" /B(t N |A:;‘Qf(.’l')ll'(l'v(l;l.‘} :

which is equivalent to (1.5) and (1.5).
Theorem 1.2. Let 1 < p < oo,r be natural and [ € 1,(2). Then we

have

(7.) CTT(f’ \I’(t))P,p(Q) S I" (f’ t’ LP’ PV;)(‘I’)) —<- CT,-(f, \l»'(l ) )1),7)(0);

(r0)  err(£, ¥ () ppia) < K (Fot Ly, W (9), W) < erol [, (1)) p0)-

This theorem is proved in Section 4.
In this paper meas(V') denotes the Lebesgue measure ol the measureble
set V. In order to prove Theorem 1.2 we use the following characteristic of f.

1 . v
(1.9) T,(f,r.)p,p(n) se= {/n W[r IA:,J][(.’U)'FI['U(I:U} ’

A relationship between (1.6) and (1.9) is
Theorem 1.3. If (1.7) is salisfied and [ € L,(Q) then,

e (fs ®)ppirny S wr( fo )y < R 1 (f, 1), 0(11)-

This theorem is proved in Section 3.
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2. Some notations and auxiliary results
Let N be a fixed natural number. We set

z={0,1,..,.N-1}¥; z'={0, 1, ..., N}*; E={0, 1}%

kxn
zr = cos(w — —1\7), k=0,1,,.,N,2_) = 2= —1,cNst =zn=1
For every j = (41, j2y ---» jd) € Z we denote
Qj = [zjx’ zj,.,.l] X ves X [zjd, zjd+1]

and for every j € Z’ we denote
I — . . -~ . -~ .
Qj = [Z_“_.l, z_“+1] X . X [""Jd"'l’ "‘Jd+1]’

—1 —1
We set p(v) = [y ev—+? du/fol ev-dufor0<v< Lpu(v)=0forv <0
and p(v) =1 for v > 1. Therefore p € C*°(R) and we define

po(v) =1 — p((v — 20)/(21 — 20));

Bs(v) = p((v = 25-1)/(2s = zs—1))(1 = p((v = 2)/(zs41 — 25)))
fors=1,2,...,.N —1;

un(v) = p((v — 2n-1)/(2n = 2n-1)).

Finally for every j € Z we set puj(x) = H‘,‘___lpj,(m,). Therefore for every
& € ) we have

(2.1) 0<pj(x) <15 pi(x)=0 if ¢ Qs
(2:2) > wi(a) =1
JEZ'

In the statements below we collect some properties of the above quanti-
ties.

Let 0<t < % and N = [%5] + 1. Then we have
(2.3) Y(t,z) < meas(U(t,z)) < 2%W(t,x);
(2.4) Y(t,z) ~ ¥(L,y) for every y € U(t,z);

(2.4) U(t,z) ~ ¥(t,z + y) lor every y € B(L,);
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(2.5) c¥(t,2) < meas(Q’) < c¥(t,y) for every y € Q ;

(2.6) ' Q; c U(t,) for any x € Q.

T'he inequalities (2.3)-(2.6) are plovcd in [L]. (2.4) follows [rom (2.3), (2.4) and

definition of B(t, z).
In order to prove thL main result of this paper we need of the following

lemmas. _
Lemma 2.1. Let1 < p < oo,r and n be natural, g € I'Vlﬂ(Q), then we

have
E~(g, Hn-1)p@) < ¢ 3. 1¥(n7")Dlly0)-

|la|=r,l

This Lemma is a trivial corollary from Theorem 2 and Theorem 1 in [1],
because the error of the best algebraic aprroximation from below is smaller than
the error of the best one-sided algebraic aprroximation.

Lemma 2.2. Letl < p < oo,r aud n be natural and [ € L,(Q) be
bounded from below. Then we have

E(fy Haot)pe) < ek (f,0725 L, W3 (9), Wh(W)) .

This Lemma follows from Lemma 2.1 and Theorem 4.1 in [2] applied to
the algebraic aprroximations from below.

Lemma 2.3. Let f and g belong lo L,(S2). then

(2.7) Tr(f +9, 'I’(t))p,p(ﬂ) < Tv'(f* w(l))p,p(ﬂ) + Tf'(.’/v w("))p,p(ﬂ);

N | o—

(2.8) T(f, ¥(8))ppi) S €llfll ) for 0< ¢ <

(2.9) ([, ¥(t1))ppa) < ()T ([, W (t2))p i), if &1 < b2 < Aty

Proof. We get (2.7) and (2.9) directly from the definition (1.8). To
prove (2.8) we use (2.4")

1
(£ ¥O))pp@) < IS llpe) + ¢ {fn Y(t, )™ frB(t.a:) [f(x + J)l"’l"/d"'}’
1
< I llpay + € {fn LoB(t,2) lf(l + J)'p'{’(’ x+y)” d.‘/dT}
< Wfllpay + € g 1S (2)Pda}¥ < ellfllpq)-



Characterization of Best Multivariate Algebraic Approximations 13

3. A new representation of w,.(f,II),

Proof of Theorem 1.3. Obviously,

1

(3.1) (fom)ppm) S {He_(i—(?r_) Jesup{ fyy IAL_H_I’(:U)P’(I::: :we RY }dw};
< cwr( f, “v)p-

I'rom [6] we have that if f is defined for cach « € R, then for every h, ve R¢
the r-th finite difference satisfics the equality

(3.2) Ay f(r) = Z(—l)i (:) {A"i(v_h)f(:v +ih) — A;'l_‘_L(U__h)f(a:)} .
i=1 " r

For h € R* we set Il;, = Il N (Il — rh). 11, is also parallelepiped if

(3.3) h e 20! (n ¢ j ”) .

Let (3.3) be satisfied. We devide Il;, and »~'x in 2¢ parallclepipeds,
respectively By, ..., Bya through the hyperplanes across the center, which are
parallel to the coordinate hyperplancs and mq,..., 7 through the coordinate
hyperplanes, s.t. 7; is opposite to B;. Suppose « € B, and v € r~'x, from (1.7)
we have that
(3.4) ¢, x4+ and &+ (r—)h+iv belong to Il for every i.
lence for every @ € B, using (3.2) and (3.4) we get

meas(r)l A S < ey, (Siat 183,y 0 0 + i)
+|Ah+ E(uh), “f(.l.‘)l ) do.
Thus for every z € IIy,
od . r .
IA;;'nf(.'L')'p < CEi:l yucui(;r,) j;r, (z‘:l IA;(,,_,‘)Y“[(Q‘. + ”')I
+|Ah+ -’-(v =h), ||f(‘v)| )p {lv'

Ta.kiug Ly(1I)-norm with respect to @ in the above inequality and using

r 2 WPdy — : LA Y o P
/"h lAh,nf(.E)l (l.l, = /" |Ah'“j(.l.)| IIJ
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in the left-hand side and z, x + ih € II in the right-hand side we derive

1

AL fllpay < eXiza [{fn gty Jr=1r IA"%(U_/,),Hf(y)l"d”dy}p
(3.5)

L
+ {fn m fr..]_’r IA;;+:;(v_ll)'nf(y)ll’(ll7(1y}P] .

Let v € r~!x. Then from (1.7)

] : 2R+ 1
(3.6) i—(v —h) and h+ ':T(” —h) belong to + .

Using (3.5) and (3.6) we have

. L
_ . 1 e e v
(3.7) AR nfCllpam) < € {/n meas(n) /2_,?1’r IA.,,uf(y)I’dWl} .
We need of the equality
p 1 ’
3. 2 T . < I / ___/ o ) } )
( 3 6) "Ah,ﬂf( )"P(n) - cl { n ‘ITI-CGS(W) a IAu,llf(y)I du d-’/

If 2B+l < 1, then (3.8) is a trivial corollary from (3.7). Else, suppose n =
[L’fﬂ] + 1. From (3.7) we have

1 v
. . < —— r WPl
AL fC)llpamy < ¢ {/" meas(®) ./1:« [ALnf(y)l dl"ly} .
Changing v by nw, we obtain

. ! . dwdy )
(3.9) 1A% fOllpm) < et { /” meas(®) /,, I_A,m.,nf(;wl'dwly}"-

From the definition of the »-th finite difference we have that if f is defined
for each y € RY, then for every w € ¢ the following equality holds

n-—1 n—1
ALuf(y) = Z Z: Apf(y + kw + ... + kyw).
ki=0 k,=0
Then
. n-1 n-1

A;w.ﬂf(y) . Z Z A:"‘nf(y + kw+ ...+ kw).
k1=0 k=0
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Finally the last equality and (3.9) give (3.8).
Now from (3.8) we receive

a+b
2

2 . td —
sup {“Az,nf()llp(n) ih e 7—(11 — ) } < CR1+I7-2 (f,W),,,p(n).

But for h € R\ 2(I1 - i’-%'—b) we have [[A7 1 f(-)||r) = 0 and then

sup{[|ALnf)llprry 57 € R} < eR™M 5 (f, 1), ()

This inequality and (3.1) complete the proof of Theorem 1.2. ]

Remark . Let U C R% be a covex neighbourhood of the 0 with a
strictly positive minimal radius Ry and with a finite maximal radius Ry. That
is, B(Ry) C U C B(R3), where I3(p) = {x € R || < p}. We can investigate

aY U)p,p(l'l) = {/l ﬂt(us((l / lATU i f(@)]"dode }

and prove in analogical way the statement which is similar to 'I'.1.2 for the above
averaged modulus.

4. Equivalence of (1.5),(1.5’) and (1.8)

Here we use methods which are based on ideas of [3] and prove that the
K-functionals (1.5) and (1.5") and modulus of smoothness (1.8) are equivalent
(Theorem 1.2). We start with the following

Lemma 4.1. Let0< 1< % Then for every [ € L,(2) we have

(4.1) (£ ¥yt < K (fots L, WS () 5

(4.2) K (f,t, Ly, Wy (0), WH(W)) < er( £ W(1))yps)-
Proof. Let us begin with the proof of (4.2). We sct
(4.3) N = [—] +1
and use the notation for €, Q) and g; from the beginning of Section 2. We
denote by Q; € H,-; the polvnmnml ol best algebraic 1, approximation of

degree r — 1 to f in 2, j € Z'. Then from the Whitney theorem aud Theorem
1.3 we have
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(4.1) ”f - QJ”p(Q;) < cwe( S, Q.,,)p(!l;) <erel /s QI] ),,_,,(();)-
We set
(4.5) 9(x) = > wi(@)Qj().
N Je/l
FFrom (4.3)-(4.5), (2.5) and (2.6) we obtain
If - J“p(n) = | Xjez 1tilS - Qj)”;:(m

<eYjer fn, [f(x) — Qj(x)|"dx
(1.6) < eTjem i, ),) p(S2)
1.6
et CZ:IGJ' fﬂ' mcav((l ) fﬂ' l_\v 24 f(x )l”([l’(ll
<eXjez fn' (1 x)! fB(u) |-3u of (x)[Pdvdx
= e S, lll([))p 2(92)
Fix a, || =7 or |a| =1. Let « € Qj, j € Z. I'rom the delinitions of
), Qi(x) and g(x) we have
9(x) = Qj(x) + D pivc(2)(Qipel) — Q ()
cels ’
and then from the last equality and D“Q; = 0, it follows that

Dogx) =000 ¥ (l,)D"*"uH((z)D"(Qm(.) Qilx))

€l 0<p<La
Now using (2.5), (2.6), the definitions of st; and @Q;, Markov's inequality and
(4.4) we have
19 (1) D*gllpa;) < ¥t ) D9y,
< eW(t, 25) Leer 2o<p<a (DID ’/‘J+c“w(fz,)||f)/’(QJ+< = Q) e,
S e« (t,Z]) ZCGE ZOS/jSu (q’ S Ij(l' zj ) (wﬁ(t»~_) )) "(J.H" = (Jj”p(ﬂj)
< e ek 1Qi+e — Qillpa;) < ¢ Leer (Uf Qjtellps) + IS - Qj“p(ﬂj)) =
< erulf, Bypiaty
Hence,
"‘I’a(t)Da(/l p(§2) - ZiGZ' Tr(f’ Ql, );:-I’(“',)
= CZ:JE/' jnl muw(ﬂ )jn; IAZ,“;[( a)|Pdod
< € Siear Jog Wt #)™" S [AL 0 S (0)|Pdode
& 1))\
= ety (/, w“)),,,pm)'
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In this way (4.2) Tollows from (4.6), (1.7) and (L.5).
: We turn our attention to (4.1). Let v = (avq,...,y), || = r be multi-
index and z = (21,...,24) € RY. We deline

1
2 = Wiy =™
Immediately from the definition of the finite difference (see also [3]) we have

AT g f(x) —/ / SN+ i+ oo+ e )y dy,

for f in VV'(Q), where we assuime f )(_/) = 0 when y does not belong to Q.
1<|om the other hand,

D=3 <") D [(y)l=e =17
la|=r

Then using the last equality, after a change of variables and I6lder’s inequality
we have

1AL G f (@) < Ejater 12511177 C) S o S 1D + 91 + oo+ ) dyy...dy,
= Ylaj=r 1291 12172 () 67 |’ “flx+ y)ldy
< e Llaj=r 1271 |2 |"‘l7~|'_— {Jo7 1D fla + l/)l"l/J}'
=¥ |al=r |z=] |2 I"T» {6710 f(a + 4 J)ll’(IJ}r .

Here we assume D f(y) = 0 when y does not belong to 2. Then,

1
{W(t,0)™ [y AL (2)Pd T
< ¢ Spatar {0 2) fn 12 PI 57 1D + glPdyd=}?
< CZ|a|—r {q’(t &) [ 1P +y) |"‘lJfB(u)\ B(t.c)l"‘ [?z|"1d= }
8D ey {\Il(f 2)" (¢, c)"fB(i %) | D f(a + l/)lp(IJ}
Irom the above inequality, (1.8) and (2.4') we obtain
. 1
(Ui <o ¥l O (L ) Sy D fl + y)|Pdyd }?
- _ 1
S'Q{;fn Y(t @) [paw 1P S+ 9)Pe(, e + ‘!/)—ld.'/dl‘}p
1 < ;
S elfo WL | D f(e)Pda}r < ¢ Fjagay 19 () D fllpqe)-

Finally we prove (4.1). Let g be an arbitrary function in W, (Q). Using
Lemma 2.3 (inequalities (2.7) and (2.9)) and (4.8) we have

Tr(f, w(t))p,p(ﬂ) = 7( (f - .‘/) +9, "lf‘(t))p,p((l)
< CTr((f - .‘/)v w(’))p,p(()) + Tr(.’/, w(”)p,p(ﬂ
<ec (l!f = 9llwe) + Zjaj=r ||‘1’"(I)’)"'!I|lp(m$



48 P. Parvanov
Taking an infimum on all g € W () in the above inequality, we prove (4.1).

Proof of Theorem 1.2.

We have to investigate only the case t > .-;-, because for 0 < ¢t < -%
Theorem 1.2 is equal to Lemma 4.1. From Fheorem 1.3, Lemma 4.1 (4.1) with
L= % and the monotonicity of the K& '-functional (1.5) with respect to ¢ we get

(4.9) Tr(fv ‘I’(t))P.P(ﬂ) < (‘w,-(_f, Q)P < CTr(f, ‘1’(2—1))1’-7’30)

< ek (£,3 Ly, Wi(®)) < ek (f8L,, Wy (9))

which proves the left inequality of Theorem 1.2(r).
From [4] we have that there are R € II,_;, such that

”f e R"p(ﬂ) < wr(f»Q)P'
Then from (1.5), Theorem 1.3 and Lemma 2.3(2.9) we obtain
K (f,; Ly, Wy (9), WY(®)) < cllf = Rllyay < ew,(/, Q)
<ere(f, w(2-1))p,p(ﬂ) < crr(fv q’(t))p,p(ﬂ)-

This is the right inequality of Theorem 1.2(r,1). Then (4.9), (4.10) and the trivial
inequality

(4.10)

K (f,t, Ly, Wy(®)) < K (£, Ly, Wy (), WH(W))

give Theorem 1.2.

5. Main result

Proof of Theorem 1.1.

We first prove Theorem 1.1 for the approximation from below, i.e. in the
case * =" =7, :
Inequality (d) follows immediately from Lemma 2.2. From Theorem 1.2

we have
(5.1) K (fst; LP’ v;’;(‘l’), W;('Il)) ek (fst; Ly, W;(‘l’)) .

(5.1‘) and Theorem 4.2 from [2] prove Theorem 1.1 for the approximation

from below.
Using that E*(f) = E~(-f) , K*(f) = K~(-f) (with one and the
same values of the parameters) we complete the proof of Theorem 1.1.
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