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An Orthogonal Tangential Group of Transformations
of a 4-Dimensional Riemannian Manifold '

Rawna Tvanova

Presented by V. Kiryakova

In this paper we find the orthogonal group of transformations in the tangent space
of a 4-dimensional Riemannian manifold (M, ¢) which keep its system of curvatnre conditions

(T) invariant.

i. Introduction

Let (M, g) be a 4-dimensional Riemannian manifold with curvature ten-
sor R and E? be a 2-dimensional subspace of the tangent space Al, at a point
p € M. We call the orthonormal base ¢y, eq,e3,¢4 of M, a special base, if ey
is an arbitrary vector and ¢y, ey, 3, ¢4 are cigen vectors of the Jacobi operator
R, .

In our papers [1] and [2] we have investigated some problems about the
following skew-symmetric curvature operator

Kpz(u) = R(X, Y )u, we M,

where X,Y is an orthonormal base of £%. The characteristical equation of # 2
is

M4y LA+ Uy =0,

where Jo(p; E?) and J4(p; E?) are the nonzero characteristical coefficients. We
have proved that the non-flat Einstein non-real space forms with the property
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Ja(p; E?) = 0, for any E? at a point p € M, can be characterized by the following
curvature conditions:

Ry = Riziq = Rina =0

Rygyz = Ry224 =0

: Rygzy = Rigzs = Ryn2a =0
Lk () Kis+ RNy =0, Niz#0
‘ Ry = Ky + Rigy, Rissz # 0
Ky is a global constant.

Our purpose is to find out all of the orthogonal transformations which
keep the conditions (I') invariant. Morcover, we shall investigate the changing
of the functions Kj3(p; E?) and Ryszs(p; 1%) under the acting of these transfor-
mations from a special base ¢, €2, €3, 10 another special base 7. 75, 73, €.

2. Preliminary considerations

It can be proved immediately that the following transformations (we shall
call them p— and ¥— transformations, respectively):

€1 = cos4pel—snupeg
: ez = sncpe]-t-cosgaeg
(2) () % = e
€4 = ¢y (PG[O,ZI’]
C] = COSr ¢ — sinY ¢y
. @ = sintey + cos e,
(3) oy | TR & ey
3 =Gy
€y =€y 506[0,27"]

keep the conditions (I') invariant. Besides. the transformations () and (9)
change the functions Kj3(p; £?) and Rysps(p; £2) in the following way:
a) by yp-transformations:

1) K3 = cos2¢ K3 — sin 2 e
Ri323 = sin 200 W3 + cos2¢ Ryags:
b) by w-transformations:
(5) R;:; = —co82¢ K13+ sin2¢ Ryazs
Egsza = —sin2y K3 — cos 29 Risz3.
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We shall use the following lemmas:

Lemma 1. The functions Kq3(p; E?) and Ri3z3(p; E?%) are linearly
independent.

Proof. Let us presume there exists a function f(p) of the point p € M
so that

(6) Niz = J(p) Riszs
is true. If we change the sign of (2) we get
Kz = = [(p) Riszs.

Then it follows K13 = 0 which is impossible. a

Lemma 2. The functions Ky,(p; %), Ki3(p; £%) and Ryzys(p; E?) are
linearly independent.

Proof. Let us presume there exist the functions Ay (p), A2(p) and As(p)
s0 that

M2+ A3 4+ Ay Ryzes = 0.
Then we have consequently
MK 2 = —(A2 K13 + A3 Ry323);
(7) Af(K{s + Risgs) = MKy + A3 Rizgs + 20203 K13 Ry323;
(A2 — AD) K3+ (A3 — AB)R%g5 + 202038 13 R 323 = 0.
From (7) we obtain A3 — A2 = 0; A2 — A? = 0; A2A3 = 0 as the other case leads
to a contradiction with Lemma 1.

llence we get A\ = A2 = A3 = 0 and Lemma 2 is proved. -

Let us consider an arbitrary orthogonal transformation of Al,: .

€1 = a1y + a0y + agez + ey
(8) €2 = Brer + ey + Baes + ey

€3 = 7161 + 7202 + Y3€3 + Y404

€5 = d1ey + 0209 + dye3 + bqey

with det = ¢, ¢ = *1.

Remark 1. The character of onr further geometrical investigations
allows us to confine the consideration to the case ¢ = 1 only.
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The matrix
ap @y (g Yy
By B2 B3 P

7 e < e U
o1 02 b3 4y

(9)

of the transofrmation (8) is an orthogonal matrix and then the following equa-
tions hold:
1 4 4

(10) Z#—ZM=Z%=Z¥=L

=1 =1 i=1

4 4 4 4
(11) Y aifi=) =) aibi=) Bri= Zﬂ.b —Z%é =0.
i=1

i=1 i=1 =1 i=1

Moreover, all of the symbols (a/3);j, (vy)ij, (d)ij, (87)ijs (38)ij, (70)ij, ¢ < 7,
satisfy the well known Pliicker’s equation, which for («/3);; has the form

(12) (ap)i2(af)zq + (ff)as( @) a4+ ()31 c/3)2q = 0,

where for convenience we have used the notations

(@B)ij = aiffj — i (P)ij = Bivi — B
(e7)ij = iy — v (Bb)ij = /3 0, — 130
(ab)i; = aib — ;b (v8)ij = 7ibj — 7;0i.

Using (10) and (11) it can be proved directly

(13) > (@B} =1
1<i<j<4
Analogously, )
el = ¥ tedfi= ¥ (M)

1<i<;j<4 1<i<j< 1<i<j<a

Y BY= ¥ (1)=1

1<i<;j<A4 1<i<j<4

(14)
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3. Orthogonal transformations keeping (I') invariant

Let ey, e3,e3,e4 and €7,¢3,€3,; be both special bases in M,,. Let the
arbitrary orthogonal transformation (8) leave the conditions (1I') invariant, i.e.
the relations

Ri213= Rig14 = R1314 =0
Ry293 = Ry224 =0

R334 = Ryazz = Ri324 =0
K3 + K3 =0

K2 = Kis + Risms

I\ 12 = I\]g

(15) 4

\

be satisfied. Having in mind the well-known propertics of the curvature tensor
R and the systems (8) and (15), we obtain:

4 458 4 4
O = Ryz13 = R(ey,e3,¢€3,01) = R Z] w;e;, Zl /’j('j, LZ[ 7"-0"’,2 brer)
1= J= = =1
= AlI(IZ -+ /\21(]3 + /\3 R13237
where

= (af)i2(ay)i2 + (af)3s(ay)aq
A2 = (af)13(ay )13 + (aB)2a(ay)2s — ()23 )23 — (f3)14( ¥y )14
A3 = (af)iz(ay)23 + (3 )23( @y 13 — () 1a( @y )2g — (@) 24( ¥y )14.

According to Lemma 2, \; = A; = A3 = 0, i.e. the system

(aﬂ)IZ(a‘Y)lZ + ((Yﬂ)::),,l((l")‘ )34 =10
(16) (aB)is(ay s + (aB)2a(@7 )21 — (aB)zs(@7 )2s — (aB)1a(ay)1a = 0
(aB)13(@y)2s + (aB)as(ay)1s — (aB)ia(@y)2a — (aB)2a(@)1a = 0

holds. Analogously, for any R;;i = 0 in (15), according to Lemma 2, we obtain
the systems:

(af)i2(ad)1z + (af)zi(d)zqy = 0
(17) (afha(@d)iz + (fF)2s(@d)zq — (@)3)23( )23 — (af3);. 1("1')14 =
(af)13(a@d)as + (3 )23(@d)13 — (f3)1g(@d)aq — (@ff)2a(d)yy = 0,

o (a7)12(ad )12 + (a7 )sa(@d)sq = 0
(18) (ay)i3(@d)1a + (@ )2a(d)zq — (ay J2a(@é )23 — (a7 )1a(d)1a = 0
(ay)13(@b)as + (ay)23(@d )iz — (g )1a(@d)aq — (vy)2q(@d)yg = 0,
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(af)i2(ByY 12+ (@B)34(BY)3a =0
(19) (aB)13(By )13 + (@3)24( 87 )21 — (f3)23(B7 )23 — (3 )14(F7 )14 = 0
(aB)13(BY)23 + (afF)23( 7 s — (@) 1a( By )24 — (fF)24(37 )14 = 0,

(aB)12(Bé)12 + (“ﬂ)&l‘ 36)34 = 0
(20) (05)13([’5);3 + (@f3)24(/38 )24 — (/3)23(/30)23 — (¥/3)14(/38)14 = 0
(afB)13(Bd)23 + (3)23( S0 1 — (f3)14(/36) 24 — (v/3)24(/30 )14 = 0,

(aB)12(76)12 + (@B)34(76)314 = 0
(21) (aB)13(16)13 + (@B)24(76)24 — (aB)23(76)23 — (B)14(78)14 = 0
(aB)13(76)23 + (B)23(87 )13 — (@3)14(76)24 — (f3)24(76)14 = 0,

(ad)12(BY )12 + (@d)34(B7)34 = 0
(22) (@d)13(BY 13 + (@d)24( 37 )24 — (@d)23(B7 )23 — (d)1a(BF7 )14 =0
(ad)13(B7)23 + (d)2s3(H7 )13 — (d)yg( 37 )24 — (¥0)2q (37 )14 = 0-‘

From the last equation in (15) we get

P 2 4 o 4 q
K2 = K12 = R(€1,;,¢3,¢) = R(Z:l ;i€;; leijlrj.LZl ’n-fk,lz dep)
= o I= o= =1
= 1 K12 + po K13 + paBya2s,

where ; . :

1 = (('ﬂ)f;z + (ﬂ'/j )134

n2 = (aP)is + (aB)iq — (aB)is — (apd)iy
w3 = 2[(afhs(afd)2s — (ad)ra( 3 )q].

Thus we have py = 1, p2 = 0, piz = 0 which are equivalent to the system

(aB)iz + (ap)iy =1
(aB)is + (aB)y — (aB)}s — (aB)}y =0
(af)13(@fB)23 — (aB)1a(af)z4 = 0.

Using (23) and the first equation in (16), we get

(23)

(@B)is + (@i, + ()i + (ap)i = 0
and

(24) (aPhs = (@f)1a = ()23 = (aff)24 = 0.
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These equations are equivalent to the system:

(25) alﬂS = az/h gz = /Iy
a1y = ayg/} axfly = aqyf.
From the last two equations in (25), it follows

g = pl oy /53 = p,/,‘l
Ba=p ay By=p .

T'hen we obtain

(26) (af)aa = a3y — cups = pp'(caflz — azdy) = 0

and using the first equation in (23) we get ()3, = 1, i.c. (af);y =

According to Remark 1 we consider only the case ¢ = 1, i.e.

(27) (aB)rz = 1.

That means at least one of «; and «y is not zero.

63

&= 41

Let a1 # 0 (the case «ag # 0 is analogous). From the first and the third

cquations in (25) we get

(28) o 2,
(48]
(29) ag(ayfdy — oy j3y) = 0.
Now from (27), (28), (29) it lollows
(30) az = B3 = 0.

Analogously from the second aund fourth equations in (25) we obtain

(31) oy =3 =0

Putting (26) and (27) in the first equations of the systems (16), (17),

(19), (20) and (21) we get the system

a172 = am
l.!]bz s (l'261
(32) Biyz = Bam

bz = by
Yids = 726y,
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Again from the first and third equations in (32) we can express

o _ a2
(33) 2=
(34) 1(a1pz — azf3) = 0.
Then (27), (33) and '(34) give us
(35) TN =72=0.

Analogously from the second and the fourth cquations in (32) we get

(36) 6 = 63 = 0.
According to (30), (31), (35) and (3G) the matrix of the transformation
(8) is
aq a9 0 0
(37) [:)‘ ﬂ(f | ;’3 ;’4

0 0 63 b4
;I_‘hus we have the relations:

(@vhza =113 ()13 = a163
(@ =a11a (ad)y = by
(a7)23 =@y (ad)es = azbs
(0‘7)24 = (274 ()2 = by,

(38)

Putting (38) in the second and third equations of (18) we get respectively:

(39) (a? — a) (7303 — 7464) = 0

(40) 201 (363 — 7464) = 0.
Let us presume

(41) 7363 — 7404 # 0.

Then from (39) and (40) it follows

af-ag:O, ajag =10
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and hence we obtain a3 = a; = 0, which because of (2) is not possible. It means
that (41) is not true, i.e.

(42) Y363 — 7464 = 0.

The matrix (37) is orthogonal one and from the last equation of (11) it follows
(43) ¥303 + 7464 = 0.

Then (42) and (43) give us

(‘14) ‘)’363 =0

(45) Y464 = 0.
From (10), (35) and (36) we get

(46) "m+7i=1

(47) 62 463 = 1.

For v3 and 63, from (44) the three possibilities follow:
a) 13=0, 8 #0;
b) 3 #0, 63 =0;
c) 713=103=0,
and for v4 and é4, from (45) it follows:
d) 74=0,64#0
e) Y4 # 0, 64 =0
f) Y4 = 64 = 0.
Having in mind (46) and (47), from all of the cases ad), ae), af), bd),
be), bf), cd), ce), cf), the only possible are:
1) the case ae): y3 =0, 74 # 0, 85 #, 64 = 0.
From (46) and (47) it follows

7:?:17 5§=1

and the matrix of the transformation has the form:

a7 vy 0 0

% 32 0 0
(48) 0 0 0 e |

0 0 e’ 0
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ayf¥y — azf = ¢,
e =41, " =41,

2) the case bd): 73 # 0,74 = 0,83 = 0,64 # 0.
Again from (46) and (47) it follows

and the matrix of the transformation has the form

(431 Q2 0 0
A B2 0 0

4C ] 5
(49) 0 0 5 0
0 0 0. ¢

(l’][’-) — (!2/11 =g,
e =41, " = +1.

Remark 2. Ior our geometrical investigations it is enough only to
. ’ " » R
consider the casee = ¢ =¢ = 1.
For ay, a3, B1, B2 using (10), (11), (30), (31) we obtain the system

alt+ai=1
(50) | B+ 83 =1
a1 + azfz = 0.

Then from (27) and (50) we get

a; = pcosy way — psing
Py = pesing PBo =pecosyp, p==xl, =%l

Remark 3. Because of the character of our geometrical investigations,
we are not interested in the case p = ¢ = —1.

Finally from (48), (49) and (51), we can conclude that the matrix of the
orthogonal transformation (8) has either the form

cosep —sing 0
sinp cose 0
0 0 1
0 0 0

-0 O e
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and hence (8) coincides with the p-transformations (2), or the form

cosy —siny 0 0
siny  cosy 0 0
0 0 01
0 0 10

and transformations (8) coincides with the y-transformations (3).

In such a way we have proved the following

Theorem. The transformations (@) and () are the only orthogonal
transformations which keep the curvature sysicn (I') invariant and the functions
K13(p; E?) and Rys23(p; E?) are changed in the following way:

i) by p-transformations

K13 = cos 2¢ K13 — sin2¢ Ry303
Ry323 = sin 29 K3 + cos 20 Rz, @€ [(), '27!'];

1) by ¥-transformations

rm = —cos 2t K3+ sin 29 Ryz23
Ri3o3 = —sin 2y K3 — cos2yp Ryzps, 1 € [0, 2x].
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