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On Unified Fractional Integration Operators '
R. K. Sazena, M. K. Soni

Presented by V. Kiryakova

We investigate two new fractional integration operators associated with a generalized
Il-function, due to A.A. Inayat-Hlussain and a general class of polynomials introduced
by 1. M. Srivastava. Properties of these operators associated with Mellin transforms are
investigated, generalizing a number of results on various integration operators of one variable

scattered in literature.

1. Introduction

In order to unify and extend the results on various {ractional integration
operators of one variable, the authors introduce two new fractional integra-
lion operators associated with a generalized f-function due to A.A. Inayat-
Hussain [7,p.4126] and a general class of polynomials due to . M. Srivas-
tava [25,p.1,(1)]. ’

These operators are extensions of the operators of [ractional integration
defined and studied earlier by maiy authors notably by A. Erdélyi [3], H.
Kober [15], E.R. Love [6], R.K. Saxena [19], R.K. Saxena and R.K.
Kumbhat [22])-[24], S.L. Kalla 8], S.L. Kalla and R.K. Saxena [10],
S.L. Kalla and V. Kiryakova [11],[12], V. Kiryakova [13],[14], M.
Saigo [16]), M. Saigo et al. [17],[18], and several others.

Integration operators asoociated with a multivariable /7-function due to
I.M. Srivastava and R Panda [26],[27,p.251,(C.1)-(C.3)] and a general
class of polynomials defined by H.M. Srivastava [25,p.1,(1)] have been re-
cently introduced and studied by R.KX. Saxena,V. Kiryakova and O.P.
Dave [20] and R.K. Saxena and O.P. Dave [21].

'The authors are grateful to the University Girants Commission of India for providing
necessary financial assistance for the present work
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2. The H-function and a general class of polynomials

The generalized II-function,introduced by AL A, In ay at-Muas-
sain [7] in terms of Mellin-Barnes type contour integral, is defined by

£ ] +inc
14 ’ '7A"“'.) 7 '((—'ky/lk)n-l-l 1
2.1 T || (@ A e Pl = O(s)z%ds,
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(2.2) O(s) = [z V3 — Bis) [Tz VU =« + Aj8)"
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which contains fractional powers of some of the I'-functions. llere = may be
real or complex but is not equal to zero and an empty product is interpretted
as unity; p,q,m and n are integers such that 1 < m < ¢, L < 0 < p; Aj(F =
le...,p), Bj(3 = 1,...,q) arec complex numbers. The exponents aj(j = 1,...,n)
and bi(k = 1,...,q) can take noninteger values. When these exponents are
integers, the H-function reduces to the familiar //-function of Fox [4].
Analytical continuation and asymptotic expansions ol the I/ -function have been
obtained by B.L.J. Braaksma [1].-
Also, due to A. A. Inayat-Hussain [7] we have
(2.3) H, 0 (2) =0(|z)7)  for small |z|,

i)

where .
= min R (3;/8;).
9 B (B;/ B;)

Again, from [7],
(2.4) H,'(:)=0 (I:I") for large |z|,

where

h= ltéqut(x".‘l% {a;(a; = 1/4A;)}.

The following conditions [2,p.4708] are also satisfied:

m 5 n 4 .4
(2.5) Q= ZIB,‘I-}-ZI(U/‘J'[— Z |b; 13;) — Z j4;] > 0,
=1 =1 J=m+1 J=ntl

and

(2.6) - . ; |arg(z)] < %Qw. :
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The general class of polynomials. denoted by §7[x]. duc to Srivastava
[25,p.1,(1)] is delined as:

/ml oy
(2.7) Stz]= Y T‘ Apga®, w=0,1,2...,
k=0 Ve N

where m is an arbitrary positive integer and the coellicients A, ., n.k > 0 are
arbitrary real or complex constants.

3. Definitions

We define two new fractional integration operators by means of

the following integral representations:

. ‘ - 7 (a v-“_'v" )I,u;("kw'lk)n-i-l‘p RQ o
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(3.1)
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The kernel 8(t/x) ocurring in (3.1) and (3.2) is supposed to he a contin-
uous function such that the integrals make sense for wide classes of functions
J(z) and p,0,v,p are positive numbers.

These operators exist under the folowing conditions:

(i) p2lLg<oo, p'+q¢'=1,

(i) R[4+ pb;/B))>~=1qg; 5=1...,m,
(iii) R[6+w(dj/Dj)] > =/p; j=1,...,M .
(iv) f(x) € Ly(0,00).

The condition (iv) ensures that both operators £ and A exist and also
helong to Ly(0,00).

It is interesting to observe that the operatorsof Kalla and Kiryakova
(11],[12], Kiryakova [13],[14] can be derived as special cases of operators
(3.1),(3.2).
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4. The Mellin transform

The Mellin transform of f(x) will be denoted by M ([f(x)] or by F(s). We
denote s = p~! + it, where p and ¢ arc real. If p > 1, f(v) € L,(0,00), then for
r=1

o0

(4.1) M[f(z)] = F(s) = /.r’-‘f(.z-)da,-
and °

1 ctwoo
(4.2) f(t) = Erw) F(s)x"*ds,

C=—woo

where w = (—1)!/2 under suitable conditions on the parameters and variables.
For p > 1,

(4.3) M[F(z)] = I'(s) = Li.m / Ffla)a*"tdu,
V/a

where Li.m denotes the usual limit in the mean of the L,-spaces.
5. Theorems related to Mellin transforms

Theorem 1. If f(z) € 1,(0,00).1 <p<2( or [(x)€ My(0,00) with
p>2),p +q =L, R [n+p(bj/B))] > =1/q;5 = 1,....m and lhe integrals
involved are absolutely convergent, then the following resull holds:

n i (a;,A5,05)1 00k A% )ne1,p i@ =
i MR i 5 ()]
5.

—s+1 : (“jv“/»";h.u;(“k»"k)u-'-l.p HU

= M[f(-'l:)] I"-"-' 2 (65,B5)1,mi(bk s BriBr)m+1,q 30 [l]'

where Mp(0, 00) denotes the class of all functions Ly(0,00) with p > 2 which are
inverse Mellin transforms of the functions of Lg(—00,00).

Proof. From'(3.1) it follows that

M [R[f(z)]] = Zozr"]m""'l ft"f(’l-)

(5.2) J
x Ty (t/ )] Sp [y(t/)"] 6(t/x)dtde
= °°' 'x»/ A=) =2

(5.3) = [ f(t)de [ 2>

0 t
x H, . [(t/2)"| Sg [y(t/«)°)6(t/x)de,
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on interchanging the order of integration, which is permissible under the con-

ditions stated in the theorem. Then the assertation follows on interpreting the

above result with the help of (3.2). ]
In a similar manner, the following theorems can be established.

Theorem 2. If f(z) € Ly(0,00),1 < p<2( or [(x) € My(0,00) with
p>2),p t+q =1L, R[6+v(d;/D;)] > —1/p;j=1,.... M and lhe integrals
involved are absolutely convergent, then the following resull holds:

M [K[f(=)]]

_ R S+s—=1 : (¢;,Cv )1, Niler,Cr)N41,p i€
- M[f('L)] RI 2 (dy, D)y ari(di,Diiér) arg1,q 2f [l]

(5.4)

Theorem 8. If f(z) € Ly(0,00),p~ +¢ ' = 1,¢9(x) € Ly(0,00), R [n+
w(b;/B;)] > —-1/q;j =1,...,m and R [6 + v(d;/D;)] > —-1/p;j = 1,..., M,
then the following result holds:

(5.5) /g(:l:) R[f(x)]dx = /j(;z:) K [g(a)]dx.
0 0

6. Inversion formulae

In this section we establish two theorems for the operators defined by
(3.1) and (3.2) which provide formal inversion formulas for them.

Theorem 4. If f(z) € Ly(0,00),1<p <2 ( or f(z) € M,(0,00) with

p>2)p +qt = L,R [+ pbj/Bj) > —1/q;5 = 1,...,m, the integrals
involved are absolutely convergent and

(6.1) R[f(2)] = g(),
then the following result holds:
(6.2) fle) = /t“lg(t)h(m/t)dt,
. 0
where
1 ctwou s
(6.3) h(x) = e / C(s)dé

C=WC
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and

. - )""+] ‘("_;y IR IRTH Oy ‘L)n+l,p wa
(6.1) €(8) = K, (4,,8,))smilbsBrittn)msrg b L1s

Proof. Multiply both sides of (6.1) by *~! and integrate with respect
to « from 0 to oo and apply Theorem |, we find that

4[(/( a@ )
(s)

Now the application of the inverse Mellin transformn yiclds

ctwo
fla) =gk [ el

(6.5) M[f(e)] =

— 2rw
C= 0
L‘-‘-l{!'\., )
= '2':_:4: J -'""'—('—j 1= Lg(1)dl ds

C= o

zrl[!l(l,)][h(;v/t)]ll'l.

I'his completes the proof of Theorem -1. =
The following theoremn follows similarly by using (5.4) instead of (5.1).

Theorem 5. If f(x) € L,(0,0), 1 <p<2( or [() € M,(0,00) wilh
p>2),pt+q = L,R [0+ u(dj/D))] > —U/pij = Lo, M, lhe inlegrals
involved are absolutely convcrgent and

(6.7) K([/(x)] = n"(x),
then the following result holds:
(6.8) : flx) = /r‘n'(t)/,(n:/t)lu,
0
where
. co e e

n = vt sl ¢
(6.9) L(z) = 27”” — U(s)d“
and

U(c’) = Sts—t (¢ i NilCrCr)Ng1, P []].

(b'll) @ 2 (dy D arsld D) mar,q 3/
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7. Some general properties of the operators

Here we present some formal properties of the operators
consequences of the definitions of operators (3.1) and (3.2).

-1 n : (“‘_]'/‘J)CVJ)',ll;(l"l-'|""-')7'+l,]' @ o
@ R o 1/«
(T_I) _:_— s (b_’vH])l,lu;(bk'B’.‘;/jk)nl-'-l.q :b[j( / )]
— g (a0 (@ AR )ng,p e .
]‘37 : (b_I,Bj)l,:n;(”A-:Hk;/3k)1:t+l,«, 3b[f('ll )] *
; . 259 ri(en Cr ) e
21 K (3, C i Nilen . Cr)vgr.p e [f(]/"lf)]

< (D) ans(dp DpsE ) ar 1, S

(7.2)
o (e G Nilen CrR) N, P i RS
- Ilw 2 (dy Dy ars(dn  DisEr ) ar+1,Q :j[f(-L )] ;
A N (ay. Ao ) ni(an AR ) ugr,p o .
(7 5) T R:’-' : (bijJ)l.ru;(’)kka';/’l.-)lll+l,cl 3"[‘/('ll)]

_ A7) =N (“'19/‘1qu)l,u;("‘kv-‘ll.')n-l-l,p wr N opoo &
- I‘f 2 (05,85)1,m3(0k s BriBi)imt1,q b ['l f('l)] B

A -8 (5,0, I Ni(CkCr) Ny, p o te -
(7.1) o K, . (s D) arildp D& ) Ar41,0 =f[f('l' )]
7.
= Rb+'\ ey N Cr)N g, e :F['l..\f‘ 1)]
e (dy D)y arslde D)) arq,0 S YT L
It (a;.A ')
n : (ay,A),05) 1 (@, Ag)ngr,, e - i .
Iza: 2 (05,851,305 Brii3i )it .4 2’)[f("' )] = g(r),
then
- 7 i (az,Ay,05) 1 nil@r A ) ngr,p ia )] — vps
(‘.‘)) Rx : (ijBJ)l.nl3("1.',1-‘31.';/7.[.'))"-{-1,., :b[f(('l' )] - !I(('l' )'
It
-8 (5 Ch i N, CR) N p e )] — 5
I‘a: 2 (djyDj)y ars(dpDpsén)ar41,0 =f[f('L = hiw),
then
- S8 1 (5,057 )1 N (CryCr) N, b i g g
(7.6) Ky 4,0y mi i D€ a1, s LS (c0)] = D).
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