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Continious Dependence of Solutions of
Quasidifferential Equations with Impulses

V. A. Plotnikov*, P. M. Kitanov**

Presented by Bl. Sendov

In this article on quasidiffcrential impulse cquitions we consider the continnous de-
pendence of the solutions on the initial conditions as well as the mappings defined by these

equations.

1. Introduction

Work [1] defines the concept ol quasidifferential equation, which is a.
generalization of the concept of R - solution [2,3] of differential inclusion. Works
[1,1] define and prove theorems for exsistence and uniquencess of the solution for
quasidifferential equations and show that these equations define an irreversible
dynamical system in a metric space.

A lot of research has been carried out recently in dillerential equations
with impulses. Some basic results and reference points can be found in [5.7).
This article on quasidifferential impulse equations is going to cousider the con-
tinious dependence of the solutions on the initial conditions and the mappings
defined by these equations.

2. Statement of the problem

Let X be complete metric space with distance funetion o(...). Then
@ [0, T) X [tu,l() + 'l‘) XX +—X

defines a local quasimovement, i.c. the following conditions are satisfied.
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Condition D:
1) an axiom of initial conditions: (0,1, o) = x¢;

2) an axiom of equasifitting:
6(¢(Tl + Tz,t,l’), ‘p(T%t + Tl,(,D(Tl,t, .'l!))) = O(Tl + 72);
3) an axiom of continuity, i.e. for every £ > 0 there exists é; > 0 and
82 > 0 such that §(¢(71,¢,21), (T2, t,22)) < ¢ when
6(x1,22) < &y, |11 — 72| < 2.

Definition 1. A quasidifferential cquation in the metric space is called
the equation

(1) B+ A) (A L (1) = oA), 2(ko) = wo.

A solution of equation (1) is called a continuity map

@ [to,T)]— X,

which satisfies (1) for ¢ € [to, T'].

Let us consider in the domain

Q={A€[0,7), L€ [lo,lo+T); DC X}
a quasidifferential equa.tion' with impulses
(2) §(z(t+ A),p(A,t,2(1)) = 0(A), t#T, x(to)=wo
x(1i + 0) = Yi(a(m)),

where

Y X— X, ;l:(T,’):.’l.'(T,'—U).

3. Main results

Theorem 1. Let the following conditions be fulfilled in the domain Q:
1) the map (A, t,x)) satisfies condition D, Lipshilez’s condition w.r to
A with constant A, and in 2 the condition

(3) |6(z,y) — 6(p(A,t, ), 0(A L Y))| <A v b(x,y);

2) the map i(z) satisfics Lipshitsz’s condition with constant X. Then for
the solutions z(t) and y(t) of quasidifferential equation with impulscs as defined
in (2), the following estimatlion is correct:

(4) 8(z(t), (1)) < Aot i=to) g,
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where i(tg,t) is the number of impulses on the interval [ly, 1], i(ly,T) < oo,

iE(t()) = o, ‘y(lu) = Yo, bo = b(.’lfo, yg).

Proof. Let us denote:
67 = 8(2(r),u(r), 6F = 8(a(ri +0), y(ri +0)).

Let us divide the interval [{g, ;] into m parts.
In the moment ¢ € [tk,t141] C [to, 7], the error estimate due to initial
conditions is:

o(x(1),y(1)) ,
< 6(p(t =t )yt 2(th), (L — tra ties y(1r)) + 0(A) < (1 4+ Ay)d(a(ls), y(tk)) + 0(A)
= (14 A7)6(p(A, teo1, 2(th1))s P(A, ko1, Y(L-1))) + (1 + Av)o(A) + o(A)
< (14 A7)%8(x(te-1, Y(Lr=1)) + o(A)(1 + Ay) + o(A)).
It is easy to cher;k that:
6(2(1),y(1)) S (L+ A7)M18 +[(1+ A7)F + ...+ (1+ Ay) + 1] o(A)
< (14 (D))" g UHAYT0L 40

Axy
Thercfore,
i 8(x(t), y(1)) < "=0gy, t € [to, 7).

From (5) and from the fact that i (2) satisfies Lipshitsz’s condition w.r
to x after the first impulse ¢t = 71, we obtain

©) 6F = 8(x(m1 + 0), y(11 4 0)) = 8(1(x(m1)), ¥a(y(11)))
< M(a(1y), y(11)) € AeMmi=to),

Similarly, within the interval (7, 7] and from (5), (6) we have

6; S A e‘Y(ﬂ—-Tj) e‘y(n—to) 60 = A cq(rz_to) 60
6; S Az e‘r(r‘l_to) bO'

If we continue further, we will obtain (4) which is a statement of the error
due to the initial conditions. 5]
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Theorem 2. Let in domain QQ be given quasidiffcrential cqualions

(7) $(x(t+ A), @At x(1))) = o(A),  x(la) = xg

(8) S(y(t+ A),pa AL y(1)) = o(A),  yllo) = yo.

Letl us suppose then that the maps ¢ (A, 1, x) and @a(A, L, &) salisfy condition
1) by Theorem 1 and in addilion salisfy

(9) b((P](A,t, w,)a ‘p'l(Avls“")) S 1 A, 6(-”()- .UU) = bU-

Then in interval [to, T] the following error estimale is correct

i ~{t=to) eq(t—to) s l
(10) 6(z(1),y(1)) < 7% + manrmealll

Proof. Let us divide the interval [y, 7] into me parts. then for i €
[tics try1]) we have

8((1), (1)) = 8(pa(t — 1), iy (1)), ol = Ly iy y(11)) + 0(A)
S 8(pilt =ty by (i) pa(l — iy iy y(ti))
+0(@1(t = Liey by Y(Ui) ) @2t = s biey Y( 1)) + 0( A)
<1+ A5)d(e(le) yllr)) + Ay + ofA)
= (14 A7)8(@1( A, ti—1, 2(Lk—1 ) @2 A limty Yl Lie=1))) + o AN + A7) + Ay + o( A
S (1 + AP A gty #(Tr=1))s 1D, timts Y(H=1)))
F8(p1(Ay k=1, Y(tk=1))s w2A A, Ly Y(te=1)))] + An + (1 4 Av)o(A) + 0o(A)
<1+ A7)%6(2(tk-1)s y(=1)) + (1 + A7)An+ Ayt (14 A7)o(A) + o(A).

It is easy to check that:

8(x(1),y(1)) < (1+ A+ é(wo, yo) + [(1+ A7)F + ..+ (14 Ay) +1] Ay
H(1+ A 4.+ (1+ A7)+ 1] o(A)
< ei-to) § + iﬂ'ﬁ‘é\%ﬁ.‘_' A+ M_;Yj)r_:i’_.‘_.!l o(A).
However,
[(1+ Ay)**! - 1]
Ay
"Thus we obtain (10). [

o(A) — 0.
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v Now let us consider the equations with impulses
(11) 6($(t+A)’(Pl(A’t7't(l))) = ()(A)’ t # Ti,  @(lp) = o
(1 + 0) = Pri(e(m)),

(12) S(y(t+ A), (At y(t)) = o(A), t#T7i, yllo)=1w
y(7i + 0) = 2i(y(7:)).

Theorem 3. Let the conditions set in Theorem 1 and Theorem 2 be
Julfilled in the domain Q, and in addilion

(13) o(4pi(), o)) < 1.

Then for the solutions x(t) and y(t) of cquations (11) and (12) the followmg
estimate is correct:

(14) 8(2(1), y(1)) < Al M=to) gy 4 Ty 4 oy,
. ,’

where C' is a constant.
Proof. According to Theorem 2 for the error estimate hefore the first

illlplllse we ha.ve
Y(T1—tn) __
5; < (%‘Y(T' to) oo + -————‘ 1 1 n

and after the impulse we have

= §(1a(2(m1))s Y2ar(y(71))) < d(pya(a(mi)). vilylT)))
F6(Pri(y(T1)) Ya(y(T1))) < A6y + .

Analogously,

b < emmmgt 4 CRTV=ly < Ammnd(\oT 4 ) + SNl
U= =7 ;
= A=) By + 1) — Ay T g
< Aerm=m) (69 + 2) + Cy,
65 = 6(x(ma +0),y(T2 + 0)) = d(P12((72)), ¥22(¥(72))) < N6 + 7
< /\26"("_‘0)(604- :7")_) X5 A21,f\-’(f‘i’—rl) k%, ,\"’p'llf'fy—-fl) % _};7[ + n’»
67 < A2 (m=to)(§y + 1) + Cyn.




84 V. A. Plotnikov, P. M. Kitanov
Continuing this process, we obtaiu for ¢ € ({;, t;+i)

8(e(t), y(1)) < A0 A=t) (5, 4 3) +C,
where C' and C; are constants iu(lcpcn(l(‘ult from ép and 7. =

4. Examples

‘ Example 1. Let X = R" and

d1(A L) =+ AJ(L,x),
da(A tx) = a + A(S(L, )+ R(t,x))
$i(x) = + Li(x), ¢oilx) =+ Li(e)+ Ri(v),

then from Theorem 3 we can obtain the corresponding theorem lor differential
cquation with impulses

(15) ¢ = f(t,a), t # 1, Ax|i=r, = Li(x), a(ly)= 2o,

(16) 9= f(t,e)+ R(t,z), t #1iy, Ayli=r, = Li(x)+ Ri(x),  y(lo) = yo.

It is obviously, that a similar result would hold for every complete linear
metric space X, i.e. that the equations (15) and (16) can ecasily be. for example,
equations in a Banach space.

Example 2. Let X = comp(R™), where this space is the space of all

nonempty compacts sets within R2".
Let conv(R™) be the space of nonempty convex and compact sets within

nR".
H1(A 1, X) U( + [FR P, s,
¢2(A,1,X)= U (+f‘+—\(/«u 2)+ R(L,2)di) .
zeX
vailX) = U (= + L)),
$2i(X) = u< +I< 2) + Ri()),
where

F: R'x R" — conv(R")
R: R!' x R™ — conv(R")
I : R™ — conv(RR")
R;: R" w— conv(R"™)
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From Theorem 3 we arrive to the following corresponding theorem for
differential inclusions with impulses

(17) z € F(t,z), t # 1, Ax|i=r, € Li(z), x(to) € Xo

(18) y € F(t,x)+ R(t,z), t # 11, Ax|i=r, € ];(:r:) + R(x), y(ly) € Yo.

The solutions of differential inclusions (17) and (18) should be understood
to represent R-solution [2,3].
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