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Continuous Dependence of the Solution of a System
of Differential Equations with Impulses on the Initial
Condition and on the Right-Hand Side of the System
1 :

D. S. Stoykov

Presented by P. Kenderov

In the present paper an initial value problem is considercd for systems of ordinary
differential equations with impulses where the impulses are realised in the moments when the
integral curve of the system meets some of the previously given hypersurfaces called impulse
hypersurfaces. Definitions and sufficient conditions for the continnous dependence of the solu-
tion on the initial condition and on the right-hand side of the system are given. The results
arc applied to one mathematical model of biology.

1. Introduction.

In the present paper systems of diflerential equations with impulses are
considered such that the impulses are realised by the interseetion of the integral
curve of the system with some ol the previously given hypersurfaces

(1) o ltsEr 1= i85

where t; 1 D v Y, D is domain in B,
In the paper the following initial value problem of systems of differential
equations with impulses is considered: '

(2) X=f(lx), £

(3) AZ(t) |y, = 2(7i +0) — 2(73) = If(2(m)), 5 = 1,200

!This research has been partially supported by the Bulgarian Ministry of Education and
Science under Grant MM 422
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with initial condition
(4) z(10) = %o,

where f: RY 2D w— R*;1; : D — B, i=1.2,...; 70> 0; wg € D.

Iere and further on by
(5) Ti,i=1,2,.... 0< 11 <1p<....

we denote the moments when the integral curve (¢,:2(4)) ol the problem (2),(3),(4)
meets some hypersurfaces from (1); j; is the number of the hypersurface which
is met by the integral curve in the moment 7;. ]
The solution of pfoblmn (2),(3),(4) is determined in the following way:
a) for 79 <t < 7 it coincides with the solution of the problem (2),(4);
b) for 1 < t < Tyt it coincides with the solution of problem (2) with initial
condition z(7; +0) = af = w;+ Ljiw;), xi=w(n). i=1.2,..,
c) the integral curve (%, 2(t)) of the problem (2),(3),(4) mects
the hypersurfaces (1) only in the moments 7;, which satisfy (5).

Remark 1. In general it is possible that j; # i (see Example 1, [4]).

2. Auxiliary results and notations

Further we use the following notations: xy(#; 7y, ) is the solution of the
problem (2), (3), (4); @i = @ s(7i; 7o, xo)i &F = wit b, (ai); i = {(L.w)itiz(2) <
L < ti(z),z € D}; &= 1,2,..., lolx) = 0. & € D; ||-]] is the Fuclidean
norm in R™, m = 2,3,...; MA,B) is the Buclidean distance hetween the
nou empty sets A, B-C B™; B.(x) = { «';2" € o™, ||’ = || < ¢ }, where
€ > 0; M(1o,z0,T,¢,f)={ (L, 2); 1 € [ry—¢, To+T+<], & € Be(rp(1;70,20)) },
where 7' is a positive constant or +00; C/[X, Y] is the set of all continuous func-
tions f: X — Y and F(7o,x0,T,¢, f) is the set of all functions ¢ such that:

1) g€ C[M("'O’wO,Tssaf)’w:"]; p
2) 9 € Lipz[I(7 M(TO’ ":OoTsfof)]‘
We denote by (A) the following conditions:
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Al. fe Lip,[L,BtaD];

A2. 3IM = const > 0:||f(t,x)]| < M for (t,x) € RtalD;

A3. For each point (1o, 20) € BRtaD the solution x (¢, 7o, xo) of the
problem (2), (4) (without impulses) does not leave the domain
Dfor t > 1p;

A4, TFunctions I+ 1L;): D~ D, i=1, 2 , where [ is the identity
in R™;

A5. Functions t; € Lip,[Li, D], i = 1,2,..., L; < 1/Al;

A6. 0<ty(z) <la(w) <...lorwe Dy

A7, ti(z+ Ii(z)) < ti(x) forx € D, i =1,2,.

A8. Uniformly on & € D lm}F ti(x) = +oo,

A9. [Punctions I + [;, i = 1,2,...defined in A1 are biuniques.

Further the following lemmas are used:

Lemma 1 [4].  Lel condilions Al - A7 hold. Then for every point
(70, x0) the integral curve of the problem (2), (3), (4) mects coery one of the
hypersurfaces not more than onec. .

Lemma 2 [4]. Let condilions Al - AG hold and Ict the point (1,2 ¢(7';
oy £0)) € Q. Then, if for L > 1) the inlegral curve of the problem (2), (8), (4)
mects hypersurfaces of (1), then the first of them has a number not greater than
i

Lemma 3 [5]. Lel condilions Al - A6 hold and lel the point (7', 2 (7';
To,%0)) € i, T > To. Then, the integral curve ', _,(_t'; To, o)) of the problem
(2),(3),(4) for t > T’ meets first the hypersurface o;.

Lemma 4 [5]. Let the condilions A hold. Then for any point (19, %q) €

EtaD we have:
i) the integral curve (1, .L,(I 70y 0))

meels mﬁmtcl_/ many hypersurfaces from (1):

i)  if 71,72, ... are the moments of these
meelings, Ihcn T — +oc for i — oo;

iti) the solution of the problem (2),(3),(4) is unique and d(]med
for allt > 1.

Denote by (B) the following conditions:

B1l. The functions /;, ¢ = 1,2,... are continnous on 1.

B2. The inequalitics 7; # l,,.(;u;") hold for i = 1,2,...and k= 1,2,....
We shall use the following system:

(6) & =g(t,x), t £, g € C[RT2D,P"]
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(7) Ax(1) o, = Is,(2(7)), i= 1,2....

called aperturbation system.

Theorem 1. Let conditions Al - A6, B1 hold and 00 < 1y < t3(2g),
then (Ve > 0)(30 = d(g, 10, x0) > 0) such that

(V(7g,20) € RT2D, |70 — 0| < 6, [lzg — @o|| < 6)
(Vg € C [M(Twaano’baf) ]Pm]9 ”J(t 7’)— t L)“ < 6
(tr:l’) e M(T07a'0’ 0, &, f))

the following relations hold:

i) The integral curve (t, @ y(1; T LO)) where (1 To»ity) i% any
solution of the system (6),(7), with initial condilion x(1)) = g
meets for t > 7, first the hypersurface oy in the moment 1'1'(0'1 is
the first hypersurface which is et by intcgral curve
(t,24(t; T0,20))whent > 19);

i) |rm—nl<e;

ii) || ——:c1|| < € where &) = 1,,(7';, To» 1:,):

iv) ||yt - 2 II < e where \f =) + [.(z,);

v)  xe(t; 1'0,10) € M(7y, g, 0., [) Jor ‘r(, <t< lllilu\'(T:,Tl).‘

Proof.

i) In fact by Lemma 3 we sce that the integral curve (4,2 (1 79, 20)) for
I > 1o meets first (in the moment 7;) the hypersurfaces ay. Since (7o,20) €
Q. and 2y is an open set, then for & = é(79,20) small enough, the including
(T- o) € Q3 holds.

Let us assume that i) is not true. The following two possible cases will
be considered.

lst case. The ﬁrst hypersurface which is met by the integral curve
(L, 2,(8; Tos 2p)) for t > 74 is @i, k > 1 and the meeting is realised i in the moment
'r‘. We sha.ll consider the continuous function (1) = e,,(l T(), L(,)) — t for
7o < t < 7. It can be easily seen that the mequdlntws ap(‘r',) >0 and ¢(1y) < 0
are satisfied. Hence there exists a point 7, 1'(, <€ 1'1 such that up(l) =0, i.e.
t1(2o(T; ToyTo)) = 7. It means that the integral curve (£, (1 Tgs Tp)) Mmeets
the hypersurface oy in the moment 7 which contradicts the assumption.

2nd case. The integral curve (¢,2,(/; 11',,1:2,)) for t > ‘r", meets no hy-
persurface from (1). It means that

(t,2,(1; T",,;c;,)) €Ny, 1> 1'(',.

Let D # R". We shall consider the sets B*/D # @ and @ = {a; = =
xp(l; T0,%0), To St < 71}, The set "\ D is closed and the set @ is closed



Continuous Dependence of the Solution of a System 101

and bounded. It is clear that (R"\D)N Q = 0, so p(It"\D,Q) = » > 0. If
D = R"™ we shall take for » whatever positive number. Let ¢ be a positive num-
ber and € < 7(1 — M Ly)/4. Having in mind (8) and the theorem for continuous
dependence of the solution of a differential equation (without impulses) on the
initial condition and on the right-hand side (further we shall call it theorem
for continuous dependence) we find, that for 8 = é(e, 19, x¢) small enough is
satisfied

(10) _

[lag(t; T(’,,a:;,) —z4(t; T0,%0)|| <e < (1 —MLy)/4 <, max(7y, 70) <t < 7.

The last inequatlity means, that the solution 24(t; To» o) belongs to D for
7o < t < 1. By inequalities (9) for ¢ = 7y we obtain

(11) |2g(T15 Torwg) — 1] < #(1 = MLy)/d.

We shall show, that for all ¢ > 7, the following estimate is satislied

(12) - [y (8 Tgsi00) = @l < 7/2.

Let us assume the contrary, i.c. that there exists a point 7° > 7 such that

(13) g (77 Tosdo) — 1] > 7/2.

The point 7* satisfies the inequality

(14) T < 1y (2, (T To,20))-

By the condition A2 and the incqualities (8) we find the estimation
llg(t, )| < M +6.

Using the last inequality, (11) and (14) we obtain the estin\atj()l\

Hag (™ T(;’aj;)) a1l , T
< Hzg(T%; T0>%0) — #glTi3 n,..v:,)l + |2 g(T1; T(I,,;l-‘:,) — 1))
S(M+6)(r™—7)+r(l— ML)/

< (M + 8)(ta(2g(T*; gy 20)) — ti(21)) + r(1 = M Ly)/

< (M + 8)Ly||xy(T*; 7o) — || + (1 — M Ly)/4.

Thus we obtain the estimate

r(1—= ML)
~ MLy = 1y8)

’
Na {r*; 'ru,;vz)) —ay]] < 0
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(0 <6< (1= MLy)/(2Ly) is satislied, then the last inequatility contradicts

(13). '
Hence for ¢t > 71 the estimation (12) holds. If 7% > () («), « € F,./z(:vl),

then having in mind inequality (12) we deduce that the point (77,0 ,(7*; 79, 20))

¢ €y which contradicts (9), so the case 2 is impossible, i.c. assertion i) is true.
ii) Let us consider the initial problems

(15) x = f(t,x), &(10) =0

(16) ' x = g(l,x), ;r(r(,):wi,

with solutions respectively ¢y and ¢,. It is clear, that

ws(t) = z5(t; 10,20), To St <,
tpg(t) = IJU' Tu.:L'Q), To S <t<L Ty

The problem (2),(3),(4) turns into the problem (15) if [;(x) =0, x € D, i =
I, 2,.... Moreover for the problem (15) the condition AT holds. Then using
Lemma 1 we deduce that the integral curve (4, ps(t) meets cach of the hypersur-
faces (1) at most once. Let the meetings be realised at the moments 7y, T ...
By (17) it is seen that 7, = 7. So we obtain

(17)

y, <t<n
(t,ps(t)) € { Ly, 7 <1< Ty

. ! " . . . . o, .
Let 7 and 7 are points satislfying the inequalities:
" ’

(18) ro<r'<r1, r,<r"<rw. T —T <&

Hence (T',cp,(r')) € Q; and (1'",‘,9](1'")) € Q,. Having in mind the last two
includings and the theorem for continuous dependence, we find that for small

cnough 6 = é(¢g, 70, 20) > 0:
(19) (Typo(T)) € R, Ty S LS T3 (77, 0(T")) € .

[From (19) and the second of moquahl.nes (14 ), weget T <7, <7 ,and using
that 7 < 7y < 7" we obtain |7y — | < 7" = 7' < &; thus u) is proved.
iii) Let the inequality 1'1 > 71 holds (the casc rl < 71 is considered

analogously). Then v

”xll = 21| £ ||z”(1'1‘; T(I)v"":)) = &y(T1; T(')» -L':))“ + |y (713 7'(’;--":)) — x|
!

;
< Tfl'ng(r; zy(r; o, 2T + ¢
<S(r=n)M+8)+e<e(M+b+1)
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iv) It follows immediately from condition B1 and iii).
v) The following four cases are possible:

e 1 [
vi) g <10, T 275
' !
v2) 1y <19, T3 < Ty

. ' '
v3) 7o > 10, T 2Ty
’ ’
vl) g > 1, T < Ty

We shall consider only the case v1). The other cases are considered analogously.
lor é small enough the estimation (10) holds which means that

z5(1; r(',,;vz,) € M(7p,29,00,6,f)y, o<t <1
I'or T(l) <t < 19 we obtain
||¢g(t 70, %0) — ol < |ley(t; 7o, o) = Zoll + |lzo — oll
< f”J(T xg(T5 T09 "()))“‘l"' +6
< (t-— o) (M +8)+6 < oM +8+1),
whence we find that for @ small enough:
Iz,( 45 T('ni'lj) —wyl| <, e

2q(; 1'0,:1:2,) € M(7y,w0,%,¢, [), r(', <t <1y

Finally, for 1y <t < 1'1' from the inequalities

|g(t; 7'(;’;"’;))'— -""j(Tl;Tu,-"lfo)LI

< “""y(t Tor o) — Tg(T15 Touwg)|| + [leg(T15 Ty, 29) = g1 7o, @o)||

< IHQ(T’ zg(T; 7'07 "u))”d"' + &1

< (‘-Tl)(M+5)+€| <e(M+o+1),
where €; is so small, that ¢y(M + 9+ 1) < ¢, we deduce that (4 ‘r(',,a::,) €
M (79, xg,00,¢, f), 1 <t < 1. Theorem 1 is proved. n

Remark 2. Theorem 1 holds even if we change set M (g, #o,w.s, f)
with the set M(7y, 2o, ma.x(r{ ~T0,T1 = T0); &5 [)-
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3. Main results

Definition 1. We shall say that the solution x¢({; 7, 2:¢) of the problem
(2),(3),(4) depends continuously on the initial condition, il

(Ve,n, T > 0)(V(10,20) € BY2D)(36 = 6(e,n, T, 10, 20) > 0)

(V('T(',,x:)),(r(',, a,z,) eRtzDN Bs(1o,®0)) : ||t T('),:I.':)) — gl r(;,:v(,)|| <e€
forg<t<m+Tand |t—7|>n i=0,1,...

Definition 2. We shall say that the solution @ ;(1; 1y, wg) of the problem
(2),(3),(4) depends continuously on the right-hand side of the system, if

(Ve,n, T > 0)(V(10,2z0) € BFtaD)(3b = b(c.9. T, 7o, v0) > 0)
(Vg € C[M (10,20, T, ¢, [),B*], ||g(t, &)— Sl < é

for (t,2) € M(7o,20,7,¢,f)):
llzg(t; 70,%0) — 2s(t; To,20)|| <€ formp <t <70+ T,
t—m|>n, i=1,2,...,

where 24(; 70,20) is any of the solution of system (6),(7) with an initial condi-
tion z(79) = wo. "

Denote by (C) the following condition:

Cl. 0€ D and f(t,0)=0"fort € R¥;
C2. L0)=0,¢=1, 2,...

Remark 3. It is clear that if conditions (C) are satisfied, then
for any 79 > 0 the equality x,(%;70,0) = 0 holds for t > 7. Moreover, if
70 < t1(%0), then the integral curve of the zero solution meets cach of the hy-!
persurfaces oy, 02,... just once. Further we shall use the following notations
™ =1(0), i =1, 2,...ie 72, 79,... are the moments in which tlie intergral
curve (t,z5(t; 70,0)) = (£,0) meets respectively the hypersurlaces (.l og,.. ..

Definition 3. We shall say that the zero solution of system (2),(3)
depends continuously on the initial condition, if
(Ve.T,m0 > 0) (36 =6(¢,T,70) > 0) (V(ru,.vo) (1'0,.:(,) ertann [)a(O 0))

Ifz](t 'ro,.co)ll <e for Tg<t<To+ ’[

- Definition 4. * We shall say that the zero solution of system’(2),(3)
depends continuously on the right-hand side if (Ve, T, 79 3> 0)(38 = é(¢, T, 10) >
0), |

(Vg € C[M(70,0,T,¢, )P, lg(t,2) = f(t,2)]] < &,
(t,z) € M(70,0,T,¢,[)): ||24(8; 10,0)]| < ¢
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for 7o <t < 10+ T, where 2,(1; 70,0) is any of the solutions of system (6),(7)
with an initial condition (1) = 0.

Theorem 2. Let conditions (A) and (B) hold. Then the solution of
the problem (2),(3),(4) depends continuously on the initial condilion and on the
right-hand side of the system.

Proof. Let ,n are positive numbers. Let (19, 20) € Bt D. By condi-
tion A8 we deduce that there exists a number k such that ¢ (20) < 70 < ti(20)-
It is clear that the integral curve (4,2 (1; 19,20)) for I > ty does not meet the
hypersurfaces oy, 02,..., 0r—1 5o we shall change the number ol hypersurfaces
“Oky Oky1,. .. respectively in o, a3,.... So we obtain the inequality 7o < #1(2o).

From Lemma 4 follows that the solution as(¢; 79, x0) is defined in the
interval [rg, 70+ 7T'] and that there exists a number £ such that o <1 < ... <
k-1 < 7o + T < 73, which means that the integral curve (¢, 4(1; 79, 20)) meets
finitely many hypersurfaces of (1) for 70 < t < 179+ 7. Let us suppose that
function g : M(7o,%0,00,¢, f) — R™ (not like in D2 g) : AM(79,2x0,T,€, f) —
™). Let ‘r]', T;, ... be the moments in which the integral curve (1,2 ,(t; T(',,:cé,))
meets hypersurfaces of (1), x; = :vy(ril,'r(',,.‘l::,), :1:;+ =g, + L (a), s =1, 2.
I'rom Theorem 1 follows that there exists a constant é; > 0 such that if |rg—7p| <
o1, ||xo—o|| < 81 and ||g(t,x) — f(t,2)|| < & for (L,2) € M(7o, 20, 0,€, f) and
g € C[m(7o, 20, 0,¢, f),R"], then: :

1 a) The integral curve (¢,2,(t; 75, %)) meets for ¢ > 7, first
the hypersurface oy;

1b) |r—7n|<é <

1c¢) ”:L,1+ — af|| < 82, where the constant 6, is defined farther;

1d) z,4(t; 79,20) € M(T0,%0,Ty — To, &, f) for Ty < L < 1.

From the theorem for continuous dependence it follows that we can choose
61 so small that

le) ||:vg(t;7'(',,.t6) — a4(t; 10, x0)|| < ¢ for 11'1&.\'(1'(,,1'0) C L min(r',n).

Ilaving in mind condition B1, Lemma 3 and the fact that the integral curve
(t, ws(t; T0,20)) for t > 1 meets lirst hypersurface o;,, we find that the point
(r1,27) € Qj,. Since Q;, is an open set, using 1 b) and | ¢) we find that the
constant 6, can be chosen so small, that ;

1) (7)€ Q.

According the condition A5, L; < 1/M, i =1, 2,...,if the constant é; is small
enough then:
1g) Li(M + &)< 1.
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Assume that 1, = t1(2,(7y; Ty, p)), then

Ty =T = ti(2e(Ta; To,g)) — Lilwy(Ty5 Ty %))
< Ll”"t’!l(‘ré; T(',,:L‘é,) - ;".'}(Tl,; 1'6,.’1:6)“
< Li(my — ) sup()lg(L, 2)||5 (t,2) € M(7o, 0, 0. €, )]
< Ly(ry — ) sup{llg(tox) = f(L, )]+ |1 S(£,2)]);
(t,2) € M(79,20,00,¢, [)]
<Ty-Ty. :

The found condition means that the second hypersurface which is met by the
integral curve (t,z,(t; Toy %)) is not ay. Thew from Theorem | (ollows that
there exists a constant d; > 0 (the same which was used in 1 b) and 1 ¢)) small
enough, such that, if |7; — 71| < by, ||2}F —af|| < oz and ||g(t, )= [(L,2)|| < b,
for (t,x) € M(7o,%0,00,¢, f) and g € C[M (19, xg,00,¢, ), "], then:
2a) The integral curve (i, x,(1; r(',,;c(','")), which for ¢ > 7, coincides
with the integral curve (¢, x,(4; ré,.u:,)). meets [or > r; first the
hypersurface aj, (the second hypersurface which is met by the
integral curve (¢, (85 70,00)));
2b) IT'; — 71| < b3 <
2¢) |Jagt — aF|| < 83, where the constant 83 is defined further;
2d)  z,(l; To,20) € M(To, 20, Ty — Tose, f) for 7, < 1 < 7.
I'rom theorem for continuous dependence we obtain that

2e) |lzy(t; 'rcl,,:v:,) — (4 T0,20)|| < € for max(7y,7) < t < ll]ill(‘l’-;,?'z).
For 63 small enough by 2b) and 2¢) we find, that
2)  (1y.057) € Q.
Moveover é;3 can be chosen such that v
2g) LM +6) < 17

Using induction we deduce that for all i = 1, 2,..., k there exists a constant §;
small enough such that; if

|7ica = ical < 8y ety — wd Il < & and [lg(t.x) = J(10)]] < &

for (t,2) € M(7o,%0,00,¢, f) and g € C[M (719, 20,00.5, ). "], then:
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ia) The integral curve (¢, 2,(t; ‘r(;,;v('))) first meets for ¢ > T;_, the
hypersurface aj;;

ib) IT,' = 7| < big1 <

i)l - ail] < Sis

id) a4t To, %g) € M(To, %0, T — To, €, f), iy <LK ‘ri';_

ie) ||ag(t; T(I),:l:;)) — x5(t; To,0)|| < &, max('r;_],rg_l) <t
< min(ri-', Ti); :

if) (Tila x:+) € jS+1;

ig) Li(M+6;)<1.

First we choose the constant éz4q such that 0 < ép41 < 7 — 70— T. After
this we define the constant é; = ép(e, 1), d441]) from the conditions ka) - kg). We
choose 8-y = 8.-1(&,n, 6x) from conditions (k-1)a) - (k-1)g) and so on.

Finally we choose é; from the respective conditions.

Let § = min(éy,..., 6), then by the inequalities ie), i = 1, 2,..., k
follows that if |79 — 70| < 8, |2 — wo|] < & and ||g(t.x) — f(i,2)|| < & for
(t,2) € M(7o,20,00,¢€, f)and g € C[M(7y, x0,0,¢, [), "], then

[|24(t; T",,.'r:)) —xp(l; 10, x0)|| < € fort € A,
where A = {t;max(r,-'_l,r,-) <t < min(r,r)i=1, 2,..., k, To = 70}. Having
inmind that A D {t; o <t <7+ 7T, |l —7|>n, i=1, 2,...} we deduce
that the solution xy(t; 79, x0) depends continuously on the initial condition and
on the right-hand side of the system. The proofl does not change essentially is
the function g(t,2) is defined in the set M (7o, 20, T, <, f). In this case instead
of function g(t,a) we are to consider the function

g(t,x),(t,x) € M(mp,x0,T,¢, f)y
f(t,2),(t,x) € M(1o,20,00,&, f);t > 10+ T + h;
R (1=(t=10+T)/h) 9(70 + T,xg(ro+ T.19.%0)
’ +a — xp(t; To,20)) + ((E=T0+T)/1) [(To+T + h,
zf(10+ 1 + h, 70, 20) + & — 24(1; T0, x0)),
(t,x) € M(1y,20,00,6, f)y o+T <t <710+T+h
Where h is a positive constant and h < 7p4q1 —7'. It is immediately scen that the
function g is a continuous extension of ¢ in M (70,0, 90, €, [). Morcover if the
function g is "close” to f for (t,2) € M(7g.wg,00,¢, f), then for h small enough
the function g is "close” to f too for (L,x) € M(7g, 2y, 00,¢, f). 'hcorem 2 is
proved.
[}

Theorem 3. Let condilions A and C hold, then the zcro solution of
system (2),(3) depends continuously on the initial condilion and on the right-
hand side of the system.
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Proof. Like in the proof of Theorem 1, after eventual ve-numbering of
the hypersurfaces, we can consider that 79 < {;(0). Let 2,(0) C D. Let e < »
and T be arbitrary positive numbers. The integral curve (1,0) = (1, 2 4(t; 79,0))
meets any of the hypersurfaces (1) just once. According to A8 the moments
0 = t1(0), 7 = 13(0),... of this meeting satisly 7 +— oo when i — oo, It
means that there exists a number & such that 79_;, < 7o+ 7" < 7. llcre as in the
proof of Theorem 1 we suppose that the function g € C'[A(7y,0,00, T, ¢, f),B"].
Let z,(t; Ty, o) be any solution of system (6),(7) with initial condition z(7y) =
1:, Let the integral curve of this solution meet the hypersurface (1) at the
moments 1';, T;,. ... By Theorem 1 using induction, we obtain that for any
i=1, 2,..., k and for each positive constant §;4; there exists a constant §; > 0
such that if |r_, — 72 ,] < &, |25 = ll2iey + Lioa(@i_ )| < &, (T_y,25t,) €
Qi, Licq(M+6;—1) < 1, ||g(t,z)— f(t,x)|| < & for (t,2) € M(79,0,00,¢, f) and
g € C[m(70,0,00,¢, f),R*], then:

ia) The integral curve (t,2,(t; T, %g)) meets first for t > 7._; the
hypersurface o;;
ib) | — 7P| < bity;
ic) |lzt|l < biga- |
From the theorem for continuous dependence (fot system without impulses) it
follows that
id)  [|e, (1 Tl < & Ty <t < T

By condition A7 we obtain 1'," < l,-(;z:;"') which implies that

"o
(ri;zt) € U Qisc v oo
k=1

Using ib) and ic) we obtain the estimate p((r,-',x:"'),a;') < p((r,-', .'r:."'), (2,0)) <
V/26;41. From the last inequality and (20) it follows that for é;4; small enough

ie) (ri,2%) € Y.

Because of A5,
il L;(M+6;)<1.

First, set 8g4q = 7f — T = 79 (from inequality kb) and from this choise of 84,
we conclude that 1',: > T + 79, i.e. the integral curve (,x,(l; r(',,.r;,)) meets for
t < T'+1g right k— 1'hypersurfaces). Then we define consecutively the constants
Ok, Ok—1,..., 6 for (1,z) € M(79,0,00,¢,f) and g € c¢[M(70.0,00,¢, f),R"],
then relations ia)-if) hold for each i = 1, 2,..., k.

The assertion of the theorem comes from the inequalities id) i = 1,..., k.
Theorem 3 is proved.
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4. Application

We shall apply the received results to one model of biology. Let us
consider a system of two species "predator - pray”. The fight between the species
and the changes in the quantity in cach species are given by the following system
of differential equations

P = c1(N1 = i ()N1N; — 1 ()N}

(21)
W2 = 45(t)N1 N3 — €2(1)No,

where the functions Ni(t),k = 1, 2, describe the quantitative changes in the
species: Ny - of the pray and Ny - of the predator; the functions ¢,(t), k=1, 2
are the coefficients of the growth of the species of the pray and the predator
correspondingly; the functions y,(%), k = 1, 2 are coellicients characterizing the
interfaction between the species; the inner competition inside the pray species
is expressed by the addend y(¢)N{.

We shall assume that after influence form outside. the quantities of the
two species change with jumps in the moments 7y, 75,... which satisfy the
equalities
(22)

ANy, |t=.,.'. = Ni(ri +0) = Ni(m) = i Nilri)) = N o k=1,2 i=1,2,...,

where ay; and N are real constants.

At this moment biomass quantitative is added or taken away both from
the predator and from the pray.

The changes of biomass AN; and AN, of tlw pray and the predator
respectively depend not only on the quantities of the species at the moments of
influence but also on the moments of influence themselves.

We shall assume also that the moments of influence are these for which
the points (i, N1(7:), Na(7:)) satisly one of the following equations

(23) X3 +ﬂlJlNl(t) < N;I 2 /j‘“ll\rg(t) e N;I =1, .7 =1, 2’-'-9

where x;, B, €RY, k=1, 2

The system of differential and algebraic equations (21)-(23) is a math-
ematical model of the biological process. The continnous dependence of the
solution of the problem (21)-(23) on the initial condition and on the right-hand
side is basic for the optimal yield of biomass.
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If we equate the right-hand sides of the system (21) to zcro, we obtain
an algebraic system with a solution :

Ealt) - o () v(t) — ea(t) y(1)
2NN =
) i 71(t) 1(1)

The biologists usually assume that the quantitative changes of the specics,
the interfaction between the species and the inner competition are determined
by the following functions: ¢4(1) = ¢, H(1), (1) = gilI(1) and (1) = gl(t),
where eg, gr and g, & = 1, 2 are positive constants; function 1l € C[R¥ pT)
and tl._ilg)ﬂ(t) = 1, then turns (21) into

(24) Ni(t) =

€192 — €29
ny2

In this way we find the constants N and NJ taking part in equalitics
(22) and (23). The point (N7, Ny) is a fixed point for the sytem (21).

We shall assume also that —1 < ap; < 0, S = s e > 0,0 < x1 <
\2<. oo, Xi—roowWhen i—oo, k=1, 2,..., i=1, 2,....

‘Now we are able to give new, casier to investigate form to problem
(21),(22),(23):

€2
nr*(.‘ i ‘,‘(‘-ﬁ
1 )- g2 > S

(25) Sl = (riNy — g N1 Ny = gNDI(D)
dN,
(26) 3 = (2 NiNa = 2 N3 )I(2)
(27) AN, |,=ﬂ s Ol Ny = NEW ke 2, i 102, ...

where 7;, i = 1, 2,... are the momeunts in which the integral curve (¢, Ny(1),
N,(t)) of the system (25),(26),(27) meets some of the hypersurfaces

1t = ti(N1, Na) = \i + [ Na(t) = NY| 4+ Ba| Na(t) — NI

Further, by Ni(t) = Ni(t; 0, NP, NY), k= 1 2 we denote the solutions of system
(25)-(27) with initial condition

(28) 3 N(0)- N k=1, 2,
where the points N and N satisly the incqualities

(29) N >0, k=1, 2 N)<ely.
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TFirst we show that the solutions of the problem (25)-(28) arc boundedly limited.
In fact, having in mind (29) we obtain that the right-hand side ol (25) is negative,
then from (27) follows that the solution Ny(2) is bounded above, i.c.

(30) Ni(t) < er/g, t > 0.
A particular case of (30) is the interquality
(31) Ni(t; 0,N{,N3) < e2/92 < 1 /g.

Assume that the solution Ny(t) is not upper-bounded.

Let the constant N > max(ey/g, N3). Denote by T'n.T'n > 0 the first
moment in which the solution Ny(L 4 0) > N and by (n, 0 < iny < TN denote
the last moment in which Ny(¢) < max(ey/g, Ny). So for tn <t < Tn the
inequalities No(?) > max(e;/g1, N3) and Ny(t) — N3 > 0 hold. Then using (27)
we find that for every moment 7, Iy < 73 < TN

No(7mi + 0) < Na(mi).

I'rom (26),(27) and (31) we obtain the estimate

i
(32) Na(t) < Nz(tN)eXP(/(yle(_T) —e)Il(7)dr), In T <IN
tn
or o e
i e (L 2y -
No(Tn) £ Nz(tN)Ll\l’[t;gfé\mn(i)yz(g] e TN 'tN )]

Solving the last inequality we find

€ (8]
Tn —tny 2 In(—————— max H(t)ga(— — —)).
N —tN 2> (max(%’N;) )I(t~5¢<m ( )yz(”l 5 ))
It is clear that Ty — ¢ty — oo if N +— 0o, Let us suppose that for every constant
N > ma.x(f;,N;) for ty <t < I'ny the inequality Ny(4) > N7 is satislied. Then
from (25) and (27) we obtain '

G < —g(NDYIU(1), ty St <IN
Ni(ri +0) < Ny(7i), IN <1 £ TN

The last two inequalities for N big enough (which means that the interval
L’;N»TN] is big enough) contradicts the assumption. So, if the constant N is
big enough, then exists a point 0, tn < 0, < Tn such that Ny(t) < Ny for
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0, <t <Tn,or g2N1(t) —e2 < 0,0, <1< Tyn. But using (32) we obtain that
for 8, <t < Tn the solution N;(t) is monotonously increasing which contra-
dicts the definition of the constant 7. So it means that the solution Ny(t) is
upper-bounded. Now we are able to deflinite the domain D,

(N1(t), N2o(t)) € ((0,e1/9)x(0,N))= D C #% 1 > 0.

Denote by f; and f; respectively the right-hand sides of the equations (25) and
(26), i.e.

(33) fl(t,Nl,N'z)—‘-(lel—ﬂleNz—ng)Tl(_f)
f2(t, N1, N3) = (g2N1 Ny — e No)IL(¢).

Since the function II(%) is continuous and limited for t > 0 and (N{.Ny) C D is
a limited domain, then the function (33) and their first partial derivative

ok = (ex = 1 N2 = 29 N)I(E), S = —g N 1L(1)
7% = (92N1 — e2)I(1), 58 = —gi N11I(1)

are continuous and limited. It means that the conditions A1 and A2 hold. Let
[|f(t, N1, N2)|| £ My, (t,Ny,Np) € PraD, f = (f1,f2). Conditions A3 and
A4 follow from the definition of the domain D. Condition A5 holds if M <
I, k=1, 2, conditions A6-A9 follow of determining from the constants y;, ay;
and B, k=1,2,1=1, 2,.... So all the conditions of Theorem 3 are satisfied
and it means that the solution of system (21) depends continuously on the initial
condition and on the right-hand side of the system.
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