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Theoretical Problems of Data Structures Modeling

Adriana A. Georgieva
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The problem for creating of an uniform database formal description on data modeling
is especially topical today and remains a long-term purpose in the development of database
design tools and their applications. llere we describe the basic concepts of an approach,
which is based on the tools of the linear algebra for data structure modcling. The theoretical
basis of the conceptual data model are determined and certain necessary equivalences within
transition modeling at data representation are proved in aspect of ANSI/SPARC database
standard. The possibilities for implementation of this algebraic approach for hicrarchical data
structures formalization and design are represented in details.

1. Introduction

Since about 1970 the main focus in database rescarch has heen turned
to solving the problems of the conceptual modeling in the database systems.
With the appearance of the Codd’s relational approach [1].[2] many issues of
the conceptual database scheme receive extensive solutions. As a result, very
important studies on the conceptual modeling, using different methods [3],[4],(6]
begin to treat them' formally.

In this paper we represent an approach for modeling in natural data
structures in which the entity-relationships are subordinated to some deter-
mined hierarchy. In this aspect the relational model is an objoct of research and
development with a view to use its advantages according to higher lovel formail-
ism, mathematical precision and real possibilities for application to modeling of
the wide-spread hierarchical data structures. The main purpose of the research
is creating of a new algebraic approach for database modeling and development
of its possible applications. The concepts of the abstract lincar algebra - the
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theory of modules, are used as a modeling tool and data transformations are
represented with ordinary algebraic operations.

2. A formal description

Our purpose is to provide more adequate representation and cffective use
of algebraic tools for formal description and data organization. To this end we
offer an algebraic structure of finite modules, which use only the operations of
the linear algebra. In this algebraic data representation every object with its
attributes is described as a finite sequence (of length ») of numbers [5],[7].

The relational model of databases can be represented as a pair < S, R >,
where: 1) § is the set of attribute-domains pairs S = {:A;. Ao .. 0, )}, where
cach A = [e, D], such that ¢ is a character string (the name of the attribute) and
D is a set of atomic elements (the attribute values); 2) 2 is a set of relations
defined over the subset of S, usually denoted by RN ay,ay,....q,), where
a; € D;fori=1,...,n.

Therefore, from relational view the database is a collection or relations,
where every R(™M(ay,a,...,a,) is a sct of n-tuples for some fixed n, where n
defines the arity of the relation. This means that if Al represents. the data
from the real world and K R represents the conceptual scheme of the relational
model, there exists a bijective mapping f; : M — N R, which correlates to
every existing relationship between objects of M in one-to-one manner relation
R™(ay,az,...,a,) from KR.

"~ On the other hand, we can corrclate a linite sequence of length n: (apq, @rg,
..., Uyp) to each relation R(™), where {a,;},i=1,2,...,n is the sct of the code
values of the correspondent attributes of the object 0, € A/. Then, il we denote
by A A the conceptual scheme of one madel, called further algebraic, there exists
a bijective mapping f2 : M — K A, which correlates to every clement from M in
one-to-one manner an unique element from A'A described by the finite sequence
(Ar1,8r2,. ..y 8py). 2

Proposition 2.1 There cxists a bijective mapping [y : KR — KA,
which correlates to every really caisting relationship betwcen n different, at-
lributes from KR in one-lo-one manner an uniquc finite scquence (of length n)
Jrom KA. Then, a,; € D C Z (here 7 is a sel of inlegers), where v = 1,...,m
andi=1,...,n. y

In this case the domains Dy, Dg,..., D, of the object 0,, considered like
sets of all the natural numbers A,; € N C Z, corresponding to the code values
of the possible n attributes of all the n: objects from the real nser's area.
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Fach set D; can be mathemaltically modeled by a factor set Z,; =
{0,1,...,@;—1} of the remainders ¢ (0 < ¢ < «;) from division of every n € Z to
a;, where a; € Z is the number of all the possible values a,; € D;, i.e. a; is a di-
mension of D;. As a result, each D; can be described by a ring (Z,;, D, @) corre-
sponding to the operations addition mod «; : @ and multiplication mod «a; : ©,
i.e. a direct sum and a direct product for natural numbers. Here these opera-
tions have formal meanings only, for the [ormation of all the sets of code values
ol the attributes, but they are used indirectly in the further physical database
design. :
It is evident that for each a,; € Dy,a,9 € Dy,...,a,; € D;,...,am, € D,
for the object 0, we can construct the corresponding modules:

(Zala @, ®)’ (Za21 @s ®)a ey (ch's (Bv C:))y sy ( Z(rn- (I)v (& )-

Iivery mappping p; : Z — Zai, which maps any natural number upon its re-
mainder mod «;, i.e. forms the code, corresponding to the atiribute’s value, is
surjective. This means that in algebraic aspect every set ol code values D; can
be described by the module A; over the ring Z.; (Z.;  module).

In this way, we can define the set A'A, the conceptual scheme of re-
ally existing data structure A, as an algebraic structure, denoted by A =
{A41,A2,...,A,}, a family of Z,; — modules A;.

Corollary 2.1. In gencral, this formal description used for database
conceptual modeling establishes the bijeclives [y, fo and f3 in the following man-
ner:

object
0,
h Ja
R™(ay,ay,...,qa,) (Grry @2y .. vttyy)
relation » J3 sequence of length n

Furthermore, this formal description gives possibilities for the transition
Mmodeling “conceptual-internal” for a data organization by algebraic operations
only,
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3. An algebraic model of hierarchical data structure

Based on this formal data representation, we can define an algebraic
model of hierachical data structure with specific peculiarities, depending on the
requirements of the given user’s (external) scheme. It is characterized by the
lollowing quantities: :

— n: a number of the hierarchical levels;

- ay1,Q2,...,a,: the number of the clements on cach level ¢ for i =
l....,n;q; € Z and moreover, a; < (g < ... < ]

= €0,€1,C2y ..., Cu—1: a number of the subordinate clements of every ecle-
ment from level 7 into level i + 1 (the “children” of every element from one level
into the next); ¢; € Z (in general ¢ = 1, but it is possible also ¢y > 1). In the
present research it is assumed that for any hierarchical level i: ¢; is an average
number of the subordinate elements ¢;; to the element j from level i into level
i+ 1. In some cases, one can assume that ¢;; = max(c¢y, ¢y, ..., ¢ini). Then,
W = Q;_1.Ci—1 = (1.€0.C1.€2 ...¢C;—1 for each i = 2,...,n.

Proposition 2.2 The sct A = {A,, Ay, ... A}, as an algcbraic modcl
of lhierarchical data structure wilh n levels, is partially ovdercd by the inclusion:
Ay C I12C o C'R;yCodi CAyi

Every object from level n in this formal representation by the finite se-
quence (ay,az,...,a,) can be expressed as a linear combination:

"
(a1,02y...,0,) = Zn,-.c; =ay.cy +azer+ ...+ a,.c,

i=1
of the generators (base elements) for the structure A:
e; = (1,0,...,0), e3 = (0,1,0,...,0), ... ,e, =(0,0,...,0.1).

Obviously, each e; expresses the participation of an element from level ¢
of the hierarchy in this representation. From the other hand, (a.ay....,a,) =
"
3" b;i.h;, where:

=1

—b;=a;fori=1and b; = a;/(¢1,¢2,...,¢i—1) fori =2,...,n;

- hi =(0,0,...,¢1.¢2...¢i—1,...,0) and hy = ¢
are sequences of length n, called caharacteristic elements, because they reflect
the corresponding number of the subordinate elements for cach hierarchical level.

In connection of this algebraic modeling of the transition “conceptual-
internal”, it is defined a mapping ® : A — P, which correlates to every finite
sequence (@1,@2,...,6,)" € A in one-to-one manner a lixed integer p! € P. In
this way, pf, uniquely defines the place of the object OF from level u in the real
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structure M, i.e. its address in the physical database design . It transforms
the characteristic elements in the following way:

B(hy) =co=1
‘I)(hz) = Cg.C1 = (]
®(h3) = cg.cy.c2 = ¢1.¢y

Q(hn) = €0.C1.€2...Cpy] = C1.€C2...Cpy_}.
In other words, ® : Z" — Z and we have the matrix:
Ce=[l a1 er.ca ... crica.v.€4y},- Whewcg =4

For further formal and correct description of data transition “conceptual-
internal”, necessary for the physical data representation, we prove the following
proposition.

Proposition 2.3. The mapping ¢ : A — P, modcling lthe lransilion
“conceptual-internal” for hierarchical dala slructures, is:

A) bijective;

B) linear mapping.

Proof. A) The proof is based on the algorithm for the physical address
determination of each element » from level & in common hierarchy. so that to
every sequence of length & the ampping ¢ correlates in one-to-one manner aun
Umique integer pj in the following way:

k-1
) P Za.-+a,{.=a-1+cr-2+...+nk._,+a.i,
| =1
a1 ®(hy) + ar ®(hy) + ...+ Plhp—y) + af =y 3 d(h;) + a,’..,
i=1

Where
(2) a£ ={...{(a1=1)cr +(az = D}ca+ ...+ (ap_y — I)} Cpoytap -1

s the serial number of the code value a; in the hierarchical level k. ‘Fhe compu-
tation by formula (2) is based on the formal description of the sets of attribute
code values as modules.

Therefore, for each object 0}, from level k:

¢ ((ay,ag,....cqr)") = pj. € P.
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On the other hand, each pj € P is an image of only one sequence of
length & : (ay,az,...,ax)" € A, i.e. there cxists the mapping ®~! : P — A,
which is modeling the oposite transition “internal-conceptual™. ‘T'his mapping
gives a possibility to compute every component of the sequence (ay. ay, ... a,)":
every a; € Zg, i.e. to define every code value of the corresponding attribute
(clements of hierarchical level) of the considered object in the following order:

k=1
a,{, =pp—ar. Y, ®(hi)  (ax will be obtained by formula (2));
=]

. k=2 '
a1 = [pp/ar]l +1 — pi, = 21 ®(hiy) + @p-y;
=
k=3
3) k-2 = [Ph_y/Ck=1]+1 —  pi_y = . '21 P(li—2) + ap_y;
=

.........

: :

az; = [}’5/63] +1 — [Ig = . Z (I’(hg) + g,
=1

ay = [ph/ea] + 1.

The integer part from the devision, arising from the delinition of the
components a; € Z; is denoted by [-] in formula (3).

In other words, ®~ (® ((a),a2,-..,ar)")) = (a1,a2,...,a;)". ie. ®is
bijective.

B) Obviously,

i) ®((ar,az,...,00)" + (ay.az, . ..oap)?) = pj + pf
= ®((a,a2,...,a;)")+ P ((ar,az,....a;)"),

il) ®(Mar,a2y...,a)") = Apl =A@ (@, ay,....q;)").

because pf and pj € Z and A is any integer number, A € Z.;. which presents the
displacement of the address in the physical database design - the object place
in the hierarchical structure. :

Therefore, the mapping ® : A — P is a linear mapping. [

In this way, the data transition “conceptual-internal” is modeled by
means of a bijective linear mapping (function) for data transformation in both
directions of this representation. This function permits exact and simple calcu-
lation of the physical address pj. of cach object 0} from the real data structure
by formula (1) and on contrary, a determination of the code values of all the
attributes {a,;} of object 0, by formula (3). As a result, all the basic operations
connected with the data creating and support on the physical (internal) level
and output data processing can be realized by ordinary linear calculus.
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So formally, for every object from the real hierarchical data structure, a
definite meaning can be obtained, on conceptual and physical views in depen-
dence of the purposes and character of the user application with the following
representation:

fa : ¢
01‘ (ar,az,...,a; )T 1,:
object from sequence from address [rom
hierach.structure algebr.structure A phys.structure P

Furthermore, one can illustrate briefly the possibilities of this algebraic
representation of the binary realtionships by the simpler elements of the alge-
braic structure A by pairs of code values of elements which correspond to any
two levels k£ and I:

(ak,a;), where a € Zoi, a; € Zy foreach k,il=1,....n (k<l).

For the transition “conceptual-internal” in this case we can define the
mapping ®x : A2 — P2 It correlates to every ordered pair (ay, @) € A% C
A, presenting the binary relationships between elements from any couple “k —
I hierarchical levels two unique matching numbers to their addresses in the
physical data structure: (pi, ) € P2 C P in the following way:

I k=1
pe =(af +M-1)ex+ 0 =afl + ¥ o

i=1
k-1
=af + 1. 3 (hy),
("l) =1
1 18
m =(a+Noy)er+0ep=a; + 3
(-1 o
= a{ + ay. Y ®(h;),
=l
Where:

a,{. and a,' are obtained by formula (2);

e and e; are generators (base elements) in the structure of all the possible
Pairs in A2, which present the relationships between different elements from any
Couple “k — I” hierarchical levels (k,/ = 1,...,nand k < !);

Aj—1 is a natural number characterizing the number of the elements down-
Ward in the tree for each level j; A; is connected with the images ®(h;) of the
lements h; in the following way:

=1
Aj-1 = ay. z ®(h;).

=1
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The linear mapping Py, lacilitates the modeling in the natwral hierarchi-
cal data structures and supports eflicient systems for their application, because
it is not necessary to use sequences of length n from code values of clements,
expressing the participation of all the n hicrarchical levels (attributes of ob-
jects) by the formal description. It permits the following representation of the
transition “conceptual-internal”:

(ar,ar) € A* C A . (prsp1) € P2 C P

and opposite data transition:

-1
p

(prsn) € Picr — (ag @) € A% C L.

As it can be seen, it is enough to calculate only two components (in-
stead of n in the algebraic structure /) which in one-to-one manner defines the
realtionships in considered data structure, because of the existing hierarchical
rules.

Therelore, the possibility to use the mappings ¢4y and <l>[,1' for data
transition modeling increases the effect of the representation of the hierarchical
data structures from user’s (external) and physical (internal) views of database.

4. Conclusion

In this paper we represent the basic principles of one algebraic approach
for formalization and design of wide range of data structures which is enough
powerful, especially for data bases with natural hierarchical structures.

The purpose of this algebraic data representation on the conceptual
database scheme is to permit the implementation of the tools of linear algebra
and to eliminate more difficult operators of the relational algebra (or relational
calculus) in various databasc applications in Al an paralel processing,
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