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On the Integrability Conditions and Structure
Properties for Almost Contact Metric Manifolds
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Presented by P. Kenderov

The relations between the integrability conditions for almost complex and for almost
contact structures on differentiable manifold are given. The locally structure of the basic classes
of almost contact metric manifold with respect to product of an almost Hermitian manifold
and the real line is established.

1. Introduction

Let M be a 2n-dimensional differentiable manifold with almost [Termitian
structure (J, g), where J is an almost complex structure tensor field of type (1.1),
¢ is a definit metric tensor field, such that

J? = —id, g(x,y) = 9(Jz,Jy), 2,y € T,M.

By using the algebraic decomposition of the set of 3-covariant tensors
on an almost Hermitian vector space, having the symmeries of the covariant
derivative of the Khler 2-form, into multually orthogonal and U/ (n)-invariant
irreducible factors, Gray and Hervella have classified the set

W = {MZ"(J,g), n > 3}

of almost Hermitian manifolds into sexteen classes [1]. In Table 1 the four basic
classes of such a manifolds are characterized by the equations for the essential (
which may be zero) components of the well known fundamental tensors, arrizing
on an almost Hermitian manifold, with respect to the complex bases of the
complexification Ty M of the tangential spaces

TpM = span {€q,Jeq,a € I} — orthonormal
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7 — 10
5 = TR0 T

= span {Z, = ea—iJeq,a € I}@ span {Zz = eatideq, @ € T= span {Za,a € JIUT

The index sets I and T are {1,2,

....,n} and {1,2,..

.7} respectively.

AW = oL, W,

3

|
!

Wt=SK=W, oW, W3:9=0,
Fza3 = =3®za5 =0

Wy=CK:9#0, N=0
Frpy = f3q’ﬁﬂv = ﬁ(ga. A D)y

i !
+=QK =W ®dW:9=0, N #0 Ws=8SH:9=0,N=0
afy = "'61.@0[31"'211"7 o Fa’ﬁ,y = -—3@3-[;1 J

r

!

Wy =W =NK:9=0,N#0,dd=Ve

Nagy = —4i® gy = 4iF\gq

Wy=AK :9=0,N#0,dd =0
Negy = 2Py = 2(Fopy + Fane)

Table 1.
®(z,y) = g(z,Jy) is the fundamental (Kihler) 2-form, '

Here ®{% 5} :

F = =V &{F,p,}, (V-Levi-Chivita connection), d®{®.} the exterior differen-

tial of &, N = [J,J] {NZ5, Nopy =
9{d, 95 = Jg} is the Lee form:

aﬁg.,,} the Mijenhuis tensor field and

0 = ———6® 0 J, where §&(2) = - Z[(ve,,q»)(ea, Z)+ (Viea®)(Jeas Z)),

n-1) -1)

g = E Fgap =

a-l

i
4(n-1) agl ap-
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2. Integrability conditions for almost complex structures

The four basic classes of Hermitian manifolds: N = [J,JJ] = 0 are the
classes I of Kihler manifolds, W3 of special Hermitian manifolds, W, of lo-
cally conformal Kahler manifolds and W3 @& Wy. The well known Newlender-
Nirenberg’s theorem implies that the vanishing of the Nijenhuis tensor field N is
necessary and sufficient condition an almost complex structure J (resp. manifold
M?7(J)) to be a complex structure (resp. manifold), i.e. to carry differentiable
structure , compatible with the pseudogroup of holomorphic transformations in
MZn ="

Han = {F - RI™(Jo) = B¥(Jo) : fu 0 do = Jof},

where J, is the standard almost complex structure on

» /0" 01 9/0z"
2n _ f(,0 0 __ nta A i
Wi i i )’aEI}'J°(a/3y“)—(—'l 0)(0/81}")’“6

If we put [Z,, Zp) = C$yZ., then we have

(2.1) (2. 25\ _ ( Cos ~iN% \ ( Z
: (2. Z5) Cos a5 J\%)’
Frolicher in [2] has proved that the vanishing of N on a rcal-analytical

manifold with real-analytical almost complex structure J is necessary and sul-
ficient condition the Pflaffian system

(2.2) Ji4itd)da* =0, j ke {1,2,...,2n},
k k

to be integrable, i.e. the null space N7 of the set J of 1-forms w’ = ( ];.' +
iﬁi)(l:v"' € x*U to be an involutive dilferentiable distribution, or cquivalently
the set J = {w!,...,w?"} to be a differential ideal. Here bi are the Kroneker’s
symbols and J,{ :

J(0)0a*) = Jio)0ad, JZTL = 6]
are the components of J with respect to local real coordinate system (U, {a“, y* =
a"te}) ael. ;

Indeed, the vector fields £ = (J* — is%)d/02* € YU belongs to N7, the
integral curves (z!(t),z%(t),...2?"(t) of & are C- valued, i.e. Jj are uniquely
extendible on complex arguments and rank (J,{ - i6i)'=rank ( J,f: - ib{.) =mn, i.e
N is spanned on &*. The Frobenius conditions for the totally integrability of
(2.2), written in the sence J to be differential ideal, are dwl = w! Aw' for some



242 M. Hristov

w{ € x*U, i.e. dw (Ek.fl ) = 0 for &€*,&' € N 7. These conditions are expressible
as

973 19 1ok Tk _ sk . e ook AT

(DJ7 /02" — 8] |0*)( Ty — i§)( I} — i) = (JF — isk)NF, =
and are equivalent to the vanishing of N [2]. Further, for arbitrary local coor-
dinate system (U, {z%,y* = a"t*}), a € I, there exists open subset V and B-

analytical transformation

Y : U=V
(2%, 2™ — uP (2, 2™F), 0P (2*,2™)), o, B eI

with almost pluryharmonical functions u?,v?, such that for the corresponding
almost holomorphical functions z? = u® + iv? the system

(2.3) P =0,8el

is equivalent to (2.2). Realy, the null spaces of (2.2) and (2.3) coincide if
dzP(€%) = 0 and w*(8/02zP) = 0 or equivalently the Jacobian of 4 to be nonva-
nishing and «?, v? to satisfy

dvP = —Ji(9uP (927 )d2* = dvP = —JduP.

Locally, on open subset U at every point, the functions «?, v? are uniquelly de-
termined - u? is a solution of the elliptic differential equation d.Jdu” = 0, [2], [5],
which is necessary and sufficient condition to be the integral, defining the conj-
gated function v?, not depending on the integral way. (V = ¢(U), {uP,v?}), 8 €
1 is local coordinate system, and so (V, {z? = «® +iv?}), 3 € I is local complex
coordinate system iff N = 0 [2].

I'rom the above explanations and (2.1), we get the following

Corollary 2.1. Let M**(J) be a rcal analytical alimost complex struc-
ture manifold with real analylical almost complex structure J. The following
implication is valid N = 0 = C§5 = CZE = —C_ga =0, i.e. locally there exists
R-analytical transformation ¥ on M

a n4a ¢ a ,nda : o o nto
(U,{-’L‘ Yy =X N })m(v,{"ﬁ(.c y T * ),'I)ﬂ(.”l: s & + )))1

1-1] dJde® =idd” =0 [1-1

(U,{§* =2+ iy“})—L(V, {z*=u"+iv"}), a,B €,

almost y
holomorphic
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so that
TSM = T & T = span{Za = 8/9=",a € I} @ span{Zz = 0/9=", @ € T}

=span{Z, = 9/dz, « € T U1},

or simply N = 0 => (2.1) has vanishing matriz.

The Newlender-Nirenberg’s theorem we formulate in the form

Theorem 2.1. Lel M?"(J) be alinost complex manifold. The following
condilions are equivalent:

i) N, g_ﬁ = 03

it) M?*(J) is complex manifold; ,

i) J is Lie-parallel on T,}OAI : (Lyd)V =0, U,V € TgoM
(L is the Lie-differentiation);

3. Almost contact metric manifolds

In this paragraph we shall give analogous description of the basic classes
of almost contact metric manifolds, introduced by Ganchev, Alexiev [3].

Let M be a 2n+1-dimensional differentiable manifold with almost contact
metric structure (¢,€,1,9), where ¢ is a tensor field of type (1,1), £ is a vector
field, 5 is a 1-form, g is a definit metric tensor field, such that

= —id+ @& p(&) =0, n(€) =1, g=gop+nein.

With M?"+1(p, £,n,9) are associated the following fundamental objects (V is
the Levi-Civita connection of the metric ¢):

i) operators: h = —?, v =& &, A =V¢

ii) distributions: D = {h(T,M) = Ker v,,p € M}, {£} = {v(T,M) =
I'mwvy, p € M} contact and vertical distributions respectively and 1), M = h(T, M )d
»(T,M) - orthogonal and U(n) x l-invariant.

iii) tensors: ® : ®(z,y) = g(2, ¢y) (fundamental 2-form); V; V; Ve =
—F;dn; d®; Leg; Lo; L3 N = [, ] + 2dn & E([p, @] is the Nijenhuis tensor field,
formed with ¢ :

[, 2z, ¥) = [pz, y] — ¢lz, py] — plox, y] + @*[x, yl, 2,y € T, M.
iv) traces [3]: With F' = —V® are associated the following forms:

f(Z) = gaﬁF(ea’ eﬁ,Z), f‘(Z) o gaﬁF(ea’ weg, Z)!w(z.) - -F(_fvé.,z)v
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where €, €npa = Pea, €241 = €, a € I is an orthonormal basis of T),M.

on 1 . :
2"’11+ = l)b(b o ¢( Lee-form ),

(]

o=~ = =D (Veaea + (Vgeo )eal ,

a=1 .

0®(2) = f(z)+w(z) = - Z [(Vea®)€as2) + (Ve ) pea, 2)] -

a=1

The complexification T M of the tangential space 7}, M is decomposable
as follows [4]:

TeM = D)’ & DO & Im vy,

where D}%(DJ') is +i(—i)-eigenspace of the operator ¢, and DS = D)° @ DY}
is the compolexification of the contact distribution D, = Ker v,,p € M. For
any orhtonormal basis {en,pe€u,€}aer, I = {1,2,...,n} of T,M, the vectors
Zy = €q — ipe, (resp. Zz = Zg),a € I from a basis for D,’,O(I)gl), Im 1, is
spanned by Z, = £ and so TyM ( resp. Dj) is spanned by the complex frame
fields Zy,A € TUTU I, (resp.Zy, a € 1UT), where T = {1,2,...,7} and
I, = {o = G}. Unless otherwise started, Greek small letters will be run through
the index-set I, Latin small-through 7 UT and Latin capital-through TUTU I,.

The relations between the essential complex components (i.e.  which
may not be zero) of the tensors above, with respect to the complex basis
{Za}aetorul, 2 949,75 900 = 1}, ®{® 5}, dn{nas}, d®{®nc}, Leg{(Leg)an),
N{ Nfﬂ, N3gs NZ,,N3,} are easily expressible, by using their properties [4], [9].

Theorem 3.1. The essential complex characterislic equalions of each
of the basic classes W; of almost contact metric manifolds, so that

W = {M**t(p,€,n,9),n > 3} B2, W;

-orthogonal, U(n) X 1 - invariant and irreducible, are the described in Table 2.



On the Integrability Conditions and Structure ... 245

class | characteristic C — equations b= |[dPop=|0d(¢)=
W Fooa = wa = =2ilqo = =iNy circo = "t([c'!/)ao 0 wog g
Wy | Fego = Hgmy = —ingp = Fymo 0 0 J(£)
Wy | Fgo = =58 gss = —1(Leg)ap = Fymo - o 0
Wi | Fago = —inag = Iz 0 0 0
Wi Fﬁﬂo = —§i¢3ﬁ° — —%(L:({[) -0 = —-Fﬂﬁo 0 0 0
W Faﬂo = _7'(‘68.(/)01[1 = _%Non/i - ]"/j(vo 0 0 0
W7 | Fapo = =iap = —§Napo = —Fpae 0 0 0
Wy Foaﬂ — —3¢°ap = Noap 0 0 0
Wy Fzpy = —3®Pzp, = 2(Pz+ A 0)/37 0 f°e 0
Wio woy = —3%as, 0 0 0
Wi | 4iFapy = —4i®apy = Nog, 0 0 0
W12 21'1’1,7[;0, = Nap—y 0 0 0

Table 2.

In the last three columns the components of the Lee form 9 on each of
the basic classes are given. The class Wy & Wy @ Wa @ Wy : 9 # 0 is closed with
respect to contact conformal transformations and is an analogous class to the
class C K (Table 1.) in the set of almost Iermitian manifolds.

4. Integrability conditions for almost contact structures

Further we shall consider real analytical manifold M?"*! with real ana-
lytical almost contact structure (¢, &, ).
If we put [Z4, Zg) = C55Zs, then have

(Zar 7] Cop ~3NTy ~ANZs\ ( 2,
(4.1) [ZO, 3 Z'ﬁ] = Czﬁ C:ﬁ_ _21’aﬁ ?‘—,-
(Za s Zo] cs, -iNZ, -Ng, Zo

(4.1) implies that the class of normal alinost contact metric maninfolds
Wy & Wa @ Wy @ Wsd Wy @ Wi, such that N = 0 has the following geometrical
description: the space of vector fields D0 is Lie-ideal of the space D' x {¢} =
span {Za, Zo},a¢ € I. Then N = 0 can be regarded as a weakly integrability
condition: there exists open covering {U,,p € M} of M, such that

DU, = span {Z, = 8/€*,a € [}, DU, = span {Z5,/3 € T}
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where €% = £%(a%,t),a € [ are C-valued functionally independent functions
of real arguments, satisfying the system Zl—,{" = 0, but U,,,{{“',&ﬁ}) is not
local coordinate system: [Z,, Zl-g] = —2,5(d/0t). The condition N = 0 implies
(M?*+! D19) is ¢' — R manifold [8]. Examples of such manifolds arce given in

(8].

We shall precise the results of Yano and Ishihara [6] in the case of real
analytical almost contact structure (¢, £, n) on 2n + 1-dimensional dilferentiable
manifold M.

Theorem 4.1. Let M(p,£, 1) be almost contact manifold. The follow-

ing conditions are equivalent:

i) the contact distribution D is involutive;

i) Ngﬁ =0; n,5= 0;

iii) n is Lie-parallel on D: (Lyn) =0, u,v € D.

Proof. It is well known thatD is involutive iff hdy = 0. The relations
for the essential components of hd :

27’4;5 =(Lz.MZ5 2Map= N:ﬁ =2(Lz,1)Zp

proves the theorem. o

Definition 4.1. ([6]) The structure (¢,&,n) (resp. the almost con-
tact manifold) is said to be partially integrable, if the contact distribution D
is involutive and the restriction ¢, is integrable almost complex structure for
arbitrarry integral manifold D of D.

Theorem 4.2. Let M(p,&,1) be almost contact manifold. The follow-
ing condilions are equivalent:

i) (¢, &, 1) is partially integrable;

iii) 1 is Lie-parallel on D and o is Lic-parallel on D°(D°') :

(Lum)v =0, u,v € ]),',O 'Dgl).

Proof. Let (¢,&,n) be partially integrable. Then D is involutive and
Theorem 4.1. implies N3; = 9,5 = 0. Since @), is integrable, then [p,,¢),] =
0. The relation [¢, ¢](hx,hy) = N(hz,hy), [6], and Theorem 2.1. imply fp =
0. The implication i)== ii) is proved. The inverse is clear.

The equivalence ofii) and iii) follows from Theorem 4.1. and the decom-
position

§ =
(Lz.9)2p = —§(N§azﬁ+ N3pZo).
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From Corollary 2.1. and Theorem 4.2. we get

Corollary 4.1. Let M?"+1(p, £, 1) be partially mlcqmble almost conlact
manifold. Then M carries local coordinate covering {(U; {a®,y* = a"**,1}), al},
such that for arbilrary integral manifold D of D there exisls immersioni : D —
M, so that for the local coordinate covering

{(Ujeup; {2, y* = 2", t = const}), a € I}

S {(Upp; {z* = & + iy®,t = const}), a € I}

adapted to {(U; {a*,y* = a"t* t}), a € I}, it follows that Z(,,U = 0/9z7,
i.e. the first lwo rows of the matriz in (4.1) vanish: C3; = ("’— =-C% =0,
2 ;B chﬂ = ﬂaﬂ 0 => “C‘g CZ-E

= Cpz =07 in the above sense.

simply we have the implication

R em ark 1. The existence of a such local coordinate covering can be
introduced analogousely to Section 2, by using the method of I'rélicher [2]. If
M+ (o £ 7)) is real analytical almost contact manifold and {U; {2°,1}), a €
1 UT} is local coordinate system, then

1) € # 0, always locally can be chosen as @/dt (vector field rectilying
theorem);

2) the components of ¢ and  with respect to (U;{2“1}),a € U
I,p(0/02%) = p20/02° + 20/0t, 1 = dt + 1.dz®, satisly:

Poph = =85, Phph = Ny 03 = —Ghm.

3) the null-space of the set of forms J — {n,w® = (¢ + i6l)dx} is NJ =
span {v, = (¢f — i62(8/03:" - 1:0\d1)},b,¢ € 1 + 2n and coincide with the
contact distribution D.

4) J is a differential ideal iff

d”(”‘h vg) =0 ((Pg e ‘61‘,‘)(909 ,64; [81: 3;:‘ + %’i“ L%E‘T]d]
E—=4
d’(vp, vg) = 0 (s — i63)(p} — i68) (52 — 3¢5 + SgEm, - Spkn] = 0.

These are the Frobenius conditions for the totally integrabitity of the system

=0
w®=0
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and are equivalent to the vanishing of [¢, ¢] and the horizontal part of di— hdy.
It’s remarkable to note, that the components of 1 and ¢ depon(l on t. Then
there exists smooth transformation

Pp:U—V
(2%, 2" 1) — (uP (2%, 2", t)vP(2®, 2", 1), (2%, 2", 1)), o, B € I,
such that for the functions 2 = u? + iv? and ¢, the system

n=0

B =
dilpt. O ol is equivalent to the system w° = 0

dg=0
5) The functions uP(z®, 2"+ t), vP(a®, 2™t 1), (2, 2"+ 1) are solu-
tions of the homogenious system of lineary par t,ld.l differential equations

' 4 Juﬂ s __3("’ -Ivﬂ
‘Pp'aa,, 901)7]' ot T T Oxp + CaETE

dzP(vy) =0, B el

r VP o 0P __ 9P Aul
= | o3z, — P I = Fer ~ o BET

gf,—,—np.%tz = 0.

dyq(vp) =0

We get the following

Theorem 4.3. Let M(p,&,n) be almost contact manifold. The follow-
ing conditions are equivalent:

i) NS = NZ, = 0;

alphao ao =

i) ¢ (and consequently ) is Lie-parallel with respect lo xi :

Lep=0, (Len=0)>

Proof. It follows from the decomposition (L¢p)Z, = (N, Zz+ N2 Z,)
and the equality (L¢n)Zy = —N3,. ]
Theorems 4.1. and 4.3. imply

Theorem 4.4. Let M(p,€,n) be almost contact manifold with involu-
tive contact distribution. The stricture tensor [icld ¢ (and coscquently the form
1) are Lie-parallel with respect to & iff for arbilrarry integral manifold |cal D of
D immersed in Mi: D — M the components ¢! of ¢ (and cosequently 1; of 1)
with respect o local coordinate system (Upp; {x®,y* = 2"t t = const }), a €
1, adapted to (U; {z%t}), a € 1 UT, does not depend on t.
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Proof. Let Lgp = 0,(Lgn = 0) be valid and adapted local coordinate
system for immersion of D in M — (U)p; {z, y* = 2"**, t = comnst }), a € I be
choosen. Then & = 9/t and (Lep)(0/02%) = Le(@ld)0x7) = (D! JO)D]D2d
imply 0«,9;’ /0t = 0. Analogousely d7;/dt = 0. The inverse is clear.

Moreover, on such an adapted coordinate system as in Theorem 4.4 we
have L(5/az1)¢)€ = 0 and so on the adapted local complex coordinate system
(Upp; {2 = 2* +iy*,t = const }), a € I (Lz,p)E = 0 is valid too.

Then the decomposition

s 1 T : o
(£ZQ‘P)£ = _Z(ENaoZ? + CaOZU)

implies Cgy = 0 when N3y = N3, = N3, = 1,5 = 0. a
Thus, analogousely to Corollary 4.1., we get in the simple form, the
following '

Corollary 4.2. Let M(p,£&,n) be almost contact manifold. Then the
implication N3z = Ng, = NT = Neg = 0= C%, = is valid, i.e. the matriz in
(4.1) is with vanishing last row and column.

Definition 4.2. ([6]) The structure (¢,&,n) ( resp. the almost
contact manifold) is said to be integrable ifl (¢,€,n) is partially integrable
and the components ¢! of ¢ with respect to adapted local coordinate system
(Upp; {2,y = a™**,t = const }), a € I, for any integral manifold D of D,

immersed in M, does not depend on ¢.

Theorem 4.5. Let M(p,&,eta) be almost contact manifold. The
Jollowing conditions are equivalent:

i) (p, €, eta) is integrable;

i) N =0, dyn=0.

Proof. All the essential components of N are NZ7;, NS5, N3o, NZ,. The
essential components of 7 are 144, 7,7, lac and we have

N;ﬁ = Naps Nao = fao-

Then Theorems 4.1, 4.2, 4.3 imply the equivalence of i) and ii). 5]
Analogousely to Corollaries 4.1, 4.2, taking into account Remark 1, from
(4.1) we get in the simple form the following

Corollary 4.3. Let M(p,&,7) be almost contact manifold. Then the
Jollowing implication is valid:N = 0, dy = 0 = (4.1) has vanishing matriz,
XA (')/f)z", ACTUTUVUT, 2° =1, 2= 80t =§

Finally by using Table 2. of Theorem 3.1. we get
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Theorem 4.6
i) The class of partially integrable almost contact manifolds is Wy & W3 @
W5 h Ws @ Ws @ Wy © Wie; :

i) The class of integrable almost contact imanifolds is

W3 & W5 ® Wy @ Wie.

5. Structurial theorems for almost contact metric manifolds

In this section we describe the twelve basic classes of almost contact
metric manifold with respect to their locally product structure of an almost
Hermitian manifold and the real line.

The following lemmas are valid.

Lemma 5.1. ([7]) Let M(p,&,1,9) be almost contact melric manifold,
such that € is Killing vector field. Then the integral curves of € are geodesics
and geodeseics, which are initially orthogonal to £, remain orthogonal to €.

Lemma 5.2. ([7]) Let M(p,&,7,9) be almost contact melric manifold
such that £ is Killing vector field and 1) is closed. Then M 1is locally the product
of an almost Hermitian manifold and the real line R.

From Table 2, we get the following

Theorem 5.1. Let M*" (o, &, 1, g) be almost contact metric manifold
in the class Wg @ Wy @ Wi @ Wy ® Wya. Then locally M?*"+! = D" x IR, where
D2 € H(*" is an almost Hermilian manifold.

Further we state

Theorem 5.2. Let M"Y (g, &, 1, 9) be partially integrable almost con-
tact metric manifold and let the following condilions be valid:

1) n is Lie-parallel with respecl to £ : cal Lgn = 0;

2) Ly is g-antisymmetric on D' : g((Le)y, x), v,y € D'%;

3) the vertical part vd® of the differential of the fundamental form is of
“pure” lype: d®(pz,py,€) = —d®(hx,hy,£), x,y € D,.

Proof. I'rom partially integrability of AM it follows that {(D,,¢,)} is
involutive Hermitian distribution and the components NoB and 745 ol dn vanish.
The following expressians are valid [4]:

(Ceﬂ)za = ~=Noao = 2"luo = _(‘CE.‘/)ao»

.‘/((ﬁf‘P)Zm Zﬁ) + g((‘Cf’P)Z/J, Za) = —""(NO(VIJ + Nol’j(v) = _2i(£€.’1)clﬁ7
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(L9)) o5 = 31 5,
Then the conditions 1), 2), 3) imply £ is Killing vector field and 7 is closed. I'rom
Lemma 5.2 it follows that locally M?"+! = D2 x p, D" € AH" is integral
manifold of D. The integrability of ¢ implies (D, p) € H*™ is an llermitian
manifold, which ends the proof. ]

Consequence 5.1. Let M?" (o £ 1,q) be integrable almost contact
metric manifold and let the vertical part vd® of the differential of the fundamen-
tal form be of "pure” type: d®(pz,py,£) = —d®(hz,hy,§), x,y € D,. Then M
is locally the product of an Hermilian manifold and the real line.

From Table 2, we get the following

Theorem 5.3. Let M?"*t1(p, £, 1, 9) be almost contact metric manifold
in the class Wg @ Wy @ W10. Then locally M*"+1 = D?"2, where D?" € H?" is
an Hermitian manifold.

Theorems 5.1 and 5.3 imply the locally inclusions Wg® Wo & Wyo® Wi, @
Wiy C AH™ 2R, W & Wy & Wyo C H?" x IR respectively. It is well known that
on any manifold in AH?"2R naturally arises a canonical almost contact metric
structure [8]. Then by using Tables 1,2 one can get the following structurial
theorem.

Theorem 5.4. The following relations are locally valid:
Ws & Wo @ Wio @ Wiy @ Wiz = AH> R, We @ Wy & Wyo = II*"alR;
Ws = K™aR; Wg @ Wy = CK*2P; Wz @ Wy = SHalp;
W @ Wy = NK?"a2R; Wg® Wiy = AK2R

We consider the operator A = A€ and let A* be the g—conjugated
operator to A : g(Az,y) = g(z,A*y) on an almost contact metric manifold
M(p,&,1,9).

Definition 5.1. The contact distribution D for an almost contact
metric manifold M (¢, €,7,¢) is said to be:

i) totally umbilic iff A = Ap + ph, A, # Osmooth functions on M;

ii) h-totally umbilic iff a = ph;
iii) ¢ - totally umbilic iff A = Ap ;
iv) totally geodesics iff A = 0.

The descriptions of the basic classes with respect to the operator A,

formulated in the following theorem, are well known [9].
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Theorem 5.5. M?"t1(p,£,1,9) is an almost contact metric manifold
in the class:
i) WiiffG(Az,y) = —-(n®@wop)(2,y),A* = —(wop)RE;
i) Wa iff A= —A* =poAop™;
i) W iff A= A* = po Ao p™1;
w) Wy iff A= —A* = po Ao p1;
v) Ws iff A= A* = po Ao p71;
vi) We iff A= A*=po Aoyl
vii) Wr iff A= —A* = po Ao p™;
viii) Wi, i =8,..,124f A=0. -

The following Theorem follows directly from Theorem 5.5.

Theorem 5.6. Let M?"+1(p,£,1,9) be almost contact metric manifold.
The contact discribution is:
i) totally umbilical iff M € Wy & W3, M ¢ WoM ¢ W3,
it) h-totally umbilical iff M € Wy;
iii) @ - totally umbilical iff M € Ws;
iv) tolally geodesics iff M € Wg @ Wy & Wio ® Wy & Wia.

Finally, Theorems 5.4 and 5.6 imply

Theorem 5.7. Let M*"*'(p,&,1,9) be almost contact mclric manifold
in the class M € Wg®Wo@W10®@W11BWi4. Then there exists almost Ilermitian
manifold D*"*, which is totally geodesics hypersurface immersed in M?*"*+', and
locally M?"+! = DR,
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