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Presented by P. Kenderov

In this paper, we study submanifolds of almost contact manifolds with B-metric of
two types with respect to the normal spaces. Examples of such submanifolds are constructed.

1. Introduction

Geometry of almost contact manifolds with B-metric can be considered
as a natural extension of geometry of almost complex manifolds with B-metric to
the odd dimensional case. A classification of almost contact manifolds with B-
metric (M, @, £, 7, g) with respect to the covariant derivative of the fundamental
tensor ¢ of type (1.1) is given in [4].

In this paper we study submanifolds of alimost contact manifolds with B-
metric (M, g, €, 1n,g) with 2-dimensional normal spaces. We consider two types
of submanifolds with respect to the normal section at a point of the submanifold.

2. Preliminaries

Let (M, ¢,&,n,9) be a (2n+1)-dimensional almost contact manifold with
B- metric g, i.e. (¢,&,n) is an almost contact structure [1] and ¢ is a metric on
M [4] such that

(2.1) P =-T+70¢ né) =1,
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where I denotes the identity transformation,
(2.2) 9(@X,2Y) = —g(X,Y) + n(X)n(Y).

for arbitrary vector fields X,Y on M. We denote by yM the Lie algebra of (7°°
- vector fields on M.
The associated with g metric § [4] on the manifold is given by

(2.3) 9(X,Y) = g(X,eY)+n(X)n(Y), X,Y € xM.

Both metrics g and § are indefinite of signature (n + 1,n) [4].
Further X,Y, Z, W will stand for arbitrary differentiable vector fields on
M and z,y, z,w - for arbitrary vectors in the tangential space T,M,p € M.
Let V(V) be the Levi-Civita connection of the metric g(§). The tensor
field I of type (0,3) on M, defined by F(x,y,z) = g((V.p)y,z) [4] has the
following properties:

(2.4) F(z,y,z) = F(z,z,y),

F(z,py,pz) = F(z,y,z) = n(y) F(,,2) — n(z)F(x,y,€),

for all vectors z,y,z in T, M.
The following 1-forms are associated with I :

(2.5) O(2) = g F(ciycj 2), ©°(x) = g F(ei, pej, ),

w(.'c) = F(E»{v z),

where 2 € T,M, {e;,&}, (i =1,...,2n)is a basis of T,M and (g*/) is the inverse
matrix of (gi;) [4].

A classification of the almost contact manifolds with B-metric with re-
spect to the tensor F' is given in [4], where are defined cleven basic classes
Fi(i = 1,2,...,11) of almost contact manifolds with B-metric. The class Fo is
defined by the condition F(z,y,z) = 0. This special class belongs to everyone
of the basic classes.

Let R (R) be the curvature tensor field of typo (1.3) of the Levi-Civita
connection V(V) of g(§), i.e.

(2.6) R(X,Y,Z2)=VxVyZ -VyVxZ -VixnZ, X,Y,Zé€ xM.

(2.7) R(X,Y,2)=VxVyZ -VyVxZ -Vixy)Z, X,Y,Z€ xM.
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The corresponding to R(R) tensor field of type (0,4) is given by

(2.8) R(X,Y,Z,W) = g(R(X,Y,Z),W);
(2.9) R(X,Y,Z,W) = §(R(X,Y, Z),W).

If « is a section in the tangential space of (M, ¢, &,1,9) with a basis
{x,y} in gencral we can define analogously as in [2] the following curvatures for
the section o :

v . . R(z,y,y,2)
(2.10) K(ayp) = K(2,y) = ——————
: ' i 7l'1(_.’l:, Yy Ys)
for every nondegenerate section a with respect to g. This is the usual Rieman-
nian sectional curvature.

R(zsyay»x)

2.11 K(a;p) = K(2,y) =
( ) ( p) ( J) wl(w,y,y,m)

for every nondegenerate section a with respect to g.

Let (M,p,€,1n,9) be an Fp - manifold, i.e. Vo = Vy = V& = 0.
Then from [4] we have V = V and from (2.9) it follows that R(X,Y,Z, W) =
R(X,Y,Z,oW) = R(X,Y,pZ,W). It is easy to verify that R and R are Kaehler
tensors ([2], [6]). \

The contact distribution Don M : pe M — D, = {zx € T,M [ n(z) =
0} is involutive and hence through every @ € M there passes a unique max-
imal integral manifold N and the tangential space at each point of N coin-
cides with AT, M [1]. Taking into account (2.1) it follows that h7,M is a 2n-
dimensional real vector space with a complex structure ¢ and B-metric g. If
M € Fo, i.e. Vi =0, then N is a Kaehler manifold with B-metric.

Let a be a 2-dimensional section in T}, M. A section « is said to be totally
real if pa L and the curvatures K (a) and K () of a are said to be totally real
sectional curvatures [2).

Since R is a Kaehler tensor on (M, p,€,1,9) € Fo, wehave hR(X,Y,Z, W) =

R(hX,hY,hZ,hW) = R(X,Y, Z,W). Taking into account Theorem 1. from [2]
for an Fp - manifold the following assertion, analogous to Theorem 1 ([2]) is
valid.

Theorem 2.1., Let (M,¢,£,n,9) (dim M > 5) be an Fo - manifold. M
is of constant totally real sectional curvatures v and v, i.e,

K(a;p) = v(p),  K(a;p)=(p),
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whenever « is a nondegenerate totally real orthogonal to £ scction in T,M, p €
M, iff

R(X,Y,Z,W) = v(mi1(¢X, Y, 0 Z, @W) — 12( X, Y, Z, 1))
+om3(pX, oY, 0Z, pW).

Both functions v and v are constant if M is connected and dim M > 7.
The tensors m,Tq, T3 are given by:

7l'1(11:, Y,z 'UI) = g(yv Z)_(j(.’l},’ll)) - g(w’z)g(y’ 1”);

2.12 :
(2.12) T (2, y, 2z, w) = g(y,p2)g(x, pw) — g(z, pz)g(y, pw);

m3(z,y,2,w) = —g(y,2)g9(z,pw) + g(z, 2)g(y, pw)
—g(z, w)g(y, pz) + gy, w)g(x, p2).

3. Submanifolds of an almost contact manifold with 3-metric
with 2-dimensional holomorphic normal spaces

Holomorphic hypersurfaces of Kaehler manifolds with Norden metric ( B-
metric) are studied in [3]. In this section we consider analogous submanifolds
of Fp - manifolds. Since for an almost contact manifold (M, ¢, &.1,9) with B-
metric hT,M is a 2n-dimensional real vector space with a complex stucture a
and B-metric g, then in our considerations we can use the algebraic results from

[3].

Let (M,,¢, ﬁ,g)(dim_M_ = 2n + 3) be an almost contact manilold with
B-metric g and let M be a submanifold of codimension 2 of M. We assume
that there exists a normal holomorphic section @ = {N,PN }(Pa = «) defined
globally over the submanifold M such that:

(3.1) g(N,N)=—g(@N,pN)=1,  ¢(N,pN)=0.

In fact, if Z and $Z are vector ficlds normal to M and the section spanned
by to {Z,%Z} is holomorphic it follows 7j(Z) = 0. Now, il ¢(Z,Z) = 1, using
(2.2) we obtain ¢(@Z,9Z) = —g9(Z,Z) = —1. f g(Z,%Z) = sht, then N =
Fi(chZ + sh§pZ) and BN = gz(—sh§Z + ch§PZ) satisly (3.1).

Since £ is a tangential vector field on M we set

(3:2) . E=g fem

From the condition (3.1) it follows that in T, M, p € M there exists an
adapted basis of the type {e;,ez,...,¢,, PN, Peq,..., %€, N,£}. Then we have
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T,M = T,M @ {N,pN) and $(T,M) C T,M. Let X € xM and consequently
PX € T,M. We put

(3.3) 'g_bX =X and (X)) = n(X),

where ¢ and 7 are the restrictions of @ and 7 on T, M. Taking into account
(3.2) and (3.3) it follows that (¢,&,7) is an almost contact structure on the
submanifold M and g is B-metric on M. Hence, the submanifold A7 is an almost
contact manifold with B-metric. As in [3], such a submanifold A/ we shall call
a holomorphic hypersurface of M. :

Let (M,%,£,7,9)(dimM = 2n + 3) be an Fp-manifold and V is the
Levi-Civita connection of g. If V is the induced Levi-Civita connection on the
holomorphic hypersurface M of M, then the Gauss and Weingarten formulas
are :

VxY = VxY + g(X,AY)N — g(¢X,AY)pN, X,Y € xM;

(3.4) VxN =-AX, X € xM,

where A is the second fundamental tensor with respect to N and Agy = oA =
Ao, AE =0, and for the second fundamental form o we have

o(X,Y) = g(X, AY)N — g(¢X, AY)PN, a(X,£) = 0, X,Y € YM.

It is easily to check, that V¢ = V5 = V€& = 0. Thus,every holomorphic
hypersurface (M, ¢,&,1,9) of (M,%,€,7%,g) is also an Fo-manifold.

From now in this section (M,%,&,7,¢)(dim M = 2n + 3) will be an Fy-
manifold and (M, ¢, £&,1,9)(dim M = 2n+1) will be a holomorphic hypersurface
of M.

Let H be the mean curvature vector on M. ie. H = ﬁ_—l-tra. Since
o(€,€) =0, then H = 3-tro.

As in [3], the holomorphic hypersurface M we shall call holomorphically
umbilic (h-umbilic) if at every point p in M

(3.5) G(Xv Y) = _%59(¢X,¢}") 5 t_'_(;;‘ﬂlg(x;soy)
=—-Hg(pX,pY) - pHg(X,pY), X.Y € xM.

Taking into account Theorem 2.1., we can conclude that for the A-umbilic.

holomorphic hypersurfaces of M € Fy the following theorem, analogous to The-

orem 1. from [3], is valid.
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Theorem 8.1 Let (M,3,&,7,9)(dim M = 2n + 3 > 9) be of conslant
tolally real sectional curvaturesV and v. If M is h-umbilic, then M is of constant
totally rcal scctional curvatures v and 7, such that:

v=v+g(Hl,I), =0+ g(H,I).

Example 3.1. Let M = (_:2"+3,§9‘,E,ﬁ,g) [4]. IKdentifying the point
= (ul, . utt et o o) in M owith its position vector Z, we define in
an analogical way, as in [3] a submanifold $2"+!(zg;a, ) by the equalities:

(3.6) I(@(Z — Z0),P(Z — Zp)) = a,

(3.7) HZ - Z0,8(Z - %)) =b, a,beR, (a,b)# (0,0).

527+l i5 a (2n + 1)- dimensional submanifold of M and ;‘7( Z—7y), BZ—2Zy)
are normal to 7,52+, The condition (a,b) # (0,0) implies the rank of g on
T.5%7+1 js (2n + 1) and furthermore @T,5%"+! C T,§27+1 je. §2+) js a
holomorphic hypersurface of M, which we shall call an h-sphere with parameters
a,b.

4. Submanifolds of an almost contact manifold with B-metric
with 2-dimensional normal {-spaces

In this section we consider submanifolds of almost contact manifold
(M,®,€,7,9) € Fo with B-metric with 2-dimensional normal spaces, such that
at every point of the submanifold A/, the normal section is a €-section, ie. €
belongs to the normal section.

Let (M,3,€,7,9)(dim M = 2n + 3) be an almost contact manifold with
B-metric g and let M be a submanifold of codimension 2 of A7. We assume
that there exists a normal £-section a = {Nj, Ny} defined globally over the
submanifold M such that:

(4.1) .‘/(Nth)=—y(N2»N2)=1, ’I(Nth)=0

Then we obtain the following decomposition for &, X, EN,, BN, with respect
to {Ny, N3} and T, M.

(4.2) € = alN; + bNy;

(4.3) PX = X + o' (X)Ni+ 0" (X)Ns, X €\M;
(4.4) ~PNy = —L5Ny; Y
(4.5) PNy = =€ + bNy + alNy;

¢ denotes a tensor field of type (1.1), &- vector field, 5! is a 1-form, a #
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0 and b # 0 are functions on M. We denote the restriction of g on A by the
same letter. The equality (4.4) immediately follows from (4.2) and & = 0.
Using (4.1), g(&,€) = 1 and (4.2) we find

(4.6) a-0’=1,
and (4.3) implies
(4.7) (X)=g(X,&4), X €xM.

After direct computations of (4.2), (4. 3) and (4.5) by using (2. 1) for
%,&,7 and g we get:

(4.8) ?=-I+5n'0&;
(4.9) b = —1¢;
(4.10) eX)=-19'(X), X e xM;
(4.11) 9(&1,6) =1+ a?
K 1 8 X
(1.12) 9(pX,0Y) = —g(X,Y) + a—,n‘(k m'(Y), X,Y e M.

Now we define a vector field &, a 1-lorm 7 and a tensor field ¢ of type

(1.1) on M by

1
(4.13) = —;ﬁr——nfl;

1

4.14 X)= YX) XexM;
, R S

(4.15) X = X + En()& ), X € xM.

Taking into account the equalities (4.7)= (4.15) we obtain

¢ =-I+1®¢& 9(6,6) =1, né) =1, n(¢X)=0for X € xM.

Hence, (¢,&,7n) is an almost contact structure on M and {from (4.12), (4.15) we
have

9(¢X,8Y) = —g(X,Y) + n(X)n(Y), X,Y €xM, ie.

the restriction of g on M is B-metric. Thus, the submanifold (M, ¢, &, 9, J) (dim M
= 2n+ 1) of (M,%,£,7,9) (dim M = 2n + 3) is an almost contact manifold
with B-metric.
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Denoting by V and V the Levi-Civita connections of the metric g in M and Ml
respectively, the formulas of Gauss and Weingarten are

VxY  =VxY+o(X,Y), X,Y€xM;
ZXNl =—-Anq X+ DxNy, X € xM;
Vx,N2 =—-An, X +DxN;, X € xM,

where o is the second fundamental form on M, Ap, is the second fundamental
tensor with respect to Ny, ANa- with respect to Ny and D is the normal con-
nection on M. Having in mind the properties of V and (4.1), from the formulas
of Gauss and Weingarten we compute

o(X,Y) =g(AN,X,Y)N; = g(An, X, Y)N;
= g(X,ANY )Ny — g(X, AN, Y)Ny, X,Y € \M;

Dx Ny = a(X)N,, X € xM;
Dx Ny = a(X )Ny, X e xM,

where a is a 1-form on M.
From now on, in this section (M, 3, £, 7, g9) (dim M = 2n + 3) will be
an Fo -manifold and (M, ¢,&,n,g)(dim M = 2n+ 1) will be a submanifold of M
with normal £-spaces.
IfMe Foie. Vg=Vi5j=V
and Weingarten become
VxY = VxY —g(AX,Y)(EN + N2), X,Y € xM;
(4.16) VxNy = LAX + a(X)N,, X € xM;
VxNg = AX + a(X)Ny, X € xM,
where a(X) = —-%(X o a) = —%(l(t(.’( ) AX = AN.,.X = ""%ANl X.
From (Vx@)N, = (Vx®)N, = 0 we find

& =Vy =0, then the formulas of Gauss

ba(X)

4.17 AX,f)= ———=2_ = n(AX), X € yM.
(4.17) 9(AX,§) T Tl n(AX) € X

Since g(AX,€) = g(X, Af) from (4.17) it follows
(4.18) At = —-——b—P
3 o2Vl ]

where P is a vector field, corresponding to the 1-form a(X),i.e. a(X) = g(P, X).
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Let B and R be the curvature tensors of M and M respectively.” Then
for the equations of Gauss and Codazzi we have

R(z,y,z,w) = R(z,y,2,w)+ Hm(Az, Ay, z,w);

(B(z,9, )t = Ho((VyA)z, 2) = 9((VaA)y, 2)]
+L[a(y)g(Az, 2) — a(z)g(Ay, 2)]} Ny
+Hg((VyA)z,2) — 9((V2A)y, )

+2[a(y)g(Az, z) — a(x)g(Ay, 2)]} N,

for arbitrary z,y,z,w € TyM, pe M.
Using V @ = 0 and (4.15) we calculate

(4.19) (Vxd)y = \/a_j;—l{n(ym + 9(Az, y)E}

+ma_\/12_ﬂ{,,(y)¢mm) + g(Az, dy)€}

b
a? + 10(“’)77(?/)6, &,y € TPA/I.

From (4.19) we obtain the following assertion:
Theorem 4.1. Let M be a submanifold of the Fo-manifold M. Then

-}

F(z,y,2) = za={9(Az,2)n(y) + g(Az,y)1(=)}
(4.20) +—r{9( Az, $2)(y) + g(Az, dy)u(=)}

+ara(@)n(y)n=),
for arbitrary vectors x,y,z in T, M.

Because of Proposition 3.4., Proposition 3.5. ant Theorem 3.10 from [4],
an almost contact manifold with B-metric ¢ M € Fi@FsDFeDF7hFsdFobF11
has the following characterization condition

(4.21) F(z,y,z) = n(y)F(2,y,£) + n(2)F(z,9,£).
According to (4.20),

1 1 b
F(x,y,§) = \/'a—z——?y(/h‘,y) + W!]M%M) # 2(a—«‘»_'_-1'—)&(3‘)11(31)-
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I'inally, taking into account the last equality and (4.20), we get (-1.21). Thus it
follows the next

Proposition 4.2. Lel M be a submanifold of the Fo-manifold M. Then
MeFsdDFs®Fed Frd Fsd Foh Fun-

Proposition 4.3. Let M be a submanifold of the Fo-manifold MM €
Fo iff
da(x)

b
4.22 Az = —————a(2) = ———==¢&, xe€T,M.
(4.22) AWy = iy Rk St W e

Proof. Let M € Fu and consequently F(z,y,z) = 0. By a simple
calculation we obtain (4.22).

Conversely, if Az = —57;"3:?0(:1,-){ and substituting Az in (4.20), we
have F(x,y,z)=0,ie. M € Fo. B

Exampled.l. Let M = (F"* 3,8,7,9) [4]. Identifying the point
= (ul, .. wmt el o™ ) in M with its position vector Z, we define a
submanifold M by the equalities:

p (Z) = 0;
e 9%, 2) = 0;

o7, %) > 0.

At every point z € M we can put ¢(Z,Z) = ch?t. M is a (2n + 1)-
dimensional submanifold of M and &, 3Z are normal to T, M?"t1 . We choose the
unit normal vector fields Ny = € and Ny = C—,'JaZ . It is clear, that g( Ny, Ny) =
9(€,8) = l,g(Nz_, Ny) = -chg—tg(ZﬁZ,¢Z) = —J"g—tg(Z,Z) = —1. The equalities
(4.23) imply Z L€ and Z1%Z. Then Z € T-M.

We define the structure vector field £ on M by
(4.24) E=pN; = —P°Z = ———2.

cht cht
" For an arbitrary vector z in T M we consider the vector Ba. Denoting the
orthogonal projection of @z into T. M by ¢a, we have the unique decomposition

(4.25) Pr = ¢px — n(a)No,

where 7 is a l-form in T, M.
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From (4.24) and (4.25) it follows that

(420 FET-THaEk,
' o) =0, ¢E=0. y&)=1. g(&x)=ylx), x€T.A;

g(px, 0y) = —g(x,y) + n(x)ily), x,y,€ T:M.

Taking into account (4.26), we can conclude that M,¢, &, 1,¢9) is an al-
most. contact manifold with B-metric.
Denoting by V and V the Levi-Civita connections of the metric g in M and M,
respectively, the formulas of Gauss and Weingarten are
VxY =VxY —g(AN,X,Y)N,, XY € xM;
(4.27)
VxNy=-An,X, X €xM
Since V is flat, then VxZ = X, Z heing the position vector ficld and
X being an arbitrary vector field on M. Using (4.27) and the definition of Ny,
we get
(4.28) AN, X =-:¢6X, X € xM;
(4.29) N(X)=—sht(Xot), XexM, t#0.
Then the formulas (4.27) become
VxY = VxY + Lg(¢X,Y)N2, X,Y € xM;
(4.30)
VxNy = E}E¢X’ X € xM.
Having in mind (4.25) and (4.30) we compute

1 .
(Vx¢) = m{n(y)ob:w (v, ¢y)€}, x,y,€ T-M.

Hence, F(x,y,2) = ga{n(y)g(¢z,2) + n(=)g(x,¢y)}, 2,y,z € T-M. From the

last equality and from (2.5) we have O(¢) = 0, —e—;}f—) = ZIIE Then F(a,y,2) =

-2 ((y)g(¢, 2) + n(2)9(d2, )}

According to [4] M € Fyiff F(z,y,z) = —-e%ﬂ{n(y)g(q&x, 2)+(2)g(d2,y)}
and consequently the submanifold (A1, ¢,&,7,¢) is an almost contact manifold
with B-metric in the class Fs. : . ;

R em ark. An example of an alinost contact manifold with B-metric in
the class Fj is given in [4]. The example 3. {rom [4] is an example for a manifold,
which is a real hypersurface of a complex Riemannian manifold with B-metric.
The almost contact structure (¢,&,%) in the Example 4.1. is constructed in a
similar way as in [4].
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Now, from (2.6),(4.30) and R = 0 for the curvature tensor R of the
submanifold M we find

1
(4.31) R(z,y,z,w) = —Ez—th(:v, Yy, z,w), x,y,z,w€ T,A.

Moreover for R we get
~ 1
(4.32) R(z,y,z,w)= —m{ﬂ'z(ﬂ:, Y, z,w) + w3(2, Y, z,w) + w5, y, 2 w) ),

,y,2,w € T.M, where m5(2,y, 2, w) = g(y, pz)n(z)n(w) — g(z. $z)n(y)n(w) +
9(x, pw)n(y)n(z) — g(y, pw)n(z)n(=)-

Theorem 4.4. If(M,$,€,1,9) (dim M = 2n+ 1) is a submanifold of
the flat Fo-manifold M = (§2"+3,¢, £,7,9), defined by the equalitics(4.23), then
M has vanishing totally real and §-sectional curvatures K and K and pointwise
constant holomorphic sectional curvatures K(co;p) = "Ei'}Tz = K(a;p).

Proof. Let a = {2,y}, 2,y € T,M, p € M is an arbitrary totally real
section. From (4.31) and (4.32) it follows that R(x,y,y,z) = R(x,y,y,x) = 0.
Then the formulas (2.10) and (2.11) imply immediately K(«a) = K(«a) = 0.
Now, let a is a -section in T,M. Hence, R(z,£,€,2) = R(z,£,€,2) = 0. ie.
K(a) = K(a) = 0. In the case, when « is a holomorphic section i.e. «a =

{¢z, %2}, v € T,M we have
R(d).l!, ¢2:B, (/)2:17, ¢$) = R(¢IL‘, (/5217’ (/)Zm’ (f).’lf) = d;%twl(d):vv ‘/524"'5 (/’25"7 ox)

and K(a;p) = -—-c-;;ly; = K(a;p). Then it follows, that the holomorplic sections
are of one and the same pointwise constant sectional curvatures. [
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