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We explain that from the famous Fay identity [or r-functions, the identity for Wron-
skians of squared eigenfunctions of a Sturm-Liouville equation follows.

0. Introduction

Let 9(z, z) and ¥*(z, z) be solutions of the Sturm-Liouville equation:
(1) (02 + q(2)) y(x,2) = =2 y(=,2).
The following relation for products of solutions:

(2) W("/’(“j)/")"/’*(wv/‘)v Pz, A)y*(x, A))
= _(”‘1 it A2)—1 a,,{W(l/’(-'L’,/t), 1/’("1'*’\)) W(lb*(:l?,[l), d"(-l’,/\))}

(where p, A € C and W(f,g) := fg' — [ g and 'denotes 9, is the Wrouskian)
is called [Ta-Fa] Faddeev-Tahtajan identity (shortly FTT).

This relation has a long history. It was used in the theory of inverse
spectral problems for Sturm-Liouville equation. Afterwards I'TI played an im-
portant role in the first years of establishing of soliton theory. In [Fa-Ta] the
origin of the identity was interpreted in terms of classical r-matrices.

In this paper we explain the origin of F'I'l, using the theory of Sato’s tau-
function. As it will be shown later, the F'T1 relation follows from the famous
Fay identity [Fay] (shortly FI). :
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Let 7(t), t = (t1,12,13,...) € C®, t; = & be an arbitrary tau-function,
related to the Kadomtzev-Petviashvili (shortly KP) hierarchy [AvM]. For given
z € C define:

2] -(~,,,32, ) € C>,
t4[z] == (L +zb+ 3, t+5,..) €C®,

Then the I'I is the relation (zg, 21, 22,23 € C) :

(20 — z1)(22 — 23)7(t + [20] + [21])7 (¢ + [22] + [23]) +
(3) (70 — z2)(23 — 21)7(t + [20] + [22])7(t + [23] + [z1]) +
(20 = 23)(21 — 22)7(t + [20] + [23])7(t + [21] + [22]) = 0.

The FI was firstly obtained [Fay] for theta-functions and in this case was
important in the geometric treatement of the soliton equations [Mum]. Later
FI was generelized for tau-functions [Shi]. Nowadays the I'l is uselul in different
aspects of studying of tau-(theta-) functions [AvM].

In order to explain the connections between F1 and FTT we will restrict
our attention only to KdV tau-functions, i.e. to tau-functions, related to the
n = 2 Gel’fand-Dickey reduction of KP hierarchy (i.e. KdV hierarchy). It is
well known [AvM] that these tau-functions are characterized by the conditions:

a
Etz—kr(t)—o ) Ri= ]»253""'

which imply for every z € C:
(4) T(t = [z]) = 7(t + [-2]).

Using vertex operators X (¢,z), X*(¢,z) (t € C~, z€C), which act over
7(t) in the following way:

X(t2) 7(t) = exp(3 429) 7(t — [z~1]),
j=1

X*(t,2) 7(t) = exp(— fl 1;24) r(t + [z71)),
J=

let us define the wave functions [AvM]:

Y(t,2) 1= HFO = exp( T 57) H5EED,
J=
'p-(t Z) - X_.(.‘.ﬁﬂﬂ s exp(—jgl [J-zj) I_(‘_':_g;_l).
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Denoting ¢(t) := 202 In7(t) (t € C®,t; = z), it is well known [AvM].that
the functions 9(,z) and ¥*(t, z) satisly the Sturm-Liouville equation (1) with
potential ¢(t) (where t; = @ and t3, 15, ... are parameters).

The main result of the present paper is the following

Theorem 1. From I (3) Jor KdV teu-functions the FTI (2) follows.

1. Preliminary results
First of all, let us mention some obvious relations for the Wronskians.

Lemma 1.1. For arbitrary functions we have:

(i)  W(en*f, en%g) = e1+2)2{W(f,g) — (21 — 22) [},
(1)  W(fi/9,f2/9) = W(h, f2)]9*
(iii)  9:(f1f2/9®) = —{fi W(fa,9)+ f2 W(S1,9)} 9,
(iv) W(fif2,9192) = frgr W(J2,92) + fag2 W (1, 0)-
It is easy to prove [Mi] the relations in the next lemma using the ”differ-
ential Fay identity” [AvM].

Lemma 1.2. Let 7(t) be a KdV tau-function. Then we have (jt, A € C)

(1) W+ [p~1]),m(t+ (A7)

=—(p=A{r@+ [ )T+ D —r@) T+ [N+ A},
(i) W(r(t—[p7']),7(t+[A71])

=(p+MN{r(t= [ (@ + A1) = () (e = [T+ [A7'D]
(iii) W(r(t+ [p~']),r(t - [A1]))

==+ A+ D) r = AT =) T+ 1] = (A7)
(iv) W(r(t—[u='] = [A7"]),7(1)

=(p+A) {r() 7t = [0 ] = [A"D) = 7(t = [w']) 7(1 = A7)},
(v) W+ N+ A )

= —(u+N{r(t) T(t+ [ )+ [A7)) = 7@ + [7)) 72+ [A71])}-

Using the relations of Lemma 1.2 we will explain the Wronskians of the

wave functions ¥ and %* in terms of tau-function ().

Lemma 1.3. Let 7(t) be a KdV tau-function and v, ¥* be lhe corre-
sponding wave functions. Then we have (e, A € C) :

(i) Wt ), $(t, 1))

= (u=A) exp(jg1 G + M) (=[] = A/,
(ii) W(*(t, 1), ¥*(t, )

=—(p-2A) exp(—fZ1 i + M) T+ [+ AN /().
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Proof. Let us denote the functions:
plt,2) = e r(t=[z71)) /T(1), @ (t,2) =" (14 [7")) [7(2).
Then we have ‘
, ad : o .
Pt z) = exp S 427) @b, 2), P(t,2) = exp(—=Y_tjz') @1, z),
Jj=2 j=2
and consequently,
m . .
W((t, ), B(t,A)) = exp(Y_ (0 + X)) W(e(t, 1), o(t, A)), ete.
. i=2
Using the relations of Lemma 1.1 and Lemma 1.2, we have

W (p(t, 1), ¢(t,A)) s
= W(er* r(t = [17') /7(1), e r(t = [A71]) /7(1))

= e tNe (W(r(t = [u']), T(t=[A71) /73(1)
—(p = ATt = [p]) (L = [A7']) /74(1)}

= etV [r3(t) {(p = A)r(t= [ D= A1) = (1)
(= [~ = A7) = (= N7t = [ (e = (A1)}

= (u= N V(e = [ = A7) /1),
and from there follows (i), because we have (1, = 2)
oo . . o0 . o
) exp(Y ot + M) = exp(Y L + M)).
=2 j=1
It is casy to prove (ii) in the same way. ™

Lemma 1.4. Let 7(t) be a KdV tau-function and (1, z), ¥*(t,z) be
the corresponding wave functions. Then we have (p, A € C)

W (3p(t, )™ (t, 1), Y(t, NP*(L, X)) _
=(u=A) /73@) {r(t+ [ ]+ A1) 7t = [p')) (e - [A71)
=r(t = [ = [A71) (e + [w7t)) T+ (A1)
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Proof. Using the definition of the wave functions % and #%* and the
relations from Lemma 1.1 and Lemma 1.3 we have

W(‘l/)(t,[.l)‘l/)‘(t,/.l), d)(t, ’\) ¢'(t,)\)) . _
W(r(t—[p=']) 7(t+ [w])/72(1), T(t = [A7]) 7(t 4+ [A7']) /73(1)
A Wt =) 7t + k7)), 7t =[] e+ (A7)
;zl(—‘;{r(t + 7)) T+ A7) W(r(t = [p7)]), (= [A7"]))

+r(t = [p7)) (¢ = [A71)) W(r(t + [p7']), (0 + A1)}

=(p=A) [T{r@+ [ ]+ A 7@ =[] T = [A7')
=7(t = [p7] = A7) (¢ + (') (¢ + AT}

2. Proof of the main result

Proof of Theorem 1.

Using the results of Lemma 1.1, Lemma 1.2 and Lemma 1.3 we explain
the R.H.S. of (2) in terms of tau-function 7(¢). We have

—(p? = A2)71 9, {W(%(t, 1), ¥(t,A)) W(p™(L,p), ¥*(1,A))}

= (=N = A)7 Gp{r(t = [~ '] = A7) r(@ + [ '] + [A)) /73(0)}
= —(p=A)2(p? = 22" 1/73() {r(t = [ = A7) W(r(t + [ ']+ [A7Y)
+7() + (4 [+ (A7) W(r(e = [t = (A7), (1))

(=A) /72@) {T(t+ [w "]+ A7) 7(t =[] 7(t = (A7)

—r(t =[] = A7) (@t + (7)) T+ AT

i.e. we obtain the expression from Lemma 1.4 of the L.H.S. of the identity (2).
]
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