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A convolution semigroup plays an important role in the theory of probability measure
on Lie groups. The basic problem is that one wants to express a semigroup as a Lévy-Khinchine
formula. If (p¢¢)ceme is a continuous semigroup of probability measures on an abelian Hilbert-

Lie group G, then we define
Tmf:=/fam(da) (f € Cu(G), t > 0).

It is appearent that (Tm)zem; is a continuously scmigroup on the space C(G) with the
infinitesimal generator N. The generating functional A of this semigroup is delined by A(f) :=
(N [)(e). We have the problem of contruction of a subspace Cy2)(G) of Cy(G) such that the
gencrating functional A on C(3)(G) exists. This result will be used later to show that the

Lévy-Khinchine formula holds for abelian Ililbert-Lic groups.

1. Preliminaries and introduction

IN and IR denote the sets of positive integers and real numbers, respec-
tively. Morever, let IRy := {r:7 > 0}, R] := {r:7 > 0}. :

Let A be a set and B a subset of A. Then by 15 we denote the indicator
function of B. Let I be a nonvoid set. §;; is the Kronecker delta (i,j € I).

By G we denote a topological Hausdor{l group with identity ¢. ' is called
Polish group, if G is a topological group with a countable basis of its topology
and with a complete left invariant metric d which induces the topology.

For every function f: G — IR and a € G the functions f*, R, f = [, and
Lof = of are defined by f*(b) = f(b™'), fu(b) = f(ba) and ,f(b) = f(ab) for
all b € G, respectively. Moreover let supp(f) = {a € G : f(a) # 0} denote the
support of f. By Cy(G) we denote the Banach space of all real-valued bounded
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left uniformly ( or d-uniformly) continuous functions on &' furnished with the
supremum norwm || - ||.

An abelian Hilbert-Lie group is an abelian analytic manifold modeled on
a separable Hilbert space, whose group operations are analytic. It is well known
that the abelian Hilbert-Lic groups are Polish.

For the exponential mapping Erp @ T, — (/ there exists an inverse
mapping log from a neighborhood Ue of € onto a neighborhood Ny of zero in 7T,
where T, is the tangential space in e € G ([Mai]).

By B(G) we denote the o-field of Borel subsets of G. Moreover, V(e)
denotes the system of neighborhoods of the identity e of G which are in B(G).

M(G) denotes the vector space of real-valued (signed) measures on B(G).
As is well known, M(G) is a Banach algebra with respect to convolution * and
the norm [|-|| of total variation. M4 () is the set of positive measures in M(G)
and MY(G) = {p € M(G): p(G) = 1} is the set of probability measure on G.

Now let 7,(t) := Exp(tX) for X € H and t € R*.

Definition 1.1. Let f € Cu((/), X € H and a € . [ is called
differentiable at a € G with respect to X ("X f(a) exists” for short), il

1 .
X f(a) := lim [ Ly, (0 f(a) = J(a)] = limy %[va(z)f(u) — J(a)]

exists. [ is called continuously differentiable, if X [(a) exists for all « € G and
X € I, and if the mappings ¢« — X f(a), X —— X f(a) are continuous.

Similarly f is called uniformly differentiable with respect lo X ("X [ ox-

ists” for short), if :

Xf=|-ll- gim -

-0

[I"yx(t)f s f]

exists.
Derivatives of higher orders are defined inductively.

The following properties of the derivatives are well known for continu-
ously differentiable functions.

Remark 1.2. Let f,ge Cu(G), X € H and a € G.
(i) If X f(a) exists, then the mapping X —— X f(a) is linear.
(it) If X f(a) and X g(a) exist, then also X(f - g)(a) exists and X([ - g)(a) =
X f(a)-g(a)+ f(a) - Xg(a).
Now let f € Cy(G) be twice continuously differentiable function. Then
the mapping

Df(a): X +— X f(a) (D?f(a) : (X,Y) = XY f(a))
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is continuous and linear (resp. symmetric, continuous and bilinear) functional
on H (resp. H x H) for all « € G . It holds also

< Df(a),X >= X f(a) and < D?f(a)(X),Y >= XY [(a)

for all « € G and X,Y € 1.

We define by C'o(G') the space of all twice continuously differentiable fune-
tions f € C',(G) such that the mapping a —— D? f(a) is d-uniformly continuous
and || Df|| := supyeq |Df(a)]] < 0o, ||D?[|| := supgeq 1D f(a)]] < oo. 1t is
easy to see that the space C'9(G) is a Banach space with respect to the norm

IAllz == WAL+ DS+ DNl f € C2(G)
and
R"C"’,( () C (5(G))

is satisfied for all @ € G. (cf. [Er91] However C'y(() is not dense in C\(G) (cf.
[Sam].)

By ai(a) :=< log(a), X; > (i € IN) we define maps «; from the canonical
neighborhood U, in IR. Now we call the system («;)ieN of maps from U, in IR a
system of canonical coordinates of GG with respect to orthonormal base (X;);ew,
il for all @ € U, the property a = Eaxp (37, ai(a)X;) is satisfied.

Lemma 1.3. Let f € Cy(G). Then
(i) (T2 ai(@)X:) f = T2, ai@)X:f  for all a € Ue.

(i) (3072, ai(a)X;) (( ol aj(c)Xj)f) =321 j=1 Gi(a)a;(e) XiX; [
for all a,c € U,.

Prool. (7) For any a € U, there exists a X € /I with X = log(a). Then
we have X =372, < X, X; > X; = )2 ai(a)X;. Thus

d :
Xf(e) = ;'i'; |t=0 f(')’,\(f)) =< Df((’),.\' >
= ia;(a) < Dif(e), X5 >
=1

= Z a;(a)X;[f(e).

s=1

Now let b € G be an arbitrary point. Then is R, f € C'5(('), whence the
assertion. The proof of (ii) can be proved similarly. (]
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In the following we give the Taylor expansion for the functions f € C5(().
Proposition 1.4. Let f € Cy(G). Then the Taylor-expansion of the
sccond order for [ at e € G is given by -

— ; e NS
J(@) = f(e) + 3 ai@)Xif(e) + 3 32 3 ailada(@) i ¥, ()
t==1 = j=1
Jor all a € U,, where a is a point of U,..

Proof. Let f € C3(G)and X € H. Then the function y : t — [(7,(1))
is twice differentiable on IR and therefore admits a ‘Taylor-expansion valid up to
second order:

IR
“x(t) = x(0) + X'(0) - 1 + % (f) - ?

for any i € [~ |t |,] t |]. Since x'(0) = X f(e) and \"(1) = XX [(75(1)) it
follows from by Lemma 1.3 that

f(-yx(t)) = f(e) -+ Z < LX,X,’ > .IY,I((’)

et
'1 e e %
+ EZ 3 <X, X ><tX,X; > XiX;[(y5(D))
1=1 y=1
for some { € [- | t|,]| ¢ |]. This yields the assertion. i .

Remark 1.5. The Taylor-expaunsion of f € C'y(() can be written in a
closed form, i.e.

fla) = f(e)+ < Df(e),log(a) > +% < D*f(a)(log(a)),log(a) >
for all @ € U, and for any @ in the canonical neighborhood U..

2. Convolution semigroups of probability measures

For any probability measure i on (7, we define the operator 1), on C',(()
by
T.f = / Sfapi(da) ( Bochner-Integral ).

It is casy to see that 7,C(G) C Cu(G) and Ty = Ty o T,,.

A convolution semigroup is a family (s, ),qu in M!'(¢/) such that pg = ¢,
and pis * gy = pgqe for all 5,1 € IRY.
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(/l,t),e“; is called continuous, if lim,—_gp; = . (weakly). It is well
known that the convolution semigroup (/¢ )e Ry is continuous ill the correspond-
ing operator semigroup (17, )tell{; is (strongly) continuous.

The Hille-Yosida theory establishes a bijection between (strongly) con-
tinuous operator semigroups (7}, )'E“l and their infinitesimal generators. N s
defined on its domain D(N) which is dense in €, ().

It is clear that N commutes with the left translations, i.ce.

L.D(IN)CD(N) and LsoN =Nol, for all « € (/.

A continuous convolution semigroup ( i ers in MYG) admits a Lévy
measure 17 i.e 7 is a o-finite positive measure on B(G') such that n({e}) = 0 and

such that 2
llli})l ?/f(lltt = /j«h',,

for all f € Cu(G) with e & supp( f) (cl. [Sie85]).
Lemma 2.1. Lel (Kehiems, be @ continuous convolution scmigroup in

MG, Then for every U € V(c) is

1 :
sup =1 (U°) < ~.
temy !

Proof. Let U and V be two neighborhoods in € € (7 with V C U/. Since
(7 is a normal group, there exists a function f € CyW(G) such that

0<f<L1l, f(V)={0} and f(U°)={1}.
Then we have $u(U¢) < ¢ [ [dp Tor all t € IR, f € Cu(¢F) with e & supp([)

implies that
Ak ;
lllﬂ)l T/fdl“ = / fdn.

Hence the assertion follows. 0
Let /T be a separable Hilbert space with a complete orthonormal system
(Xi)iew and & an abelian Hilbert-Lie group on /1. Morcover, let

}[" 4 £ {‘.\'1,_,\'2’ o .“\'"} >

be the space of all linear combinations of X'y, X3, -+, X,, and {1} the orthogonal
complement of H, in I (for all n € IN). Then .II/II,;L and 11, are isomorphic.
Clearly

Gy, = Eap(Hl ,f)
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is a closed subgroup of G for all n € IN. The quotient spaces (i/(i, are finite-
dimensional Hilbert-Lie groups. Now let p,, be the canonical projection from G
onto /Gy and {b? : ¢ = 1,2,--+,n} a system of extended canonical coordinates
with respect to {X;, X3,-+, X,}. We now define the functions d* i=0r'op, €
C'y(G); then X ;d? exists and

X;d} = Xj(b’-‘ opu) = X;blop, =0

holds for all j > nand i = 1,2,

Definition 2.2. Let G be an abella,n Hilbert-Lie group on I, and
(Xi)ien an orthonormal basis in . For any n € IN we define

C(z),n(G) o= {f'e Co(G) : Xif=0forall i>n and
; XiX;f=0 forall i >n or j>n}.

: Remark 2.3. Let f € Cyu(G) be a uniformly differentiable function
with respect to X which satisfies that X;f =0 for all i >n (n € IN). Let 7,
be the orthogonal projection from H onto H,. Then we have

X =x.X) forall - X € H.

So, [ is continuously differentiable and clearly (Ciy).(G))uen is a monoton
increasing sequence of Banach subalgebras of Banach algebra Cy(().
Further properties of C(3) .(G) ( n € IN):
(i) C(2),u(G) are || - ||2-closed in C3(G)
and
(ii) For any probability measure p € M (@), we have

T“C(z)»ﬂ(G) G C(‘I),n((") for all n» € IN.

Thus C(3).(G) N D(N )H Ik C(2),n(G). Now consider the subspace
C)(G) = U C2),a(G).
n€N
C(2)(G) is obviously a linear subspace of C'x((7) with T,,C3)(G) C C(4)(G) for
probability measures u € M'(G). Especially ?’F(G_)_" ll is a Banach space with
T (»(2)((,)" lI2 —-—@Il [

Remark 24. Forn € IN let {b : i = 1,2,---,n} be a system of
extended canonical coordinates with respect to {Xy, X3,--+,X,}. Then every
abelian Hilbert-Lie group has the property that

b € Cayu(G) forall i=1,2,---,n, n>mng
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and for any ng € IN. In the finite dimensional case we have ng = dim(().
In what follows we say always that G is abelian. :
Since C(2)n(G) C C(2)n41(G), a system {0}, b::,ﬂ ti= 1,2,---,n} C
C'(2),n4+1(G) of canonical coordinates exists with respect to { Xy, X,--+, Xog1}-
We also have the following proposition:

Proposition 2.5. There caisls a system (dy),eNn of Junclions in
("(2)((;’) with
di=0*  Jorall i=1,2,---,n9

and
d, = b, for all n > ng.

n

This system (dyn)nen is called a system of local canomcal coordinates
with respect to (X;)ien-
We define now for any n € IN the functions

n

®,(a):= Zd,-(n)z, a € G,

i=1

where (d;)i=1,2,..,n i8 a system of local canonical coordinates with respect to
{X1,X2,- -+, Xn}. Then &, € C(3),(G) and ®,(a) > 0 for all a« € G\{®,, = 0}.
Therefore :

Xi®au(e) =0, X;X;®,(e)=26;;, i,j=1,2,:--,n

(cf. [Hey], Lemma 4.1.9 und 4.1.10).
The following lemma is a consequence of the Banach-Steinhaus theorem
and the Hille-Yosida theory (cf. [Hey], Lemma 4.1.11).

Lemma 2.6. For every f € C(3),((7) and every € > 0 lhere is a g :=
ge € C2)a(G) N D(N) such that ||f — gll2 < &, f(e) = g(e) =0, Xif(e)
Xig(e) =0 and X;X;f(e) = X;Xjg(e) fori,j=1,2,---,n.

Proposition 2.7. Let (Ke)iems, be a convolulion semigroup in MY(@)
and ®,, (n € IN) be as in above. Then thc suprema

sup —/‘Dn o
temy

are finite for every n € IN.
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Proof. Application of Lemma 2.6 to the function ®,, € C'(3) () yields
the existence of a function ¥, € C(3),(G) N D(N) with the property
“‘bn e ‘I’u“'Z <g Uyp(e) = Pu(e)=0, Xi¥,(e)=X;P,(c)=0
and  X;X;¥,(e) XiX;®,(c) = 26, g =1,2,--",n,

il

Taylor expansion of W, € Cy),(G)N D(N) in a neighborhood 1y of ¢ with
”/l C (11

n "

1 )
V,(a) = 3 Z Z di(a)d;(a)X; X;¥,(a),
i=1 3=1
for all @ € W, with @ € Wy. Since ||®,, — ¥, |2 < € and X; X;¥,(¢) = 26;;, i, =
1,2, -+, n there exists a neighborhood W3 of ¢ with the properties

- < XiX;¥,(a)< ¢ forall i,j=1,2,--+,n,i#j,
2—-e< X; XV, (a)<2+4¢ forall i=1,2,:--,n,

whenewer @ € Wy, Putting é,, 1= d,(¢) := %(2—5-—5(1).-—- 1)) and W := W, nW,,

we obtain i

Vo(a) > b, - Y di(a)? for all a € W.
i=1

Since ¥,, € C(2),.(G) N D(N ), we obtain SUPseiry H v W dpe| < o from Lemma
2.1. Thus SUPeRy, Hw ®adpy < oo, and since @, is bounded follows from
Lemma 2.1 the assertion. A

Now let (d;)iew a system ol local canonical coordinates with respeet to
(X;)ien- By Lemma 2.6 there exist [unctions z; € Ci)nl YN0 DIN), (n € IN)
with the property

zi(e) = di(e) = 0, . X;zile)= X;dile)=8;,  &j=1,2,---,n.
Proposition 2.8. Let (j, Jeen be a convolution semigroup in M'(().
Then the generating functional A of ( I ems, on CyG) cxists, i.e.

C'(2)((") € I)( /l).

Proof. Let [ € C)(G) (n € IN) and setting

n

g(a) := f(a) —.f(e) - Z,:,-(u) - Xif(e) for all « € ¢/,

s=1
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where the functions z;, ¢ = 1,2,--+,n are as in above. Then g € C(y) () with
oe) = 0, Xjgle) =  Nif(e) - T, Xjmle) - Nif(e) =
X;f(e) - 3%, 6ij - Xif(e) = 0. The Taylor expansion ol ¢ in a neighborhood
W c U, gives

1 n n . . )
g(a) = 3 ZZ(l,-(u.)(lj(a).o\;.\.,-y(a), a e v,
=1 j=1
T'hus there is a constant &y € IRY such that
| g(a) |< k1 - |lgll2 - Pula) forall «€ W.

It lollows from Lemma 2.7 that

1 i
(1) sup |7 [ g 1< - llglla - sup [ @y < o0
emry  tJw temy,

Clearly, | %fwcydp, 1< ||g||2.%/_t¢(l-'l"’), and SUPemy | lt-f",“ gdpy |< . Hence,
there exists a constant k2 € RY independent of ¢ such that

1
(2) | 7/” gdp |< ky - lgll2 for all t € IRY.
Adding the inequalities (1) and (2)
1 '’ 1 2 72l »*
| 7[1,‘.f(€) - f(e)) -~ ‘I‘ZXif(’f) Ty zile) |[S ks~ || fll, VI € RS
' =1 '
where k3 is a constant (independent of 1). Since z; € D(N) and zi(e) = 0, we
have SUPeRy |37 zi(€)] < 0o for all i = 1,2,---,n.
Hence we obtain a constant k(n) € IRY depending only on n such that
1 s al
| (Tucd€) = S 1< k) - 11
forall t € R and [ € C(g),(). By the theorem of Banach-Steinhaus the limit
lim +{[T5, f(e) ~ ()]
2}0‘ l e f’) ((

exists for every f € Cg)(G).
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Remark 2.9. Let (ﬂt)ten; be continuous convolution semigroup in
M (G). As in the proof of Proposition 2.8, we can find a constant k(n) € R
(independent of ¢ € G and t € IR} ) such that

1
I '{[Tlu(lluf)(e) = (Laf)(e)] I
k(n) - || Lafllz = k(n) - || /]

for all f € C(3),(G) and a € G. The Banach-Steinhaus theorem now yields the
existence of the limit

| 3T (@) = ()] |

IA

N f(a) = lim 71T, f(a) = f(a)]

uniformly in @ € G. This implies existence of the infinitesimal generator N on
Ca)(G).
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