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In this present paper the author considers one class of two-dimensional nets, con-
structed in r-adic number system, r > 2. We calculate exact constant, depending on r in the
O(N~*(log N)* / 2), giving exact order of magnitude of quadratic discrepancy of the nets from

this class.

1. Introduction

Let in the quadrate E? = [0, 1]2 be given a finite sequence a,, = {(2;, %) :
0 < i < n— 1}, that we will call a net. For arbitrary rectangle [0,2) x [0, y) we
denote by A(oy,;z,y) the number of points of a,, that belong to [0,z) x [0,y),
ie. A(op;2,y) = #{(zi,yi)€0n: 0<i<n~-1, 2;<zandy; <y}

The quadratic discrepancy T'(e,) of the net o, is defined by the equation

1 r1
T(on) = (f [ (v Alowia,v) — 29)dedy)'/* = [|n™ Alows (2,9) = w3ll o

Roth [1] (see [2, Lemma 2.5]) solves a problem for the best possible order
of the quadratic discrepancy of arbitrary net. It is proved that for every net o,,,
composed by n points in E? there exists a constant C' > 0, such as

(1) T(0,) > Cn~'(logn)/2.

The exactness of this bound is proved by Davenport (3], in sense that for
every n > 2 a net X,, composed by n points in E? exists, such that 7'(X,) =
0(n~1(log n)'/?).
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Vilenkin [4] and [5] has constructed two-dimensional nets, having small
constant in the symbol O(n~1(log n)!/?).

We note a fact that in Vilenkin [4] is given a formula for the quadratic
discrepancy [nT(0,)]? : for arbitrary net o, = {(zi, %) : 0 < i < n— 1},
composed by n points in E? we have the equation ‘

n—1 2
(2) [nT(0,)] = Z [1 — max(a;, 2;)][1 — max(yi, y;)] + %—
i,j=0 g

n—

1
-5 21— =1 - o).

=0

2. Results
Let 7 > 2 be a given integer.

Definition 1. Let ¢ be arbitrary non-negative integer and in r-adic
number system has develop in the form

it = Qplpm—1 .- .01,

where a; € {0,1,...,7 — 1} for j = 1,2,...,m and a,, # 0. Then in r-adic
number system we define

pr(i) = 0,402 .. .apy,.

The sequence (p,(i)) (i = 0,1,...) is called a sequence of Van der Corput-
Halton.

In 1935 Van der Corput [6] cousidered the sequence (po(i)) (i = 0,1,...)
in binary system. In arbitrary r-adic number system the sequence (p,(i)) (i =
0,1,...) is considered by Halton [7].

Using Delfinition 1, the following two properties of the sequence (p,(i)) (¢
0,1,...) can be proved.

Property 1. Let N = r¥, for some non-negative v. Then the equation

{p (i) : osiszv-l}:{%,-: 0<j<N-1)

holds.
Property 2. Let m,n and » be non-negative integers such that m =

O(modr¥) and 0 £ n < #”. Then we have

pr(m + n) = p.(m) + p(n).
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For every non-negative integer » we denote N = r” and define the net
.
2N = ’

(3) 2N—{(N’pi(l))o _v 1_1)1'(‘)) : OS‘SAY—‘[}'

Proinov and Grozdanov [8] proved that the quadratic discrepancy of the
net Y3, satisfies the inequality
2
N

The inequality (1) shows that the best possible order of the quadratic dis-
crepancy of arbitrary two-dimensional net, composed by 2N points, is
O(N~'(log N)'/2). Hence, the order of upper bound obtained in (1) is exact
and T(35y) = O(N-1(log N)!/?).

In our paper we develop a geometrical process for study of quadratic

discrepancy, that will permit finding the least constant ¢(r), depending on r in
the symbol O(N~!(log N)'/2).

Theorem 1. Let N = r¥, for some non-negative integer v and L}, be
the net, defined by the equation (3). Then we have the equation

(4) T(S5n) < ((r? = 1)/(3logr))* /2N~ (log(r — 1)N)/* +

4 2 2
ooy = 1,7+ 157 - 16 ri=1 log, N
1.2t 1 1/2
where
(5) o= 0, ifr is an even number
i “ | & i r is an odd number.

Let us denote ¢(r) = =t 16 and consider thc quantity C' = min, >3 ¢(r)
It is obvious that min,>3 ¢(7) = ¢(2) = 1, ie. C = 2 1- The last equation shows

the smallest constant in symbol O(N ~!(log N)'/?), giving exact order of the
quadratic discrepancy of the net "5, is ﬁ and it is obtained for » = 2. Hence,
the best is the net 3°5, constructed in binary number system.

Corollary 1. Let N = 2¥, for some non-negative integer v and £, be
the net, defined by the equation

2§~={( Lm0 ( o 1-P()):0<i<N-1,},
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where (p2(?)) (i = 0,1,...) is the sequence of Van der Corput. Then we have
the equation

. R | ERAE. | 1
T(Z3N) = (2N)™ ' {=1log, N + = — —log, N — s12
24 2 4N 18N

3. A formula of a breaking of the quadratic discrepancy

Let N = r¥, for some non-negative integer » and we denote n = -’%’-

We consider the net oo = {(2i,9:;): 0 < ¢ < 2N — 1}, and assume that
for 1 < k < r every rectangle Ay, = [0,1) x [£=L, £) contains exactly 2n points
of the net ogpn.

For 1 < k < r we signify by (z(k),y,(k))(o < ¢ £ 2N - 1) the coordinates

i
of the points from the net o2y, belonging to rectangle Ak, and introduce the

nets . ‘ .
o) = {@®),ryP —(k-1)}1 <k < 7).

We have the equation

1 1
/ / (A(oan; 2, y) — 2N zy)%dady
o Jo

T 1 5
=), [, /,,__L(A("w;z,y) - 2N zy)*dady.
k=1 v

In the first integral in the last sum we put ¢ = ry and use that for
(z,y) € A1, we have t € [0,1] and

A(oan; @, y) = A(ofN; 2, t).
Hence, we get the equation
1 ph 1 a
(6) [ [ A@awiz,n) - 2NayPdsdy = LoaT (ol

Let k, 2 < k < r be fixed integer. In the integrals

»
(7) Jy Ji Aoz, ~ 2N eydndy

we put ¢t = ry — (k — 1) and use the obvious equation: for (z,y) € Ay,

. k-1 . .
A(oan;z,y) = Y _(A(oan; 2, %) — A(oani e, 2

J=1

)
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k-1
+A(o2n; 2,y) — A(oan; @, s )-

For arbitrary 2 and y, such (z,y) € A, we have the equation (n = ’—:,l—)

£20) = A@hen),

A(oan; z,y) — A(o2n; @,

and if y = f, then ¢t = 1 in the last equation, i.e.

: s ,
A(oan;2,2) - Aoans 2, 1) = A0 2, 1).

Hence, for 2 < k < r the integrals (7) satisfy the eqﬁations

1t
(8) /o T (A(oan; 2, y) - 2Nzy) dedy

1 k-1 ¥
= 22nT@P + 1 [ [LIA@;2,1) - 200] Pda

J=X

+—2k et s A(a) - 2nzx
/ / O 3 T, 1 i
rjz; o 0[ ( 2n ) ]

x[A(a.g{‘); x,1) — 2nz Jdadt.
From (6), (7) and (8) we get the equation

©) ENT(oan)]* = = Y 2T (o)
k=1
2.7 k=1 1 s (k).
+2 ’EZ;/O /0 [A(03,);2,t) — 2nat ]

x[A(ag,); z,1) — 2nz |dzdt

17'—1 1 (.
ot il A ‘J);. '1 -2 2d
+7 20 =3) [ [A@Rin 1) - sl
232§ (o)
+;Z Z (r_m)L (A(a2n;z1 1)—2113:]
=1 m=;+1

x[A(ad™; 2,1) — 2nz)da.
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Following [4], this geometrical process will be called a process of break-
ing of quadratic discrepancy, and the formula (9) - a formula for breaking of
quadratic discrepancy.

Obviously, the net X3y, defined by equation (3) satisfies the term in
a process of breakmg of the quadratic discrepancy. Using the definition of
introduced nets a'z,l (< k < r) we obtain that the nets ‘_)gl,"), corresponding to
the net ¥}y, are in the form

(10) =2 = (G + 222 p@), G4+ T2 1o

0<i<n-1, n=1-"*‘}.

We will calculate the integrals in the formula of a breaking of the quadratic
discrepancy of the net £jy. Hold the next lemimas:

Lemma 1. Let N = r", for some non-negative integer vv. Then we have
the equations

a (N —-1)(2N -1)

g(:)]’r(‘)—' Z;p() 6N ’
N-1

> ip(i) = —~[‘3N2+N( L log, N = 6) + 3]
i=0

N-1

> ipl(i) = [2N"' + N( log, -5)—

=0

2

-1 1
N+4-—).
log, N + N]

The first two equations in the condition of the lemma are corollary from
Property 1 of the sequence of Van der Corput-Halton. We will provo the last
equation. Let N = r¥, for some non-negative » and signify z, = Z;—u ip(i).
Arbitrary integer 7, 0 < ¢ < N — 1 we present in the form ¢ = rj 4+ «, where
0<j<n-1, 05a5r—-1,forn=¥.

Using Properties 1 and 2 of the sequence of Van der Corput-llalton and
third equation in the condition of Lemma, we obtain the recurrent relation:

r—=1n—-t 2 12

E S (rj+ a)(-p(J) + ~) = 2,

a=0 j=0
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(r—l)(r—4) -1 (r=1)2%r+1) S
12 12r T 12r nlog, Bk o
with initial value condition Zg = 0.

From recurrent relation we obtain the equation

-1, (r—l)(1~4)"“‘ -1 3
Z, = — 52 4 A2 Z —=—

=0 =0

(r-1r+1)'Q , . r-13 _,
* 127 SZ:%S’ + 12r .,gor g

Finally we obtain

N-=1
3 i) = 12N+ N (T

=0

L og, N 5)

r? —

1 1
N +4-—].
log, N +4 - +]
Let we determine the constant 7 = 5(r) as

Ls’ if » is an even number

|

1’:

.

—%, if r is an odd number.

Using the equation (2) and lemma 1 we can be proved the next

- Lemma 2. Let X, be the net, defined by the equation (3), i.e. I3, =
{(£,p:(2))y (5,1 =pr(8)): 0< i< n—1, n=1""1}. Then we have the equation

1 ;
= Y RaT(EEN] - 2aT(S5,))
k=1
_ —25r2 + 16+ 720  (r—1)(r? - 1) p(r—1)(r+1)

7217 6r2n il
where the © = O(r) is determined by the equation (5).

b

r2n?

Lemma 3. The following equation holds:

r k-1

—ZZ/ / [A(Z); 2, 1) — 2nat]x

k=2 j=1
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x[A(E("),z' 1) — 2nz)dzdt =

—r+8r—4-240 % r2—1
12762 6r2n °

Proof. Let us define the function x4(u) by
(1) = 1, ifu>0
X+{8) = 0, ifu<o.
Then from (10) for 0 < z,¢ < 1 we have the equation

A( Egt), z,t) =

. Z X+(z - pr(i))+
=0
n—1
X+(t = (1 = pr(7))).
=0

Hence, we obtain the equation
r
(11) —ZZ/ / [A(E(zl;);a:,t)—2m:t]
k=2 j=1

x[A(SY): 2, 1) — 2nz)dzdt

Z um[I —pr(m)]+ Z vmp,(m) B Lt +

m=0 m=0

where for 0 < m < n — 1 are introduced the symbols

# 1n-1 s
=23 T Sl maxt 4 21 ko

k—2 J=1 i=0 m m

_max(i+r7;j,% L)
k-1
2 - - (B Aty

k=2
r,. k=1k-1 Y -

v,,,=-222[2 ma.x( + 1:' Z—:—+ )

k"? J=1 =0

rn
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r—jm r—k
= )

- maX(i + S i
™m ' n ™
-k,
Z(k -1 - (— g,
k=2
Uy, and v,, satisfy the

It is possible to prove that for 0 < m < n -1

equations (for © see (5))
r—1 r—1m -3r244r-80
(12) bidiatersa e e 4r2n 2
r—1 r—-1m -=5r2412r—4- 249
(13) Y Ly 12r2n

From (12) and (13) for (11) we obtain the equation
. Z Z/ / (ACEY; 2, 1) - 2n1)
k—2 J=1

x[A(Eg,),
-1m —-3r24+4r-801
sbt 2l = pe(m)]

z,1) — 2nz]dadt

ir- i
Eo[ n 472
n—1 2
r—- r—lm 574 4+ 127 — 4 — 2461
m=0
Rl ln + r—1
2r 6r2
"il[r-—l r-—-lﬂl_r-—l r—1
e 6r2
=32 +4r -80 11
47‘2“ 2[1 p"(‘)]
I—-O
=5r2 +12r - 4240 1
2 Pr(7)
12r ' werd
r?-1

it —r2 4+ 8r —4— 240
1272

6rin

The lemma is proved.
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We note that the proof of Lemma 3 is based on the number theoretical
equation, exposed in Lemmal.

Lemma 4. The equation holds:

r—1

—Z(r—])/ [AEY); 2, 1) - 2n2)2da

i=1

0 ) - —:("—‘)-3)
1272

Lemma 5. The the equalion holds:

r=2 r—1 ;
‘Z 2 e m)/ [A(ZE); 2,1) - 2na]
J—l m=j+1
X[A(Sg: @, 1) — 2nx)de

—2)(r3—28r2 —72 sl
(r=3)(r"-38r 4144r-72)  ;r 4 is an even number

(r=1)(r3—29r24171r— 279)

S567% if v is an odd number.

Proof of Theorem 1. We will prove the thecorem when » is an even
number. By the formula of breaking of the quadratic discrepancy (9), Lemmas
2,3,4 and 5 we obtain the recurrent relation for [2NT(X5,)]*(N = rn = r¥)

Gl vroV2 L_'*’_l___"_l"
[2NT(Z3N))° = [20T(Z38)]" + ——F0
(r—1)2%(r+1) rP-11 r2-1

+ log, n —

672n 612 n ' 18r2n2’
with initial value condition. From (2) for the net X} = {(0,0),(0,1)} we get
that [27'(Z}))? = %

From the recurrent relation we obtain

4 2 2
+ 1567% — 16 r® —1log, N
1 ONTIEL P ooty = 2% L SO, N
(10) 2NT(ZW)) = —e57— log, N e
1 1
=

2 18N?°
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If » is odd number we show that

4 1Rp2 1
. TS = + 157% — e —-llog,.N
L5 18
8 T72N?

From (4),(10) and (11) we get that for every N = r” the quadratic
discrepancy of the net X3y, determined by the equation (2) satisfies the equation

44 1Rp2 _ 2 _ - »

—1,7" 4+ 157% =16 r* —1log, N
T Er = 1 __7 — 1 p P r
(Zan) = @N) H—p—lo& N - ———%

1
9 13N2 1~ 2)9}1/2’

Theorem 1 is proved. . ™

1
s

5. Analytic and geometric structure of the net I},

, Let us assume that X7, is the obtained net. We shall give geometrical
rules f01 receiving of the net X7, from Y7%. For this purpose we study the
analytic structure of the net X7 5. We will use the symbols N, 4 = ¥+l N, =
r¥ and replace N,_y = N, /r. Arbitrary integer i, 0 < ¢ < N,41 — 1 we present
in the form i = 72j 4+ k, where 0 < j < N,y —1 and 0 < k < 72 — 1. In addition,
arbitrary k, so that 0 < k < 72 — 1 we present in the form k = rs + t, where
0<s<r—-1,0<t<r-1.

Using Property 2 of the sequence of Van der Corput-Halton can be proved
that X7y is a net in the form

p P“+1 Lr +3 if
:‘N_{(N + lv >3 Ip'('l))
) rs+t tr+s 1 . ;
B - —=pPr(J)): <7< P
(Nu-l 7'2Nu._1 ,1 2 "‘.2171'(,/)) 0< Js N, 1 1,

0<s<r-1,0<t<r—1}

We can be proved that the net X7, is a net in the form

- j g
LrNu:{(NJ—l +I1V __a—+ pi(.l))v

(el il e

N, rNV__ 1—;——1)’(.,)) OS]SNu-l—].,
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0<s<r-1}

In [4] the concept zone is introduced: a part of quadrate, enclosed be-
tween straight lines ¢ = i/N,4y and 2 = (i+1)/Nypq,fori =0,1,...,Nyyy =1
called zone wide N,;;. We will number the zones from the left to the right
as follows: 0,1,...,N,4; — 1. Eeach zone [Nfo’ ﬁ{%] x [0,1] we divide by
r rectangles in the form [;ﬁﬁ—;, ﬂ'q':-’%] x [0,1], where 0 < s < r — 1. Every
rectangle in the last form we will call (¢, s) - zone Every (i,s) - zone we divide
by 7 rectangles in the form [n‘;z::—l, %] (£, 1], where 0 < t < r — 1. Every
rectangle ofn the last form we will call (¢, s,t) - layer of the (¢, s) - zone.

The points of the net Ty, in the form (gl + ;52— % + p(i)0 <
j < Ny1-1,;0< s <r—1)wil be called leading points. We will give an
algorithm to discover the leading points in the geometritical structure of the net

M Let r be an even number and we signify a = 5 — 1. If 0 < s < a, then for
every 7,0 < N,_; —1 the inequality holds $+%p(j) < %, andifa+1<s<r-1,
then for every j, 0 < j € N, — 1 it holds the inequality £+ 1p(j) > }. Hence,
if r is an even number, then for every (j,s) - zone, that 0 < s < « the leading
points lie in the down half of the quadrate, and in every (j,s) - zone that
a+ 1< s < r—1the leading points lie in the upper half of the quadrate.

Let now r be an odd number and we signify a = [} ] fo0<s< a, then
for every 7,0 < j < N,—1 — 1 we have the inequality £ + 1p(j) < § + 3, and
ifa+1<s<r-—1,then forevery ,0<j < N, - 1 we have the inequality
tHhG) 2 5+ 5

Hence, if r is an odd number, then for every (j,8) - zone, that 0 < s < a
the leading points lie under the straight y = 2 + 3 37> and in every ( ],.s) - zone
that ¢ + 1 < 8 < r — 1 the leading points lie over the straight y = } + 2,, or on
it.

We will give algorithm for receiving the net E;,v 4y from X%

1. For every j and s, that 0 < j < N,y —1and s =0,1,...,7=1in
every (j,s) - zone we bend the leading points of 3"}, r times to axis 0y.

2. We shift for ¢t = 0,1,...,r — 1 every obtained point in the (j,s,?) -
layer of (j,s) - zone.

3. We shift in every fixed (j, s,t) - layer obtained points to the right of
the quantity t/N,41.

4. Every obtained point we reflect symmetrically, relatively to the straight
line y = §.

We obtain the net Tj Gt
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