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The problem in this article is to recover a function on IR" from its integrals known
only on hyperplanes intersecting

1. Introduction

There is a number of papers concerning the reconstruction of a function
from only a partial knowledge of the function’s Radon transform. The two most
known examples are the exterior Radon transform [6] and the limited angle
Radon transform [4].

The classical Radon transform is defined for an integrable function f on
IR™ by

Rf(w,p)= /1 i S(x)day,

w,p
where w € §™~! is a unit vector, p € Ry and Rf(w,p) is just the integral of f
over the hyperplane H(w,p) = {x € R" : (x,w) = p} by the surface measure
dz), on it.

In the limited angle case R f(w,p) is restricted in w to a subset of S,
The exterior Radon transform is the restriction of Rf to the set p > 1.

We define the limited domain Radon transform Ry, f of a function as the
restriction of Rf onto the set p < 1. In the next section we prove its continuity
on a weighted class L?,,,,.(]E") of square integrable functions that are zero in a
neighbourhood of the origin. In Section 3 we give the null space and range of
Ry, acting on L2 4(IE™) for odd dimensional spaces. In Section 4 we do the same
for even dimensional spaces, where the injectivity of Ry, on L'f'.ﬂ(lE") turns out.
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2. Preliminaries

The limited domain Radon transform.of a function f integrable on the
hyperplanes is defined by means of the formula Ry f = xjo,1)Rf, where x[o 1) is
the characteristic function of the interval [0,1).

From the well known inversion formulas [3] we know that a square in-
tegrable function is determined by the limited domain Radon transform in the
unit open ball B*, if the dimension n is odd. In even dimensions the situation is
more complicated, but still there is an approximate possibility, as C. Berenstein
and D. Walnut proved in [1] that to recover f to a given accuracy in a ball
of radius R > 0 it is sufficient to know Rf(w,p) only for p < R + « for some
a > 0 that depends on the accuracy desired (the greater the accuracy desired,
the greater a must be).

Motivated by these observations, in the next two sections we carry our
investigations onto the following spaces. L?,’ﬁ(lE") is the Hilbert space of func-
tions supported in IE® = IR \ CIB" equipped with the inner product

(fi)an = [, F@@Iel(1 - ] da.

Estimate of the weight shows immediately, that Lg'ﬁ(lE") D Lg,,ﬁ,(]E") for
a<a and g < . Denote B" = {H(w,p):0<p<1, we $*'}. Then the
Hilbert space of functions on IB" with the inner product

;|
(F,Ghs= [, [ F.pGw.mp( - p*) dpde
n-1 Jo

is L2 5(1B"). Here L2 ;(BB™) D L2, 5([0,1]) for 7’ < 7 and § < 6. Finally we
need the Hilbert space L2 4([0,1]) of functions on [0, 1] with the inner product

(frobus = ' F)e(ow (1 = p)odp.

For -1 <~v<0,-1<é < 0, the polynomials are dense in this space, and
L2 5([0,1]) 2 L2, 5([0,1]) for 4’ < v and &’ < 6.

Our main tool is the spherical harmonic expansion in these spaces. Briefly,
the spherical harmonics, Yz, constitute a complete polynomial orthonormal sys-
tem in the Hilbert space L?(S™!). If f € C°(8™ ' x Ry) and feu(p) is the
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corresponding coefficient of Yz (w) in the expansion of f(w,p),ie. fem(p) =
Jn—s f(w,P)Ye,m(w)dw, then the series 335, fo,m(p)Ye,m(w) converges uniformly
absolutely on compact subsets of S"~! x R to f(w,p). For further references
we refer to [7]. Below we shall use the expansions

9(p,p) = i gm(p) exp(imyp) and y(w,p)=§gc.m(p)¥e,m(w)

m=-—0oo

in dimension two and in higher dimensions, respectively. In dimension two, ¢
will mean the angle of the respective unit vector to a fixed direction.

The spherical expansions of the Radon transforms are well known [6].
Applying these to the functions in Lg'ﬂ( IE™) we obtain

I o cos(m arccos(p/q))
(2.1) Rem() =2 [ Ju(@) == iR
for dimension two and

n—2 00 2 2'2-_3'
@1 @ = S [7 ptaren (2) (1-5) T a

for higher dimensions, where C}) is the Gegenbauer polynomial of degree m,
=(n-2)/2and p< 1.
An important consequence of these expansions is the continuity of Ry,.

Theorem 2.1. Ry maps L2 4(IE") continuously into L2 s(IB"), where

1 ifn>3
a>n—-2,<1,v> 1and6>{ 12 ifn=2

Proof. First, observe that
1
@3 WRuflBs = T Wemll} | (RLD @)1= 2% dp.
¢m
Using (2.1), (2.2) and that |[C)\(2)] < |C)\(1)] for |2] < 1 we can estimate (2.3)
n-3

by
1 00 2 ])2 . 39
1 / / Jem(@)g" ™" | 1= = dq
o |/1 q

where ¢; is a suitable constant independent from m. For n > 3, this is less than

2
p"(1 - p*)’dp,

) 2 1
(24) |[7 fem(oa2ad| [ 571 - 5.




330 A. Kurusa
For n = 2 we estimate by |1 — p?/¢?| > 1 — p? and obtain

00 2 r1
cl/l Jem(q)dq /(;P’Y(l-liz)&-l/zdp.

The second integrals in (2.4) and (2.5), respectively, explain the restrictions on
~ and § given in the theorem.
The restrictions on a and 3 come from the following estimate of the first
integrals in (2.4) and (2.5).
(2.6)
S fem(@)g™~2dg|” |f1 Sem (@)™ (1 = q=2) B tn=1(1 — ¢~2)dg|"
< i xlee ™~ ‘2)’3dq
X f q~22(1 — ¢g~2)~2Bgotn-1(1 — ¢~2)Pdy.

(2.5)

The last two integrals need to be finite to ensure the finiteness of (2.3). The first
one is finite because f € Ly g(IE™), the other is finiteif a >n—2and < 1. m
Throughout this paper we shall assumne that a, 3, v and & satisfy the
conditions given in Theorem 2.1.
The weight (1 — p? /qz)(" /2 g substantially different in odd and in even
dimensions; it is polyuomlal in odd dimensions.

3. Odd dimensions
Let n=2d+3 and d > 0. Then A =d+ 1/2 and
(3'1) (RLf)l m(p) ‘?n_zl / fl.m( /)qn_zD\ (2> dq,
d Cm(l) s q
where D) (z) = Ch(2)(1 - 2?)".
Lemma 3.1. D), is a polynomial of the form

d+[m/2]
A LY 2 2d—-2:
Dm(a') e Z dmi g '
i=0

where the coefficients d;}m- #AO.
The proof is a simple consequence of the formulas (8.932.1), (9.136.1)

and (9.131.1) in [2]. ‘
Substituting the polynomial form of 1}, into (3.1) we see that (Rrf)im

is also a polynomial of the form

. ' n—2| d+[in/2] oA !
(3.2) (RLS)m(p) = C’\(l) Z pm+2d—2‘dr\n.s/ ft'.m(‘l)‘ll—m.”'d‘I-

i=0
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Let 2¢¢m(2%) = fem(1/2)/2™ and change the variable ¢ = 1/4/z. Then the
integral in (3.2) becomes
oo - L 1 . d
(3.3) Ceym,i =/ ft,m(q)ql—m.‘-md’l =/ ‘/’l.m(a’)wd_“"m/z’_x'
1 0 N

Theorem 3.2. The null space of Ry, in L% 4(IE") is the closure of the
span of the functions

Ihem(@, @) = PL™(2¢72 - 1)q " Yem(w),

where P,S"') is the Jacobi polynomial of degree k, n—1 <a<n -1<p<0,

S e = _1/2 if m even
k> [._.2_] and ey = {0 if modd ~

Proof. The fact that giem € L2 5(IE") follows from a < n and —1 < /3.
Since alson — 1 < @ and B < 0, it follows ¢, € L2_1/2'0([0, 1]).

According to (3.2) and (3.3) the function Rpf vanishes, if and only if
¢tm,i =0 for all £, m,and 0 < i < d+ [m/2].

For m even this gives that

1 ;
(3.4) 0= / ¢g,m(:t)wj-d—m forall 0<j<d+m/2.
0 \/-?

The shifted Jacobi polynomials P,SO’—I/ 2)(2::: — 1) constitute a complete orthog-
onal system on [0, 1] with respect to the weight 1//z [2(8.904)], therefore ¢¢ .,

must be in the closure of the span of {Péo’—l/z)(2:t -} +m/2)"
For m odd we have

1 : 2 :
(3.5) 0= / dem(x)2’de forall 0<j<d+ (m—-1)/2.
0

The Jacobi polynomials P,SO’O)('Z:L' — 1) constitute a complete orthogonal sys-
tem on [0, 1] [2(8.904)], s0 ¢¢,m is in the closure of the span of {I’,f,o'o)(2z -
DYZas4msa-
The results of (3.4) and (3.5) give the theorem. a
In the following we determine the range of the limited domain Radon
transform.
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Theorem 3.3. Ry, maps the L2 BUE™) closure of the span of the
functions

hiem(@,q) = €7 Yem(w),  0< k< d+[m/2]

wheren—1 < a <nand -1 < 3 <0, onto the L?v'a(lB") closure of the span of

the functions
d+[m /2]

Fem(w,p) = Yem(w) E ])m+2d—2‘bg‘m’i
=0

continuously and bijectively.

Proof. The easy verification of h;, em € L2 ﬁ(]E") and Fy,, € L,7 s(IB™)
is left to the reader. -

Since Rp: Lg,ﬂ(]E") — L_";,S(IB") is continuous by Theorem 2.1, it maps
a closed set into a closed set. Further, it is injective on the given functions by
Theorem 3.2, therefore we only have to give coefficients ei_,[,m € IR so that

d+[m/2]
Feon = RL(ftmYem), where fomYem = D €hombiem-
k=0
Eliminating Y7, and reordering the summation we can search for fe, in the
form
d+[m/2?) (O} »
(3.6) fem(@)= D erema "P ™ (272 - 1),
k=0

where the coefficients ey ¢, are to be determined.

In Fypm = RL(fe,mYem) the equality of two polynomials appears, which
is equivalent to the coincidence of their corresponding coefficients. By (3.2) and
(3.3) this gives

IS”_QI A 1-m+2i
(3.7) bemi = ExY ) dm i / Jem(a)q dq

for 0 < i < d + [m/2]. Substituting fe,, according to (3.6), we get a system of
linear equations for ey ¢m with coefficients

Gigm = [7° g PO (2072 — 1)dg
e %fol a:d"'["‘/z]"'P,SO""')(‘Z:I: - 1)amdz,

where 0 < k < d+ [m/2]. The Jacobi polynomials P,So""‘)(2:c — 1) constitute
orthogonal polynomial system with respect to the weight 2= on [0, 1], therefore
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@ik,m = 0 for k+i > d+[m/2] and ¢; aypu/2)-im # 0 for 0 < i < d+[m/2]. By
these properties the equations

s,
bt,m,;’ - C,’)‘(l) m i E) €komQikm,

where 0 < i,k < d+[m/2], determine uniquely e ¢». This completes the proof.
n

4. Even dimensions

The nature of the problem changes considerable in even dimensions. On
one hand, we do not have the easiness to handle polynomials, but on the other
hand, just this sole inconvenience gives uniqueness on these spaces.

We have
| =152 [~ n_Da®/e) ,
(4'1) (RLf)l,m(p) e lS I./1 fl.'.m(q)q \/1—:_—1)77—‘1—{(1(1,

where the dimension n = 2) + 2 is even, A > 0, |5°| = 2 and

(4.2) D)\(z) = { D -a? i A21

cos(m arccos 1) if A=0
is a polynomial of degree m + 2A.
Lemma 4.1. In the Taylor expansion

A
Dlm(f'—)z Z d,\"i 21+m—2[m/2]
vi—=2 i=0

the coefficients d;\"’,- are not zero. The series is convergent absolutely on (—1,1)
and uniformly on [-1+¢,1 —¢] for any 1 > ¢ > 0.
Proof. For A > 0, (8.932.1), (9.136.1) and (9.131.1) of [2] give

C)(z
T
= Kmv\F(l;_m 58 '\’ .L'i‘;__"l’ %; "02) * '1‘.1\’1'" \F(&‘Q.ﬂ +* ’\’ 2_-]-2411_’ %;wz)’
where F' is the Gauss hypergeometric function [2(9.1)], K7, \ = 0 for m even

and K,, » = 0 for m odd.
For A = 0 we prove that

cos(m arccos z) -m 14+m 1 -m 24+ m 3
= K F(——— P : () F(———, —— 3
Vs & 5 o 5it) Hek, B2 5 giE )
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by means of (8.942.1), (9.136.1) and (9.131.1) from [2], where K/, = 0 for m
even and K, = 0 for m odd.
The well known properties of the hypergeometric function and the above
formulas prove the statement. : [ ]
Let b,’}m- = |§™~2|d), ;. According to Lemma 4.1 the Taylor expansion of

myi*
(4.1) is

(43)  (Rof)im(p) = 303 pHitm=2im/2] /1 Fem(q)gP-242m/2=mg,
1=0

Let 2¢¢.n(22) = fen(1/z)/z™. Changing the variable ¢ = 1 /' the integral in
(4.3) becomes

1 .
(4.4) cg_m,.-:/0 be.m(z)2' "™ dz.

Theorem 4.2. The limited domain Radon transform Ry, is injective
on L 4(IE") if n—1<a<nand -1 <3 <0.

Proof. Easy calculation shows that ¢, € L2_1/2.0([0, 1]). Then
Rpf(w,p) = 0 for p < 1 implies ¢¢,,; = 0 for all i,m > 0, hence ¢, must

be zero. [
Because (4.3) is an infinite series, we need more sophisticated tools to

determine the range of Rp.

Theorem 4.3. Ry maps the L2_, ,(IE")-closure of the span of the
functions
Y (W),  0<k

Jrgm(w,q) =q

onto the L? ;(IB")-closure of the span of the functions
Fjem(w,p) = p2itm=2m/y, (w)  0<j

continuously and bijectively.

Proof. The verification that fj ¢, € Lﬁ_l'o(lE") and Fj,, € L:‘;’&(]B")
is left to the reader. Since Rp:L2_, o(IE") — L2 ;(IB") is continuous by The-
orem 2.1, it maps a closed set into a closed set. Iurther, it is injective by
Theorem 4.2, therefore we only have to give coefficients €, , ., € IR so that

' o
Ei,l,m = RL(fl,th.m )a where ff,myl.m e Z e;c,t,m fk.l’,m .
k=0
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The functions fgn, of this form can be written in the form

o0
(4.5) fem(@) = 3 exema " PO (2472 ~ 1)
- k=0

with unique coefficients ej ¢,. To find these coefficients we consider (4.5) and
(4.3), where the left hand side is substituted by Fj¢m, as a system of linear
equations with infinite dimensional matrix of entries

X floo q—2—2i+2[m/2]—mPéo-tm)(2q-2 I l)dq

Qi km
=} fy #*P"*™(2z - 1)a*mda.

By the orthogonality of P,So’e"') these are zero for k > i. For¢ > k

= (L2 BRI A e 0
@iem = (K1) ( ) I1 h+z+1+€m

by [2(7.391.3)]. In virtue of the Stirling formula for the factorials we find the
(not sharp) inequality

(4.6) 16 < Jim Shbm.
1= Q0 1
%

The system of equations

0 ife#y i3
(4.7) i = { 1 if : i; m, Zek emGikms 4,320

obtained from (4.3), by substituting Fj ¢,, into the left hand side and substitut-
ing fe,m into the right hand side according to (4.5), determine the coefficients

€klm-
What remains to prove is only that the function defined by (4.5) with
these coefficients is in L?,_I'D(IE"), which is equivalent to

oo [ .99 b
(48) / (Z ek't’mplgo,em)(-zq—2 o 1)) q—2dq < oo.
1

k=0

Using Cauchy’s inequality we can estimate the left hand side by

P(O,em) -2 _ 1 2
(4.9) 2(k+ 1)%e} z.mz:/ ( k k(iql )> ¢ 2dq.

k=0 k=0
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First we estimate the second multiplier in (4.9). With a change in the
variable we get

@10 [ -0t = S [ PO ) e

For m even, the right hand side evaluates explicitly 1/(4k + 1) by [2(7.391.1)].
For m odd, P,So"'")(:c) = C:./z(a:) by [2(8.962.4)], which is less than C;lz(l) =}
Therefore, the second multiplier in (4.9) is less than 3_32o(k 4+ 1)~2 = 72/6.

To estimate the first multlpher in (4.9), we introduce for N > j the
N-dimensional vectors

6N = (b ]) 1(601’ 6i,js""6N,j)
eN (eO lmy 2e; Lymy . (k + 1)(3/.'.(,"1’ .. w(N + l)eN,l,m)

a4ik,m

and the N x N quadratic matrix AV = &~ )'.k=o- With these notations,
(4.7) can be rewritten as 6V = ANeN and therefore

N
(4.11) Yo (k+1)%f g = lle™IE < 18V 13 - ICAY) T3
k=0
Obviously ||6V]|3 = (), ;)= does not depend on N. Since the matrix AN is

triangular so is its inverse (AV)™', and the diagonal elements in (AN)™! are
(i + 1)/aiim, which are also the eigenvalues of (AN ) . In virtue of (4.6) the

estimate f %1
)
I(AN)T' 13 < max
0<i<M Qiiom

is valid for M big enough. Together with (4.11) this completes the proof. ]
As a consequence we obtain the following.

Theorem 4.4. The range of Ry, is dense in L? s(IB™), where =1 < v <

i -1 'f,\>o
1

Proof. According to Theorem 4.3 it is enough to prove that (F, Fj ¢m)~,s =
0 for all j,£,m > 0 implies F" = 0 for F € L2 ;(B").
: Let ®(w,p?) = F(w,p). Then I € L2 ,(B") implies ® € L, ;) s(IB"),
ence

1 A -
0 = (F, Fjem)vs = /o Bem(p)pp T 51BN - p)idp
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for all j > 0 implies ®¢,, = 0 for all £{,m > 0,i.e. F =0. I

Note that we used the special values @ = n — 1 and # = 0’in

Theorem 4.3 only to simplify the estimate of (4.10) that would need tedious

calculations in general.. However, the results can be extended to the spaces
Lisforn-1<a<nand -1<3<0.
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