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Contactly conformal transformations of gencral type of almost contact manifolds with
B-metric are introduced. Some special subgroups of such transformations are given. Con-
formally invariant tensors with respect to considered groups of transformations of some basic
classes of manifolds are found. An example of a manifold, belonging one of basic classes, is

constructed.

1. Introduction

On an almost complex manifold (A,./) there can be considered a metric
g, compatible with the almost complex structure ./, which induces an antiisome-
try in each tangent fibre. Then (A, J, g) is said to have a structure of an almost
complex Riemannian manifold (almost complex manifold with B-metric). The
conformal geometry of these manifolds is studied in [2].

Geometry of almost contact manifolds with B-metric is a natural ex-
tension of geometry of almost complex manifolds with B-metric to the odd
dimensional case. The almost contact manilolds with Z2-metric are considered
in [3]. Contactly conformal transformations and their invariants are found in
[4,5]. Contactly conformally equivalent classes to some basic classes are got
there.

A group of contactly conformal transformations of more general type are
introduced in this paper, which allow us to study the conformal geometry of
one of the other basic classes. Contactly conformal equivalence of this class to
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348 X M. Manev

the class of manifolds with covariantly constant structure tensors gives us the
possibility to construct an example of a manifold of the considered class.

The conformal transformations introduced in this paper are an analogue
of the conformal transformations of almost contact metric manifolds, investi-
gated in [6].

2. Preliminaries

Let (M, p,&,1,9) be a (2n+ 1)-dimensional almost contact manifold with
B-metric, i.e. (@,£,1,9) is an almost contact structure [1] determined by a
tensor field ¢ of type (1,1), a vector field £ and 1-form 7, and g is a metric on
M so that:

(21) @*=-id+n®& 1(6) =1; 9(pX,0Y) = —g(X,Y) + 9(X)(Y),

where X,Y € AM- the Lie algebra of diflerentiable vector fields on M.
The associated with g B-metric § on the manifold is given by

G(X,Y) = g(X,0Y) + n(X)n(Y).

Both metrics are necessarily of signature (n + 1,n) [3].

Further capitals will stand for the elements of AM and small letters - for
arbitrary vectors in the tangential space T, M to M at an arbitrary point p in
M.

The Levi-Civita connection of ¢ will be denoted by V. The tensor [I”
of type (0,3) on T,M is defined by F(x,y,2) = g((Vee)y,z) and it has the
following properties:

F‘(xvtvz) el F(xaz9y),

22), Pz, ey, p5) = Fz,y, 2) - 1) F@:€:2) = () F (@ 1,6).

The following 1-forms are associated with F:
(23)  0(z) = g7 F(ei,e5,2), 0°(x) = 9" F(eir pejyv) w(x) = F(E, €. 2),

where {e;,£} (i = 1,2,...,2n) is a basis of T, M, and (g*) is the inverse matrix
of (gij)- v

A classification of the almost contact manifolds with B-metric with re-
spect to the tensor F is given in [3], where the basic classes Fi(i = 1,2,...,11)
of almost contact manifolds with B-metric are defined. The class Fy is defined
by the condition F' = 0. This special class helongs to each of the basic classes.
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Classes Fo and F; are subject of study in this paper. According to{3]
the characteristic conditions of these classes are:

(24) Fo:Ve=VE=Vy=0;

(2.5) Fu: Fa,y,2) = n(a){n(y)w(z) + n(z)w(y)}.

Let us point out that the 1-form w is not zero only on manifolds of the
class Fyp or its direct sums with other classes.

We shall say that M is an FJ;-manifold, if M belongs to Fy; and the
1-form & = w o ¢ is closed.

Since V is a symmetric linear connection, then & is closed iff (V,@)y =
(V,@)z. Having in mind the condition (2.5), we obtain

Lemma 2.1 The 1-form w o ¢ is closed iff (Vyw)py = (Vyw)tp:v, for
arbitrary x,y € TyM.

3. Contactly conformal transformations of general type

Definition. Let (M, ¢,£,n,9) be an almost manifold with B-metric.
The transformation f : f(¢,&,1,9) = (%,&,7,7), such that
@1y b
P=¢; E=€" =€y
7= e cos2vg + e*sin 205G + (€2 — e** cos 2v — e sin 20)) @ 1), (u,v,w € FM),

will be called a contactly conformal transformation of general lype of the struc-
ture (¢,&,7,9)-

Let us note, that the contactly conformal transformation ¢, introduced
in [4], where ¢(p,&,7,9) = (¢,£,1,9), is of general type at w = 0.

Since g(£,€) = 1,7(X, €) = (X), and g(¢X, Y) = —g(X, Y)+5(X)KY),
then the structure (¢,£,7,9) is an almost contact structure with B-metric on
M, too.

Lemma 3.1. The contactly conformal trasformations of general type
on an almost contact manifold with B-metric form a group.

This group will be denoted by G.

It is clear that the group of the contactly conformal transformations C',
considered in [4], is a subgroup of G.

From [4] it is clear that there exists a subgroup of C' with respect to
which the class Fi; is closed, but it is impossible to find such a subgroup of
C', with respect to which the classes Fy and Fj; are conformally equivalent.
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The introduced group here gives us this possibility. It allows us to construct an
example of an Fj;-manifold.

Lemma 3.2.  Let (M,p,&,1,9) and (M, @,E,7,7) be contaclly con-
Jormally related by a transformation of G, while 8,0*,w and 8,0, are the
corresponding 1-forms associated with I’ and F. Then:

(3.2) :
2F(z,y,z) = 2e** cos 20l (z,y, z) + €2 sin 2v[n(z)F(x, @y, £)
+n(y)F(x, p2,€) + F(py, z,x) — F'(y, pz,2) + F(pz,2,y)
—F(z,2,0y)] + (2 — c2 cos 20){n(2)[F(y, z,€)
+F(pz,09,€) + F(2,9,€) + F(ey, 92,61+ n()[F (2,2, &) + F(pz, 2, )]
+1(2)[F(2,y,€) + F(ey, p2, )]} = M2)g(px, 0y)
=M)g(pz,py) — A(2)g(x, py) — My)g(x, pz)
+2e2¥n(z)[n(y)dw(pz) + n(z)dw(ey)],

A = d(e?* cos 2v) o @ + d(e** sin 20),

X = d(e?" cos 2v) — d(e¢2*sin 20) 0 );
0=0+2n[duop+dv],0 =0 + 2n[du — dv o ¢],
W=w+dwoep.

(3.3)

Proof. The equality (3.2) is obtained [rom the well known conditions
[7] for the Levi-Civita connections V and ¥V, corresponding to ¢ and 7, using
(3.1) and (2.2). By (3.2), having in mind the definition equalities (2.3) for the
associated 1-forms to F and T, respectively, we get (3.3).

We define some subgroups of G using the following conditions for u, v, w €

FM:

Go = {f € G|duo ¢ = dvop?* du(f) = dv(£) = dw o ¢ = 0},
. Gi1 = {f € Glduo g = dvog?,du({) = dv(£) = 0},
(34) G = {f € Guld(dw(§))o ¢ = 0},

G(l)l = {f (S G?d(l‘u = 0}

) ]

From Theorem 3.2, taking into account the characteristic conditions (2.4)
and (2.5) for Fo and Fqy, Lemma 2.1, as well as the definition conditions (3.4)
for Go and G, we establish the following

Proposition 3.3. The class F; (respectively FP, ) is closed with respect
to the transformations of the group G/i(i = 0,11) (respectively (:7,), which is
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the mazimal such subgroup of G (respectively Giyy) and for the corresponding
1-forms are valid the equalities:

0=0,T¥0*=0,5=w=0, for i = 0;
=0+d'woO,F'=0"‘=0,5=w+dwo<p, for i =11.

Since the class Fy is contained in F}, then Proposition 3.3 implies
G9,(Fo) € FY. The inverse inclusion is also valid. Thus we obtain a char-
acterization of the class FJ, stated in the next theorem.

Theorem 3.4. The class F} is the class manifolds, which are equiv-
alent by the transformations of the group G, lo the Fo- manifolds, i.c. FP| =
G (Fo)-

Proof. It is sufficient to prove that F{; C G9,(Fo). Let (M, ,€,1,9) €
FP,ie. wogis a closed 1-form on M. We consider the equation

(3.5) dw =woyp forw € FM, .

whence we have

(3.6) dw'(€) =0
and
(3.7) dw' o Y= —w.

Solving locally the equation (3.5), we find the function w', satisfying the
conditions (3.6) and (3.7).

Let f' € G, determined by the triad of functions (4’ = const, v’ = const,
w'). According to du’ = dv' = 0, the equalities (3.6) and (3.7), the trans-
formation f* belongs to G?'l, but f' & Gy. From the inclusion G'?ll C GY,, the
equality (3.7) and Proposition 3.3 it follows that the manifold (M, o, &', 7', ¢') =
I (M, ,€,7,9) belongs to Fo.

Let f” € G be determined by the triad of functions (u", 0", w"). Propo-
sition 3.3 implies that (M, ¢, & 7,7) = [ (M,¢,&,1',9") belongs to Fo. Since
Go C GY, and f' & G, then the transformation f = f” o f* belongs to G2, but
[ ¢ GY,ie GY(FD) C Fo. Hence, having in mind that GY, is a group, we
conclude that F; C GY,(Fo). [
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4. Contactly conformal invariants on an Fj;-manifold

Definition [5] . A linear connection on an almost contact manifold with
B-metric is said to be a canonical connection if the structure tensors ¢, £, n and
g on M are covariantly constant with respect to this connection.

A canonical connection on the considered manifolds is introduced in [5]

by

(1) DxY = VxY + 3{(Vxo)p¥ +(Vxn)VE} - n(¥Y)VxE.
If M € Fy1, then according to (2.5) we have

(4.2) DxY = VxY + 9(X)w(pY)E - n(Y)p€,

where Q is the corresponding vector of the 1-form w.
Let K be the curvature tensor field ol type (1,3) of D, i.e.

(4.3) K(X,Y)Z = DxDyZ — Dy DxZ — Dix y\Z,
and the corresponding tensor field of type (0,4) is given by
(4.4) K(X,Y,Z,T)=g(K(X,Y)Z,T).

In [5] it is shown that K is a Kaehler tensor, i.e. K(X,Y,Z,T) =
-K(X,Y,9Z,¢T), in some special subclasses of the basic classes. Then the
tensor K(X,Y,Z,T)= K(X,Y,Z,¢T') is also a Kaehler tensor associated with

K.
Let S be a tensor of type (0,2). We define the following fundamental

tensor for S

Ya(S)X,Y,Z,T) = n(Y)n(Z)S(X,T) - n(X)n(Z)S(Y,T)

45 L(XM(T)S, Z) — (¥ )n(T)S(X, Z).

It is easy to ascertain that 14(5) is a curvature-like tensor [2] iff § is

symmetric.
Let M be an FJ,-manifold. Then from (4.3) and (4.4), using (4.2), we
obtain :

(4.6) K(X,Y,2,T) = R(X,Y, 2,T) - ¥a(S)(X,Y, Z,T),

where S(Y, Z) = (Vyw)pZ — w(@Y )w(pZ). Lemma 2.1 and the equality (4.6)
imply that K is a curvature-like tensor. Since D is a cannonical connection,
then K is a Kaehler tensor, too. [
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Lemma 4.1. Let (M,,£,1,9) and (M, ¢,&,7,9) be contactly confor-
mally related Fy1-manifolds by a transformation from the group Gyy. Then

DxY = DxY — a(X)@?Y - a(Y )@ X — a(pX )oY — a(Y )pX

WD) o(pX, V)P + 9(X, Y Jop + 7(X(YV)E,

where D and D are the corresponding canonical conneclions to (M,¢,&,1,9)
and (M, ¢,§,%,7), and @ = du = g(e,p), v = dw.

Proof. Let V (respectively V) be the Levi-Civita connection of the
metric g (respectively g). Using the well known Levi-Civita condition for V and
V, we get the relation between them. Having in mind (4.2) for D and V, as well
as the respective to (4.2) equality for D and V, we obtain the equality (4.7).

Let (M, ¢,&,n,9) and (M, ¢, &, 7, §) be contactly conformally related F7-
manifolds by a transformation of the group Gi¥,. Using the last proposition and
Lemma 2.1, we get

(4.8) K = K - o(1(L) 0 ) + $2(L),

where

L(Y,Z) = (Vya)Z + a(¢Y )a(pZ) - a(Y)a(Z) — Ja(p)g(9Y,9Z)

(4.9) —1a(ep)g(Y,02) + n(Y)n(Z)a( Q).

Let (M, ¢, &,1,9) be an Fo-manifold and (M, ¢, £,7,7) be an FP,-manifold
and both are contactly conformally related by a transformation of the group GY,.
Then Theorem 3.4 and the equality (4.8) imply immediately

(4.10) K = R~ @(¢1(L) o @) + (L),
where
L(Y, 2) = (Vya)Z+a(9Y Ja(pZ)-a(Y Ja(Z)~ 50(p)o(¢Y p2)~ 50(gp)o (Vs 7).

Let us consider an arbitrary almost contact manifold with B-metric
(M, p,€,n,9) with dim M > 7 and let B(K') be the Bochner curvature tensor
of p-holomorphic type introduced in [5] by analogy of the Bochner curvature
tensor B(R) known from [2], i.e.

B(K) = K = s555[01(p(K)) 0 ¢ — a(p(K))]
(411) +m{1‘(]\")[ﬂ'l op— 7r2] + ?(1()7?3 o (p}.
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Theorem 4.2.  Let (M,p,€.1,9) (dimM > 7) be an Fpy-manifold.
Then the Bochner curvature tensor B(N) is a conlactly conformal invariant of
the group GY,. .

Proof. Let (M,p,&%,7) be the contactly conformally related FP-
manifold to (M, p,&,1,9) by a transformation f of Y,. If D and K are the
canonical counection and its curvature tensor on (M, ¢, Z,'ﬁ,g), respectively,
then (4.8) implies ;

(a1z) A= g P(Y, %) = Py, 2)]
i +aemiemy [T 9098, 92) + Ty, 02) = T Gley, v2) — T Gy, 2)),

where p, 7,7 (respectively p, 7, 7) are the Ricei tensor and the scalar curvatures

of K (respectively K).

Substituting L into (4.8) and taking into account (4.11), we obtain

(4.13) B(K) = €*“[cos 20B(K ) + sin 2vB(K))].

Let B(K) and B(K) be the corresponding tensors of type (1,3). Then
(4.13) and (3.1) imply B(K) = B(N), i.e. B(K) is an invariant tensor with
respect to the group GY,. n

Since the group Gy is a subgroup of (i, then from Theorem 4.2 follows
that the Bocher curvature tensor B( /') is a contactly conformal invariant of the
group G, too.

According to Theorem 3.3 and Theorem 4.2 we get

Corollary 4.2.1. Let(M,,&,1,9) be an Fo-manifold and (M, ¢, €, 7, §)
be and F{y-manifold, which are conlactly conformally related by a transforma-
tion of the group GY,. If B(R) and B(K) are the Bochner curvature lensors on
(M,p,€,1,9) and (M, ,&,7,7), respectively, then B(R) = B(I).

Since the group Gy is a subgroup of (7, and the class F is contained
in the class 7y, then from Proposition 3.3 and Corollary 4.2.1 we obtain that
the Bocher curvature tensor B(R) on an Fy-manifold is a contactly conformal
invariant of the group Gj.

Let (M, ¢,&,1,9) and (M, @,&,7,7) be Fy-manifolds contactly confor-
mally related by a transformation of (:"1’;. According to the definition conditions
of G?; a = du = 0 from (4.9) we get L = 0. lence (4.8) implies A’ = L". So we
ascertain the truthfulness of the following important theorem.

Theorem 4.3. Lel (M,p,&,1,9) and (M, @,£,7,G) be conlactly con-

Jormally related FYy-manifold by a transformation of the group G\,. Then K is

. . /
a contactly conformal invariant of the group (V.
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Having in mind Theorem 3.4, we obtain

Corollary 4.3.1. Let (M, ¢, &,1, g) be an Fo-manifold and (M, ¢, &, 7,5)
be an FP,-manifold, and both are contactly conformally related with respect to a
Imnsformatzon of the group G "l’l, and R and K are the corresponding curvature
tensors of V and D. Then R =K.

5. The geometric interpretation of the Bochner curvature ten-
sor on an F;;-manifold

Let us quote the familiar

Theorem A [5] . Let (M,p,&, 1, 9) (dim M > 9) be an Fo-manifold with
vanishing Bochner tensor B(R). Then (M,p,&,1,9) is contactly conformally
related to an Fo-manifold (M, ¢,&,7,5) by « transformation of Cy, so that the
Levi-Civita connection V of (M, ¢, &,1,7) is flat.

The analogous theorem for contactly conlormally related manifolds by a
transformation of the group Gy is valid, too, because the generalization of Cy
to (g does not essentially affect the proof, namely

Theorem A'. Let (M,p,&,1,9) (dim M > 9) be an Fo-manifold
with vanishing Bochner curvalure lensor B(R). Then (M, ¢, €, 1,9) is conlactly
conformally related to an Fo-manifold (M, ¢, &7,7) by a transformation of Gy,
so that the Levi-Civita V on (M, @, €,7,7) is flal.

We will prove the following theorem, more general than Theorem A’.

Theorem 5.1. Let (M,¢,&,n,9) (dimM > 9) be an Fy-manifold
wilh vanishing Bochner curvature tensor B(R). Then (M, p,&, 1, q) is conlactly
conformally related to an FPy-manifold (M,,&7,§) by a transformation of
(9, so that the canonical connection D of (M, ¢, &, 7, ) is flal.

Proof. Let (M,p,€,1,9) be an J-'(,-mmnfold with B(R) = 0. According
to Theorem A’ , there exist functions o, 'n', m , such that tumsl'mnmtlon N
of Gy gives rise to an Fo-manifold (M, ¢, &, 1, ¢") with flat wmnullon V' of
g,ie R = O Let us CODM(](‘I the transformation f; of (,“ determined by
the functions v = 0, v i ) According to Corollary 4.3.1 the transformation
J2 gives rise to an F{j-manifold (M, ¢.&,7.7), so that R = K = 0. Then the
tlansfm ma.hon = fg o fi belongs to (:“ and it is determined by the functions
u=u', v=0v 40" and w = w' + w". Thus the transformation J gives rise to
an F{-manifold (M, ¢, £%,9) = f(M,E, 1, 9) with flat canonical connection 1
for dim M > 9. o

Having in mind the invariance of the Bochner curvature tensor B(A')
on an FP-manifold with respect to the group GY,, the contactly conformal
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equivalence of Fp and F};, as well as Theorems 4.2, 4.3, 5.1 and Corollary 4.3.1,
we get the following main

Theorem 5.2. Lel (M,p,&,1,9) (dimM > 9) be an .‘FPl-ma‘nifold
with vanishing Bochner curvature tensor B(K'). Then (M,¢,&,1,9) is contactly
conformally related to an F{y-manifold (M, ¢,,7,7) by a transformation of GY,,
so that the canonical connection D of (M, ¢,€,7,7) is flat.

6. An example of an F;,-manifold

Some examples of almost contact manifolds with B-metric of the classes
Fo,F1 ® Fs and Fs are known from [3], and examples of the manifolds of the
classes Fy, Fy, Fs - from [4]. We are not familiar with the existence in the
literature of examples of manifolds of the class Fy;. Using the results of the
previous sections, we shall give an example of an Fyq-manifold.

Let M be an Fg-manifold. We consider the functions u, v € F M, which
are a @-holomorphic pair of functions, i.e. duo ¢ = dvo ¢?, du(§) = dv(£) = 0.
In [4] is given the following example of such functions:

: > 4 e s 2
(6.1) u=In J H ()2 + (y)?], v= Za.rctg-?}?,
i=1 i=1
where (2%;y%;t) (i = 1,...,n) are the local coordinates of a point p of M.

Let wy(2';y') € FM be such that dw; o ¢ is not closed, i.c. be not a
@-pluriharmonic function, and let wy(t) € F M satisfy the condition wy(t) # 0.

We consider the function w = w; + w,, obtaining dw(z) = dwy(z) +
dwy(z) = dwy(z) + w;(f)n(z), where z(z',7,9(z)) € T,M. The last equality
implies dw(z) = dwy(p2) and dw(f) = w,. It is obvious that d(dw(£))(z) =
w,7(z), whence d(dw(£))(pz) = 0. Since dwoyyp is not closed, then d(dwo ) #
0. According to the definition conditions of the group GY, the transformation
f, determined by the triad of functions (u,v,w), belongs to GY,, but does not
belong to Go. :

Then according to Theorem 3.4, from an Fy-maniflold the transformation
[ gives rise to an F{j-manifold.
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