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We have found earlier in [1] suflicient conditions for a linear block code to be good or
proper for error detection. These conditions are expressed in terms of the weight distribution of
the code. However, for codes with small co-dimension or with small number of nonzero weights
in their dual codes the conditions would be technically easier to check if they were presented
in terms of the dual weight distribution. This alternative representation is the purpose of the

present paper.

1. Introduction

A linear block code C' = [n, k,d;q] with symbols from a finite field of ¢
elements G'F(q) is a k-dimensional subspace of the n-dimensional vector space
over GI'(¢), with minimum Hamming distance d. When C' is used for error
detection only, the decoder proceeds as [ollows. Let @ € €' be the codeword
transmitted and let y € GI'(¢)" be the vector received. The error vector is
then e = y — 2. If y € C, the decoder accepts it as the codeword sent. When
y¢C, the decoder makes the correct decision for a transmission error. Clearly,
all cases of an undetected transmission error will be the cases y € C', but y # =,
that is, e € C but e # 0.

Assume now that the transmission channel is a discrete channel without
memory with ¢ inputs and ¢ outputs and with symbol error probability . In
such a channel, every symbol will be correctly received with probability 1 — ¢
and will be transformed to each of the (¢ — 1) other symbols with probability
e/(q — 1). As usual, we assume that 0 < ¢ < (¢ — 1)/¢, which ensures that
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every symbol will be more probably transmitted as itself than as some other
fixed symbol.

Let {A;,0 < i < n} be the weight distribution of the code €', that is, A; is
the number of codewords of weight i in ', and let C' be used for error detection
on the g-nary symmetric channel. The probability that a certain vector e €
of weight i > 0 will occur as an error vector is obviously (¢/(q — 1))i(1 — By
Then the probability P.(C,¢) of an undetected transmission error must be

n - i i
(1) Pud(Caf)'—"Zfli(_;“) (L=e)*"
i=1 9~1
(see [2], p. 66).
In the worst case of symbol error probability ¢ = (¢ — 1)/q, we get

-1, 2 ; ; e, g
Pud(C,q—q—') L Z[,li_q—tq—-(n—t) e q-n(ql. s 1) Si q-—(n—k) i q—n.

s=1

Assume that P,q(C,€)in (1) is computable. (This means that the weight distri-
bution of C is known). How shall one decide whether €' is suitable for error de-
tection or not? Reasonable criteria based on comparing P (C,¢) to Pua(C, 1;—])
have been worked out in a series of papers (see for this the monograph [3]).
Namely, C is good for error detection if for any ¢ € [0,(¢ — 1)/q],

I)“d((,",s) S (1—(11""/\') £EN q—n

and C' is proper for error detection if P(C',¢) increases in ¢ € [0.(q — 1)/q].

Obviously, proper codes are also good codes of some regularity: the smaller

symbol error-probability is the better they perform in detecting errors.
Introduce the notations

L (o
(2) A3=0, A=, e=1,..m,
Saiq 1(q)

where m(;y = m(m —1)...(m — i 4+ 1) for a positive integer m. Obviously,
Al=A3=...=245 ,=0.

The two theorems below give sufficient conditions for good and proper
codes and have been proved in [1].

Theorem 1/, Ifforl=d,...,n
(3)  Ihietiagia! Egp i WP O

then C' is good.
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Theorem 2. Ifforl=d+1,...n
(4) s /l; 2 (]A;-]w

then C' is proper.

In Section 2 we give equivalent forms of (3) and (4) in terms of the weight
distribution {B;,0 < i < n} of the dual code (‘*. Then, in Section 4, we show
some examples, where checking the equivalent forms turns to be casier than
checking (3) and (4) themselves.

2. Criteria for good and proper error detecting codes via their
duals

For a code C' with dual weight distribution {B;,0 < i < n} we introduce
correspondingly

¢
(f.
B} =0, B =Z;I(T'_-))—IJ;,K= 2,
i=1 ¢

Lemma 1. For € =0,1,...,n the following equalities hold lruc:
(5) A7+ 1= 0By, 1),

(6) B} + 1 =g~ ¥, 4. 1]

Proof. Let £ = 0. Then A} = 0,
n
By =) Br=y'Th =1
i=]
and obviously (5) is true. Now, let. ¢ > 1. Consider

(e an= () v (2) = () + 2 1C) () (s

From the obvious equality
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we get

¢ 3 ¢ !
(6) (")[1 + A3 = (") 4 (" & f) A= ("’ = 'f) Ai
¢ : ¢ ; €—i ;U (—i

and similarly

a n % n—{ "ot
(t) <1l_£)[1+un—-[’]=z( ¢ )Bz

By Lemma 2.2 of [4],
& : n—_{ .
L Rt 2 5 n-—1
b JA = it i) ( ) B;
i=Q (£ P z) g e :
which together with (7) and (8) imply (5) and correspondingly (6). o
We are now in the position to formulate (3) and (4) in terms of B;" %
Theorem 1. Ifforl=d,...,n

q-k g q—("+k"'t) Z q—('ll—f;) Bn-

n—~£s

then C is good for error detection.
Proof. Using the Lemma we get
q—(n—k) e q-n 2 ([—(/'l;

0

R e s B R

q'(n-—k) -q "+ q—l Xy q—t'q—(u—k—l)“r =Y l]

n—{

-L _ @ > q-(n-k)nu

n—={

q

q-k oy q—(n+k—l.’) = q—(n-—l’) B;—l'

The statement now follows from Theorem 1. , "

"Theorem 2. [fforl=d+1,...,n
B2 By~ ‘I"_k_l(‘l =1)

then C' is proper for error detection.
Proof. Using again the Lemma we have
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Ay 2 qA;,
Aj+1 24q[A;_+1]-(¢-1)
g t=0(BL_ +1] 2 9qHD(BL gy +1) - (g 1)

q—(“—k_t) [Br:-—t + 1] % q_("_k_() [B;—t-}-l + 1] T (q TE 1)

By . 2By 44y -0 g~ 1)

n-¢

The statement now follows from Theorem 2’. &

3. Examples
1. Consider the degenerate binary simplex code Ct with parameters
n=2"_-1,dimC* = u, d =221 4 2v1
and weight distribution
Bo=1, Bg=2%-1.
(see [5, Ch.8, Ex. 1 of §7]).
Forany{=d+1,...,n
n_£<n_d=22u_1_22u—1_2u—1 =22u—1_2u—1_1<d
and hence ‘
B ey = B = 0.

According to Theorem 2 the code C' is proper.
2. The MacDonald codes C}(q) with parameters
k _ u )
[n= qq-—‘i Rduw gt 1 Cw e k- 1]

and weight distribution

BO e 1, Bd o5 qk s qk—u, qu_l i qk-—u 2

(see [6], [7]).
Let ¢ > 2. Then forany =d+1,...,n

k=1 _ u—1
neldy~de T F o)
g1
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and
n—t+1 = B¢ =0
If ¢ = 2, then n = 2d and the above equalities hold for ¢ = d + 2,...,n. It is

easy to check that always
BE < 2d—k—1

except for some trivial cases.

Hence, the dual codes of the MacDonald codes are proper.

3. For a cyclic redundancy check (CRC) code C' of length n and with
generator polynomial g(z) the dimension of the dual code C'* coincides with
the degree r of g(z). For all practically interesting CRC codes

n—r=dimC > r.

Therefore, the use of Theorem 2 instead of Theorem 2 will reduce the complexity
of computations necessary to test a CRC code for properness.

4. Consider the binary codes G, with parameters [n,n—12,8],19 < n <
23. It was shown in [8] that G/, is unique up to equivalence and that there exist
exactly two nonequivalent [18,6,8] codes G'lg and Gg. All codes Gy, Glg and
(3 are shortened of the extended binary [24,12,8] Golay code. Their weight
distributions are listed bellow:

[l By | Bs | Bz | Bis
Gls[[1 J46 [16 |1
Gis |1 [45 [18
G |1 |78 [48 |1
G |1 [130[120 |5
Ga || 1 210280 |21
G " 1 330|616 |77
Gy || 1 [ 506 | 1288 | 253

A straightforward application of Theorem 2 shows that the duals of all
these codes are proper.
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