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Let KJG be a crossed product [1] of the group G and the field K with a system of
factors p = {p(g, h) € K*|g,h € G} and a mapping o : ¢ — AutK’, where K-basis {g|g € G}
satisfies the requirements go = a??3, gh = p(y, h)g, h for all g,h € G and a € K.

If Gher = {g € Glog = 1} and F = () = {y € Glplg, k) = p(h,g) = 1 for all
h € G}, then Gger is a normal subgroup of G [1] and I is a subgroup of G [2].

In the case when G is a nilpotent group, Fisher and Segal [3] investigated the group
rings which are principal left and principal right ideal rings. Passman [4] has finished these
investigations for any group G in the next theorem.

Theorem (Passman) Lel K be the group ring of he group G over
the field K. Then the following requiremenlts are equivalent.

1. K@ is a right principal ideal ring.

2. KG is right Noetherian and ils augmentalion ideal A(K (') is principal
as a right ideal.

3. If char K = 0, then the group (i is [inile or finite-by-infinile cyclic. If
char K = p > 0, then the group G is finite p'-by-cyclic p, or finite p'-by-infinite
cyclic.

Here char K is the characteristic of the field &, and p'-group is a group
which does not contain elements of order of p.

In the work presented here the Theorem of Passman is generalizied. It is
described here the kernel of the mapping o in the case when the skew product
K¢G is a right principal ideal ring.

We note that if p # 1 and o # 1, then KJG could also be principal left
and principal right ideal rings which is proved by the next result.

Theorem 1. Let K be a field, the group G be finite-by-cyclic and lel
the order of the finite group not to be divisible by the characleristic of the field
K. Then the crossed product KSG is a principal ideal ring.
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Proof. Let N be a finite normal subgroup of the group ¢ =< N,s >
and the factor group G/N =< s > be infinite cyclic. If KJN is a crossed
product of N and K with a system of factors p and a mapping o both limited
over N, then by [5, Lemma 2]

KSG = (KIN)(G/N),

where 0 is a mapping of the group G;/N in the group of the antomorphisms of
the ring K7 N and v is a system of factors of (/N over KgN.

The group  G'/N =< s > is infinite cyclic. Then, if fm cach integer k we
substitute 3% by s*, then the equality s*s! = ¥+ jmplies that the system of
factors in the basis {3|s € G/N} is trivial. ('onsequcnlly,

KG = (KJN)(G/N).

Then by the corollary of the Theorem 5 [1], the ring K N is semisimple and by
[3, Lemma 6], KJG is a prinicipal ideal ring.
Let G/N be finite and |N| # 0 in the field K. Then the group G is a
homomorphic image of the group =< N,s >, where H/N is infinite cyclic.
If ¢ is a homomorphism of /I on G, then a crossed product K1 can be
formed. For the purpose we shall define

0(a) = o(p(a)) and é(a,b) = p(¢(a), @(b))

for all a,b € H. Obviously @ is a mapping of the group H into the group of the
automorphisms of the field I. Then the set

& = {8(a,b)|a,be I}
is a system of factors. Indeed, the equation
8(a,b)é(ab,c) = 6(b,¢)"é(a,be) (a,b,c€ H)
is fulfilled, as it is equivalent to the correlation

p(p(a), p(b)p((a)p(b), p(e)) = p” P (p(b), p(e))p(@(a), ¢(b)p(c)),

which is true in K7 G. Consequently K11 is a crossed product of the group
and field K with a system of factors é and a mapping €. But, as we indicated
already, K{H is a principal ideal ring. Furthermore it is casy to prove, that the
mapping K¢H — K 5 G defined as

Z Qa0 Z aup(a) (aq € K)

a€H a€H
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is a ring homomorphism. Consequently A'J( is also a principal ideal ring and
the theorem is proved. ™

Let S be a subgroup of the group I' = F(G). Some properties of the

right ideal
A(S,G) = {Z(s - 1)a,les € K:G'}
8ES

of the ring KJG are investigated in [2]. It is proved that the ideal A,.(S,G) is
two-sided if and only if S is a normal subgroup of G and 5 < G,

Furthermore, let A,(-")(F, G') be the right ideal of the ring K7G, which
is generated by all elements of the type (5; — I)(82 — 1)...(3, — 1), where
81,82,...,8, € I i.e.

ARG =48 Y (5,-i)...(s,.-i);L-_,,,,,_,,,Jm,,,_,.,,,,elx’;,'c:}.
81,80 €F

Then the next lemma is true, whose proofl is analogous to the proof of Lemma
3.1 [6, p. 84]. !

Lemma 2. If D, = Du(F) = {J € FIf - 1€ A"(F,G)}, then:

1. F=Dy 2Dy 2 ...2 D, D ...is a descending chain of normal
subgroups of I;

2. If (D, Dy,) is the group generated by all commutators x= y~'ay, with
& € Dy, y € Dy, then (Dp,, Dy) < Dy for all m and n;

3. Ifchar K = 0, then I'/D,, is a lorsion free group;

4. Ifchar K =p and g € D, then g* € D).
Obviously, if S C G, then A(S, () coincides with the n-degree of the ideal
A(S,G).

If Ris aring and M C R, then let (M) and /(M) denote right and left
annihilators respectively of the set Al in R.

The proof of the next lemma is analogous to the proof of Lemma 4.3 [4].

Lemma 3. Let K°G be a skew product of a finile group i and lel char
K =p>0. If A\(Grer,G) is a right principal ideal, then G, is an extension
of a p' -subgroup by a p-group.

Proof. If weput R = KN7G and A = A(Grepr, G), then A = a R for some
a € K. Since A is a two-sided ideal and o € A, then R € A. In accordance
with the condition A = aR and [ 2, Lemma 2], we have

a)=l(A)=R ) 3.

9E€EG ey
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Consequently dimy l(a) = |G//Gijer|. Furthermore, the map ¢ : R — Ra,
where ¢(r) = ra is an epimorphism with a kernel I(e) and it follows that
dimj Ra = dimy R — dim l(@) = |G| = |G/ Gya| = (|Grer| = 1)|G /G rer|- :

Let II(G/Gper) be a set of coset representatives of G, in G. Then the
elements w(h — 1)(u € II(G/Grer), I € Grer) form a basis of the K-module A
[see 2]. Consequently

dimg A = (|Grer| — 1)|G/CGrer| = dimy Ra.

This indicates that A = aR C Ra and Ra = .aR. Hence it directly follows, that
A™ = Ra™ = a™R for each natural m.

Let N be the last term in the descending chain of normal subgroups
Di(Gker). Then N A Gper and we shall prove, that N is a p'-subgroup and
Ger/N is a p-group.

It is clear, that the descending chain A D A2 D A3 D ... is stabilizing
and let A® = A"+, Then o™ = a™*'s for some s € R, i.e. (x"(_l —as) = 0. By
this and by the equation A™ = Ra™ we get, that A*(1 — as) = 0. But, by the
defination N, the left ideal A; = A(N, ) is included in A™ and then 1 — as €
r(A;) = ( E @)R [2, Lemma 2]. This indicates, that Y~ @€ A. Consequently

a€EN a€EN
|N| #0in K and p X|N|.
At the end, as N = D,(Gjer) for some n and char K = p, then by
Lemma 2, G, /N is a p-group. The lemma is proved. ™

We shall define the mapping * : K°G — K?G, where

(): aaﬂ) DI

g€eG e

Then the mapping z — 2* is an antiautomorphism, as for all x,y € K°G it is
easy to prove, that

(z+y)" =2+, (29)" = y*2*, 2™ ==a.
a

Lemma 4. Let the skew product K°G be a right Noclherian prime
ring, Grer #< 1> and A,(Grer, G) be a right principal ideal. Then
1. If char K = 0, then G, is an (.qmnswn of its normal subgroup by
an mﬁmtc cyclic group;
2. If char K = p, then Gy, is an expansion of ils normal subgroup by a
cyclic p-group.



Principal Ideals of Crossed Products 387

Proof. Since an antiautomorphism in K?G exists, then K7G is right
and left Noetherian. Therefore K'?G is a prime and Noetherian ring and it
follows from [4, Lemma 4.2(i)] that A%(Gper,G) = Ap(Grer, G). Then D, =
D3(Ghrer) # Grer and, by Lemma 2, G, /D is an abelian group. Furthermore
the group (' satisfies the condition for maximality of the subgroups and all
subgroups of G are finitely gencrated.

Let char K = 0. Then G,/ D, is a linitely generated torsion free abelian
group and a normal subgroup N of the group G exists, such that /N is an
infinite cyclic group.

Let char K = p > 0. Then /D is a finitely generated abelian p-group
and therefore a normal subgroup N exists for which Ger /N is a cyclic p-group.

The lemma is proved. "

Let A+(G) be the periodic part of the maximal f.c. subgroup A(G) of
the group G. It is known [6, Lemma 1.6, p. 117] that A*(() is a characteristic
subgroup of G and the group A(G)/ At (() is torsion free abelian.

In the next proposition the group Girer is described in the case when
K°d is a right principal ideal ring.

Proposition 5. Let K°C' be a right principal ideal ring and A+ (G) C
Gler. Then

1. If char K = 0, then G, is finite or exlension of its normal subgroup
by an infinite cyclic group;

2. If char K = p, then G, is either an exlension of a finite p'-group by
a p-group, or an expansion of ils infinile normal subgroup by‘ a cyclic p-group.

Proof. Let K°G be a right principal ideal ring. Then K?¢ is a Noethe-
rian ring. Consequently all subgroups ol G are [initely generated and by Lemma
of Dietzmann [7, p.338] A+(G) is finite. Therefore if G = G/ A ((), then
A (G)=<1>.

Keeping in mind the condition A" = AH(G) C G}, and [2,Lemmad],
we have that A,(A%,G) is a two-sided ideal. Consequetly by [2, Theorem 1],

K°G/A(AY,G) = KOG,

where 8 : G = G/At — Aut K is the mapping induced from o. Furthermore
A*(G) =< 1 > implies that G' has not nontrivial finite normal subgroups and
by Theorem 1.9 [8], K°G is a prime ring,.
Obviously, A(Gier, G) is the image of the ideal A(Grery G) by the natural
homomorphism
K°G— KR°G/AAT,G)

and therefore, A(Ger, G) is a right principal ideal.
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Let Grer =< 1 >. Then G = AL iie. G, is a finite group and if
char K = p > 0, the confirmation follows from Lemma 3.

If Grer #< 1 >, then the description of the group ¢/ and hence the group
G'per are obtained by Lemma 4. The proposition is proved. [F]

The right ideal of the crossed product A'7G, which is a left. K-module is
called also a right K -ideal.

Proposition 6. FEach right K -ideal of the ring K G is principal and is
generated by an element of the subring K (.;,,, if and onl Y if K,Grer is a right
principal ideal ring. :

Proof. Let each right K-ideal of the ring K7G be generated by an
element of K,Ger and I be a right ideal of the ring K,Ger. If 1((/Grer) is
a set of coset of representatives of G, in (7, then by [1, Theorem 3], the right
ideal

(1) J={ Yy .'tuﬁl:c,,el}

“e"(G/err)

of the ring KJG is a K-ideal. Consequently J = aKjG for some @ € N ,Gey-
As I = J N K,Gier, then @ € I and I = @ N ,({jer. Therefore K (/. is a right
principal ideal ring.

Conversely let K,Gre, be a right principal ideal ring and J be a right
K-ideal of the ring K7 G. Then by [1, Theorem 3] such a right ideal I of the ring
K ,Ger exists, that JN K G, = 1 for which (1) is fulfilled. Since I = 2K ,G ey
for some @ € K,Ger, then obviously J = x K G. [

Proposition 7. If A(S, ) is a right principal ideal of KjG, which is
generated by an element of the ring Ky, then S C Giey.

Proof. Let A= A.(59,G)=a I\;,'(,, where 2 € K ,Ger. As ax = za for
all @« € K, then A is a K-ideal of the ring A'J(/. Therefore,if « € A and s € §,
then (3 — 1)a — a®*(5 — 1) = 1(a”® — «) € A. Since 1€A, then a’® = a and
S c chr- 8]

Corollary 8. If A.(G,G) is a right principal ideal, of the skew product
K°G, which is generated by an element of NGy, then (V= G, .

The corollary indicates, that il K'7¢/ is a right principal ideal ring and
A:(G,G) is generated by an element of A'(iy.,, then K?(/ is a group ring and
we can apply the Theorem of Passman.

Further, from Proposition 6 and the Theorem of Passman it is easy to
obtain the following.
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Theorem 9. If K°G is a skew product, then the following conditions
are equivalent. ;

1. Fach right K-idcal of the ring KNG is principal and is generaled by
an clement of the subring KN G.,.

2. KGper s a vight principal ideal ring.

3. KGher is a right Noclherian ving and (e, () is a vight principal
ideal, which is generated by an element of the subring K.

4. If char K = 0, then (i is cither finite, or an cxlension of a finile
group by an infinile cyclic group.

If char K = p > 0, then Gy, is cither an cxtension of a Jinite p' -group by
a cyclic p-group, or an extension of a finile p -group by an infinile cyclic group.
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