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1. Introduction

The Banach contraction mapping theorem was extended for multi-valued
mappings in metric spaces by Sam J. Nadler Jr. [1]. Since then, much work has
been done on this subject. It can be seen (cf. [2]-[12]) that the development of
the multi-valued fixed point theory follows a natural way outlined by the single-
valued theory. That is why our starting point for the study of fixed points of
multi-valued mappings in uniform spaces are the results from [13].

The main purpose of the present paper is to introduce generalized con-
tractions in uniform spaces in view of some applications to the existence theory
of functional differential inclusions. Two fixed point theorems are proved: for
multi-valued mappings with compact values and for mappings with closed and
bounded values.

Throughout this paper, by X we mean a sequentially complete Th-separatec
uniform space whose uniformity is generated by a saturated family of pseudo-
metrics 4 = {p,(z,y) : @ € A}, A being an index set (c[. [I1]). Denote
by C'B(X) the set of all non-empty bounded closed subsets of X (cf. [15],
[16]). For every M € CB(X) we define as usually N (M,a) = {& € X :
Pa(Z,y) < € for some y € M }, where ¢ is an arbitrary fixed positive real. The
set C'B(X) will be regarded as a uniform space endowed with a family of Haus-
dorff pseudodistances Hq = {H (M,L) : a € A} for M,L € CB(X), where
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H,(M,L) = max{E(M, L), E,(L,M)} and E,(M, L) is the excess of M over
L,ie. E,(M,L)= sup pa(z, L) and pe(2, L) = mf p,,(m Y)-
z€M

We point out that the family H 4 really dopends on the family A because
even in the metric case X may possess two equivalent metrics which may not
generate equivalent Hausdorfl metrics for C'B(X) (cf. [1], [17]).

The above definition of II,(M, L) is equivalent to the lollowing one (cf
[15]): H.(M,L) = inf{e > 0 : M C No(L,a) and L C NoM,a)}. If the
set L is compact and mg € M is arbitrary chosen, then there is ly € I, such

that p,(mo,lo) < H, (M L). Indeed, we have p,(mg, L) < <mp po(m, L) =
meM

H,(M, L). On the other hand, ps(mo,lp) = ;lell{ pa(mo, 1), for some ly € I because
pa(mo,-) is continuous on the compact set L. Therefore p,(mo,lo) < IT,(M, L).
The element /o can be depending on ¢ € A. That is why we introduce assumption
(N) (see below).

The following example shows that there is no such a point [y if L is not
a compact set.

Consider the linear space Ij2, consisting of all real infinite sequences. A
countable family of seminorms on /{2, which defines a locally convex topology
is A = {||z|ln : n € N}, ||lz||ln = max{|a1], |@2],...;|2nl} (n = 1,2,...), 2 € I}2,
where z = {21,232, ..., Zn, ... }.

Consider the sets M = {m,ly,lz,...;ln—1,...} and L = {l, 13, ..., 1n,...} :

1
m = {2,2,...,2,2,2,...}, 11 = {—1,—1,...,—1,1,1,...},12 = {—-5,—5,...,—-2-,
no no st e

no

1 1 1 . .
k,k,..}, ..., where ng € N is an arbitrary

2,2}l = {=pr = oo =
N——

ng
fixed natural number. The set L is not compact because it is unbounded with
respect to the seminorm || - ||lng41. Then

1 1 1 1
llm = lllng = max{|2+ ZI,12+ £1, 12+ £} =2+ 7, K EN.

Since Hpo(M, L) = inf{||m — lg||n, : k € N} = 2, there is no [} € L such
that ||m — lk||lne < Hpo(M, L).

We denote by COM(X) the totality of all compact subsets of X'. We
shall use the following assertions

Lemma 1. If X is sequentially complete with respecl lo A, so are
CB(X) and COM(X) with respect to Hy4 (cf. [15], [16]).

Lemma 2. If”l_l_‘ng(> z, = 29 in (X, A), 7!11.20 M, = My in (C'B(X), I 4)
or in(COM(X),H,) and 2, € M, for every n € N, then x9 € My (cf. [3]).
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2. Fixed point theorems

In this section we prove fixed point theorems for mappings with compa.ct
images. ~

Introduce a family of functions (®) = {®,(¢) : @« € A} with the ploportncs
(®1) ®,4(t) is continuous from the right, increasing and 0 < ®,(1) < tfort >0
and subadditive _

(i. e. @4(t; + t2) < Pu(ty) + Pa(12) for 1y, 13 > 0);
(®2) for each a € A there is a function ®, € (®) such that
o0

sup{®;n(q)(t) : m = 0,1,2...} < ®,(t), where Z n®,"(1) < oo.
n=0

Here ®,"(t) stands for ®,(®,(...®,(4)...)), while j : A — A is a map-

ping of the index set into itself whose iterates are defined as follows: j°(a) =
a, j*(a) = j(j*~(a)),k € N,a € A.

A mapping T : X — COM(X) is called ®-contractive if for every 2,y €

X is satisfied
Ho(T2,Ty) < ®u(pj(a)(z,y))Va € A.

We assume: (N) (resp. (N1)) For every M,L € rangel’ and m € M
there is I € L such that p,(m,l) < H,(M,L) (resp. pa(m,l) < M,(M, L) +
las Na > 0) and for every € > 031y € L such that pjq)(m,l;) < (M, L)
and p;,)(1,1) < eVa € A.

Now we are going to formulate the following

Theorem 1. Let T : X — COM(X) be ®-conlractive mapping
which satisfies (N). If there exist xo € X and a constant Q > 0 such that
Pin(a)(®0,21) £ Q < 00 (n = 0,1,2,...) for every &y € Txg, then T has at least
one fizved point in X . .

Proof. Choose 2y € T'xq. Since T'xg,T'v1 € COM(X) thereis 9 € Tay
such that p,(21,22) < Hq(T2o,T2q) for arbitrary fixed a € A.

Let z,-1 and 2, be already chosen. Since T'z,_y, Tz, € COM(X) and
Ty € Txy—y we can find Zp41 € Ty, for which po(2n, 2nt1) < H(T2py, Ty).
So we obtained a sequence {zn}eo of points of X such that x,4y € Tz, and
Pa(Tn, Tny1) < Ho(Txp1,T,). Consequently, po(tn, Tup1) < H T2y, Ty)
<@ (pJ(a)(:cn—lazn))

We have to show that {x,}52 is a lechy sequence. In view of (N) we

can choose :c( ) e Tz, such that pj(a)(:z.,,_h A ) < o) (Tap—2,Txn_y) and

pj(a)(xn’a'n ) < D(a)(®j2(a) (@ jn-1(4)(Q)...)). Then we have

Pa(Zn, Tng1) < Ba(pj(a)(@n=1,2n)) € Palpj(a)(@uats ) + piy(al), 2,))
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< Bu(®j(a)(P2(a)(Bn=25Tn=1))) + Pul(P(a) (.. P ju-1()(Q)...)).
1)

n—1

T.’C,._z) and Pj’(a)(xﬂ—l’mgll) < ¢j2(a)(¢j:\(“)(...q)jn—l(a)((z_)..‘.)).
Therefore,

Let us choose 2 € T'x,—2 such that pjz(,,)(:z:,,,_g, :rf,"_), ) < Wiy (T p—3,

Pa(@ns Tnt1) < Pal®j(a)(Pj2(a)(Tn—2,2n-1))) + &, (Q)

< ‘I’a(‘l’j(a)(sz(a)(tvn—z,-’05.121) + P_,‘Q(u)(wg_)p-'un-—l ) + ®,(Q)

< B4 (®(a)(Rj2(a)(P53(a)(Tn=3,Tn=2)))) + Pa(Pj(a)(Pj2(a)(--Pjn-1(4)(Q)...)))
+$:(Q) < Qu(Qj(a)(Qj"(a)(pj"'(a)(a:n—a,-"",;.2))).) + 26:((2)

Proceeding in this manner we obtain
Pa(Zns Tnt1) € Bal®j(a)(- B jn=1(a)(Pjn(a)(%0, 21))...)) + (1 = 1NPL(Q)

<TLQ) + (n = NFL(Q) = n®,(Q),

which implies that {z,}oe, is a Cauchy sequence. Consequently, ull_l.T’l\’ x,=€€
X and "1520 Tz, = T€ (cf. Lemma 2). Since 2,4, € Tz,, it follows £ € T¢.
The element £ € X is the desired fixed point of 7. Theorem 1 is thus proved. m

As an immediate consequence of Theorem 1 we obtain a fixed point
theorem for ®-contractive mappings in a metric space (X, p). In a metric space
(X,p) the map j turns into the identity map. Then condition (N) can be
formulated in the following way: (N’) every point of the set Tz is a limit point
and Tz has no isolated points. The other condition of Theorem 1 is also trivially

satisfied. The family (®) reduces to one function ®(¢), which satisfics condition
(®1). Then

Theorem 2. IfT: X — COM(X) is ®-conlractive, salisfics (N') and
o )
Z nd®"(t) < oo, then T has at least one fired point in X .
n=0

3. Fixed points of mappings with closed and bounded images

Here we replace condition (®2) by the following one:

(®2 — I) there is a family (¥) of functions ¥,(¢) : Ry — Ry with
the properties from (®1) and besides ®,(1) < ¥ (1) for ¢t > 0 (for instance
U, (t) = 4(t + ®a(t))) and sup{¥n()(t) : n = 0,1,2...} < W, (1) such that
o0

Z 2¥, (t) < oo.

n=0
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A mapping T : X — CB(X) is said to be ®-contractive if 1K(Tx,Ty) <
®u(pj(a)(,y)), assuming the functions d,(1) possess the pronertics ($1), (92 —
I). .

Theorem 3. IfT : X — CB(X) is ®-contraclive, salisfics (N1) and
there exist xg € X and Q > 0 such thal pjm)(xo, 1) < Q < ox(n = 0,1,2...)
Jor every &y € Txp, then T' has a fized poinl in X.

Proof. Choose z1 € Txg and consider p,-(,,)(:ro, @ 1) If there is oy € T2
such that p;c,)(2o,z1) > 0 for every a € A, we put 1] = Uo(pj(a)(®0, 1)) —

®4(2j(u)(z0, #1)) > 0. Then we find 22 € T’z such that p,,(:rl,arg) <H, (T.z:o, Tz,
+¥a(Pj(a)(Z0, 21)) — Ba(Pj(a)(Z0, 21)) < Yulpj(a)(%o, 21)).

If for every 1 € Tzo and a € A follows pj)(Zo,x1) = 0, then we can
choose 2, = 2. So in both cases we have pu(21,22) < Wa(pj(a)( 20, 21)).

Let x,_; and 2, be already defined.

If P_y(a)(wu-lvzn) > O,Pp(a)(-’ch—‘z; Tp-1) > 0, /’j"(u)(:"u- x1) > 0 for

every a € A, we put

7"(‘ = ‘I"u(/’J(a)('Ln—l’a‘n)) - u(/’](a)(ln 1. 'n)) > 0.

Then there exists 2,41 € T'z, such that
Pa(@ns Tnt1) € Ha(Tao1, Tn) + 15" < Yalpja)(@n—1,@n))-
Further, on in view of (N), we choose ] M ¢ Tx,_; such that
Pita)(@n-1,2W) < Hj(a)(Twn=2,Txu-1) + ¥(@)(Pj2(a)(¥n=2, Tn-1))

®;(a)(Pj2(a)(Tn—-2:Tn=1)) £ ¥(a)(Pj2(a)(¥n-2, Tn=1))
and
Pia)(Tn-1,20) < W) (¥ja(a) (- ¥ jn=1(a)(@)--.))-

Therefore,
pu(mnvmn-l-i) < \I’a(Pj(a)(wn—lywn)) < W“(/)j(")(.’l:"_l,a:s.l))) + q’a(/’j(u)(mg)’ xn))
< ‘I’a(‘I’j(a)(sz(a)(’a:n-—27 Zn-1))) + q’u(\l’j(a)(-""I’j""(u)(Q)"'))

< 'I"a(\I’ (a)(pﬂ(n)(a‘n-do Tp-1)))+ ¥ (Q)"

Continuing in this way we conclude that p(2n, Za41) < av (Q).
If at least one of the numbers

pj(a)(zn—la xn)s Pj’(a)(zn-Zv Tn-1 )9 srey pj”(‘u)(mﬂa wl)
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is zero then we put 2,41 = 2, and then moreover py(x,,,41) < nv,(Q) is
satisfied.
The proof can be completed recalling the usual reasonings. u

The above theorems can be applied to the initial value problems for
functional differential inclusions of ncutral type:

#(t) € F(t, 2(A1(1)),y ooy 2(Ap(£)), #(T1(2))y o t(Tu(1))). 1> 0
(1) = (1), t <0

where the deviations are unbounded and mixed. But this is a subject of a future
article. '
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