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In this paper we establish in a simple, unified way two continued fraction expansions
for the ratios of the basic hypergeometric function 2®;(a, b; ¢; ) with its contignouns functions.
Further, as special cases of these identities, we generate a number of continued fraction expan-
sions analogous to the identities of Ramanujan and Eisenstein. As an interesting special case,
the famous Rogers-Ramanujan continued fraction also follows.
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1. Introduction

Ramanujan has made some significant contributions to the theory of
continued fraction expansions. The most beautiful and penetrating continued
fraction expansions of Ramanujan can be found in Chapter 12 of his second
notebook [10] which is almost entirely devoted to the study of continued frac-
tion expansions. Further, continued fractions can be found in Chapter 16 and
unorganised portions of second notebook and in the ”lost” notebook [11]. The
famous Rogers-Ramanujan continued fraction identity can be stated as

o q’n(n+1)
(1) (66°)00 (0460 _ a0 O _ 1 a & o
(4% %) (4% ¢%) o i 7 4+ 14+ 14...14...
w=0 (Dn

where o
(@)oo := (ai @)oo = [[(1 —aq™), lgl<1

n=0
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and -

(@)oo
(aq™)oo’
The continued fraction (1) and several of its evaluations have been communi-
cated by Ramanujan [9, p. xxviii] in his second letter to Hardy. Ramanujan also
mentions in his letters to Hardy that (1) and several other continued fractions
are particular cases of a more general theorem; but he does not give this theo-
rem. However, eventually in his "lost” notebook he has stated generalizations
of these identities.

In [5] S. Bhargava, C. Adiga and D. D. Somashekara have established
several continued fraction identities which contain as special cases several con-
tinued fraction identities stated in the ”lost” notebook of Ramanujan and proved
earlier by different methods by G. E. Andrews [1],[2], Bhargava and A diga [4],
M. D. Hirschhorn [7] and K. G. Ramanathan [8].

The present work is a sequel to these. In this paper we obtain in a simple,
unified way a continued fraction expansion for ;®;(a, b; ¢c; zq)/2®1(a, b; ¢; x) and
2®1(a, bg; cq; 2q)/2®1(a, b; ¢c; 2q), where

@ meban =2 GG

(@)n :=(a;q)n = n is any integer.

lgl <1, |zl <1, (a)n=(a;q)n,

is the basic hypergeometric function. We also obtain several identities analogous
to Ramanajan’s and Eisenstein’s as special cases.
For our convenience we introduce the function

(3) h(a,b,c,z) = (€)oo(Z)oo 2®1(a, b; ¢; )

and note that

(4) h(a,b,c,z) = h(b,a,c,z).

Then, the well-known E. Heine’s transformation for ;®(a, b; ¢; ) takes the form:

(5) h(abz/c,b,bz,c/b) = h(a,b,c,z), gl <1, Jz|<1, |e/fbl<1.

2. Main theorems

We first state some functional relations satisfied by the auxiliary function
h, which are useful to prove our main theorems.

(6) h(a,b,e,z) = (1-=a)h(a,b,c,zq)
+2(1 - a)(1 - b)h(ag, bq, cq, z),
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(7) h(a,b,c,z) = h(aq, ba, cq,z/q) + (abz — c)h(ag, bg, cq, ),

(8) h(a, bé, cq,z/q) = (1+c—bz— az/q)h(a, bq, cq, z)
+ (1 — z)(abz — c)h(a, by, cq, zq),

(9) h(a,b,c,zq) = (1—c+az— bzq)h(a, bg,cq,zq)
+ z(a — cq)(bg — 1)h(a, bg? cq?, zq),

h(a,b,c,z) = (1- c)h(a,bdq,cq,z)

(10) + z(e — b)(1 — a)h(ag, bg, cq?, z),

h(a,b,c,z) = (1 - c)h(aq,b,cq,x)

(11) + z(c — a)(1 — b)h(ag, by, cg?, z).

These functional relations follow easily from

h(a’ b, ¢, z) - h(aQa b,e, .'I:) = at(b - l)h(aq, bq, cq, z),
h(a,b,¢c, z) - - 3)"(‘1/99 b,c,zq) = z(1 - b)h(a,bq, cq, z),
h(a'n b,c, z) = h(a/q’ bg,c, 3) = z(a/q - b)h(a’ bqv c‘bz)'

h(a, b, ¢, z) — h(a, bq, cq,z/q) = (az/q — c)h(a, by, cq, ),
h(a,b,c,z) — h(agq,b,c,z/q) = (z/q)(b — c)h(aq, b, cq, ),

by symmetry relation (4) and the Heine’s transformation (5). For details of the
proof one may refer [5).

Theorem 1. The following continued fraction ezpansion for a ratio of
two basic hypergeometric functions @, (2) holds:

2®1(a,b;¢;2q) _ (1 —z)h(a,b,c,2q)

2®1(a,bjc;z) h(a,b,¢c,z)
_1-z Ao By Do An By D,
T 1-2z4+ 14 Co+ 1 —2q+... 1+ Cpt+ 1 —zgn+1 4+ ...
where |g| < 1, |z] < 1 and
Ay, = zq™(1 — ag™)(1 - bg™),
B, = abzg®>*t! — cqg™,
Cpn = 1+ cq® — bag®*+! — azq?® ),

D, = (1 — z¢"t')(abz¢®>t? — cq™), n=0,1,2,...,.
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Proof. Changing a to aq™, b to bq™, ¢ to c¢q™ and 2 to 2¢™, we can write
(6) as:
h(aq™, bq", cq", xq")
h(aq",bq", cq™, wq"*!)

(12) —_ 1 - n "Iln
( tq ) + h((L(]". bqu, Cq", .'l:([n'+l)

h(aqn+1 , 1)!1”"'1 , an-{-l’ qu)

P, =

Changing a to aq™, b to bg™, ¢ to cq™ and = to x¢™*!, (7) can be written as:

h(aqn, bqn, an, .’L‘(]“+1 )
h(aqn+l , bqn+1 s (:(1"+1 , '1'(/")
(13) -1 By,
h(aq""‘l, b(["“"l. ('(["'H , .'l)(j")
h(aqn+1 , bqn+1 , (.,IN-H . .’L'q"'*'l)

Analogously, by changing a to aq™*!, b to bq", ¢ to c¢™ and 2 to z¢"+!, (8) turns
into

h(aqn+1 , bqn+1, C(]"+l, .'L'![") o N -Dn
h(aq"H‘l y b(["’+1 , Cq"’+1 , .”L'(]”+l ) - ¥n

Now, from (12), (13) and (14) we have

14 .
( ) Pu+1

An By Dy

1+ C"n+ Pn+1.

Iterating (15) with n = 0,1, 2,..., taking reciprocals and then multiplying both
sides by (1 — a), we get the required result. ]

(15) P,=(1-a2¢")+

Theorem 2. The following continued fraction expansion for a ratio of
two functions @, (2) follows:
2®1(a,bg; cq;2q) (1= c)h(a,bq,cq,xq)
2®1(a,b;c;2q) hia,b,c,xq)
l-c F Go Hy I, Gh H,
T Eot l—cq+ 1—cq®+ Ey 4 ... L —cgd g 1 — e 24 [y +..)0
where |¢| < 1, |z| < 1 and

E, =1—c¢®" + axq™ — bag?t!,

Fy = zq"(a = cg®")(bg*+! — 1),

G = 2¢*"*?(cq™ - b)(1 - aq™),

H, = z¢"*(cq?"*? — a)(1 = bg?"*2%), n=0,1,2,...,.
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Proof. Changing a to aq™, b to bg?", ¢ to cg®*, (9) can be written as:

Q. h(aq", bg*", cq:"‘", xq)
h(aqn, b(12"+1, C([‘jn"'l, .‘L'(])
(16) _ oy r, .
n h((l,q",qun—FI, C(13"+1,.’L'(1)
h((l,(]”, b(12n+2’ (.q3n+2, .1:(1)

Changing « to aq™, b to bg®"t1, ¢ to cg®*! and z to zq, (10) turns into
h(aqn’ bq2n+1, cq3n+1’ .1'(1)
h(aq™, bg?"+2, cq3n+2, 2q)
— (1 — cq3n+l) +

G

(17)
21L+2, C([3"+2, -'L"[)

h(aq™, bg
h,((t([”"'l , b(12n+2’ C(/3"+3, .”L'q)

Changing a to aq®, b to bg?"*+2, ¢ to cq®*? and 2 to x¢, (11) can be written as

,
Qu+1 )

n 2n+2 3n42 . .
h(aq ’bq » €q , &) =(1- cq3n+2)+

(18) =
h(aq"+1 s bq2n+‘2, C([3"’+3, _.17,1)

Now, from (16), (17) and (18) we have

F, Gy H,
(1- C‘I3H+I)+ (1- C(13"+2)+ Qu+1 '

(19) Qn = En +

Iterating (19) with n = 0,1,2,..., taking reciprocal and then multiplying both
sides by (1 — ¢), we get the required result. =

3. Special cases

Changing a to —\/a, b to c, ¢ to —bq, & to —ag/c and then letting ¢ to
o0 in Theorem 1, we have the continued fraction:

2 ¢t D/2(_ )\ a),(aq)”
—~ (‘])n("’bq)"
& (D2 N a), (a)”
(20) "0 ((l)n(_(”/)”
_ L ag+Ag_ byt bgt A

I+ 1+ 1-bg+ag*+ 1+...
(lq2"+1 + /\q3n+1 bqn+l + /\(['3"'+2 bqn+l + /\(]3"+3

1+ 1= bgntl 4 qg2nt24 1+...
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This is analogous to an identity of Ramanujan found in his ”lost” notebook.
Using the fact that

— (—ag)y S~ LA /b),b"
(2)n(—bg)n = (-0 n=0 (2)n(—aq)n

0 n(n+1)/2(_)\/a na®
(~boo 35 LI DN )

n=0

and then putting a = 0, b = — A in (20) we get the expansion

i(_l)nqn(n+l)/2An = _}__ ﬁ ’\(’lz - ‘I) A(‘13 - (1)
=0 1+ 14 14+ Ag+ 1+4...
Aq3”+1 ,\(q3n+2 - qn+l) ,\(qan+3 _ qn+1)

1+ 14 Agnti4 1+... ’

(21)

This is analogous to entry (13) in Chapter 16 of Ramanujan’s second notebook.
Putting A = 1 in (21) we get

o0

Z(_l)nqn(n+l)/2 =

n=0

1 q q2 -q qa -q q3n+l q3n+2 _ qn+1 q3n+3 — qn+1

9

I+ 1+ 14g+ 1+... 1+ 1+¢+14 Lok s

which is analogous to an identity of Eisenstein [6]. Changing 2 to x/ab and then
letting @ and b to oo in Theorem 1, we get

f: qn2 2"
(@)n(c)n 1 z 2zqg—c2¢*—c

;=077 T AT
X g Dgn 14+ 1+ 14ce+ 14...
n=0 (q)ﬂ(c)ﬂ

qun z.q3n+1 - an xq3n+2 - Cq"

1+ 1+ cq™+ 1+4+...

(22)

This interesting identity seems to he new and gives rise to many identities
including some of Ramanujan. For example, putting ¢ = 0 and & = aq in (22)
we get

e qn(n+l) am®
(23) n=0 (Dn _ 1 aq aq? aq™
ooqnza" —1+ 1+ 1+1+’

= (On
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which is corollary to entry (15) in Chapter 16 of Ramanujan’s second notebook.

"This identity was established first by L. J. Rogers [12] and then later by G.
N. Watson [13]. The special case of (23) with @ = 1 is the Rogers-Ramanujan
continued fraction (1). Putting = ¢, ¢ = —¢q in (22) we obtain

o gn(ntl)

,,_o(q)n( Dn 1 q 4+q P+g

T 14+ 14+ 1—qg+ 1+4...
Z(q)n( —q)n

n=0

q37l+1 q3n+2 + qn+1 q3n+3 + qn+1
1+ 1-gntl4 1+...

?

which is analogous to an identity of Ramanujan found in his "lost” notebook.
Changing z to ¢/22, c to 0 then ¢ to ¢* in (22) and multiplying both sides of
the resulting identity by ¢/z, we get

oacd q4n(n+l)x—2n

q A
(24) n=0 (7% ") _ _g__qj_ q° g
ooqtmzz-?n _;,;+m+:z:+...a:+...’

x —_—
= (@ qY)n

which can be found in [3, eqn. (7.2)].

The following result was stated by Ramanujan in the unorganised por-
tions of his second notebook [10, p.289] which involves a modest generalization
of the Rogers-Ramanujan continued fraction:

= nearly.
1+ 1- 14+ 1-14... 2+ 2+ 2+ 2+...

Here one continued fraction is approximated by another continued fraction. D.
Zagier [14] has used the continued fraction identity (24) while giving the proper
interpretation of this result.

Changing a to —A/a, b to ¢, ¢ to —bg, 2 to —aq/c and then letting ¢ to
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oo in Theorem 2, we get

00 qn(n+l)/2(_’\/a)u(aq2)n
n=0 (0)n(=bg?),
o g2 (N /a),(aq)"
n=0 (q)n("b‘l )n
1+ bq A¢? — abq? aq® + \¢g® Aq* — abq”

+bq +ag’+ 1+ bg%+ 1404+ 1+bq4+a 5
l[3n+2 abq5n+4 aq2"+3 + /\(1 n+3 /\(] n44 __ abqg +7

1 + bq3n+2+ 1 + bq3n+3+ 1 + bq3n+4 + (Lq2"+4 +..

This is analogous to an identity of Ramanujan found in his "lost” notebook.
Changing z to z/ab and letting a and b to oo in Theorem 2, we obtain

e qn(n-{-l)wn

= (@n(ca)n _1l-c¢ xq 2q? zq"
2 g¥zn  l—ctl—cqt l—cq®?+...1—cq"+.

= (@n(e)n

which is same as entry (15) in Chapter 16 of Ramanujan’s second notebook.
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