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Izomorphizm of Functional Spaces

Mitrofan M. Choban

Presenled by P. Kenderov

Let G be a linear topological space. Consider the functor F with the proporum

- for every space X the object FF(X) is a lincar subspace of the linear space G~ and
{f € GX : f is continuous and ¢l f(X) is compact } C F(X);

- every linear space F(.X) is equipped with a concrete topological structure;

- for every continuous mapping g : X +— Y the mapping @, : F(Y) — F(X), where

®4(f) = [ g for every [ € F(Y), is a coitinnous homomorphism;

-if Y is a closed countable subspace of a metric space X, then there exists a continuous

linear extender u : F(Y) — F(X).
The main results are connected with the questions:

When F(X) and F(Y') are linearly homeomorphic?
When F(X) and F(X + 1) are linearly homeomorphic?
When F(X) and F(X + S) are linearly homcomorphic?
When F(X) and F(X + X) are linearly homeomorphic?
Let P(X) be a linear subspace of a space F(X). When P(X) is linearly homcomorphic
with F(Y') for some space Y'?

These questions for F(X) = C;(X) and F(X) = Cu(X) were formulated by A. V.
Arhangel’skii, A. Pelczynski and Z. Semadcni.
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0. Introduction

The first attempts to solve the problem of the linear topological classi-
fication of Banach spaces Cy(X) for compact spaces X go back to the works
[19,23,54). K. Borsuk [23] showed that Cy(I) ~ Cu(I + S) ~ Co(l + 1) ~
Cu(7 : ). In the proofs he has used the lincar extension operators.

S. Banach [19] has proved that C/(S) ~ Cy(S : 0) ~ Cu(S + S) and
raised the question whether Cy(I) ~ Cy(I?). The Banach problem was solved
by A.A. Miljutin in 1952. He proved that Cy(X) ~ Cy(Y) for all non-countable
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metrizable compact spaces X and Y (sce [91,107,117]). The crucial point in the
Miljutin’s proof is his lemma. The Miljutin’s lemma was gencralized by S.7.
Ditor [46]. The classification of Banach spaces Cp(X) for countable compact
spaces X was given by C. Besaga and A. Pclezynski (see [107,117]).°

The problem of the lincar topological classilication of Banach spaces
Cu(X) for compact spaces X remains open and seems to be very complex.,
Morcover, the study of this problem has given the possibility to formulate some
new interesting and natural questions.

In the 1970°s A.V. Arhangel’skii has begun the systemical investigation
of spaces Cp(X) with the topology generated by pointwise convergence (sce
(7,9,10,17]).

In virtue of A.V. Arhangel’skii’s [6] and S.D. Pavlovskii’s [101] theorem
the Cp-classification of compact spaces is more fine than its (/,-classification.
Therefore in the Cy-theory we have more various problems. In particular, the
problems of classification of spaces C,(X) for X metrizable separable and X
metrizable compact spaces are open. Essential results in that direction were
obtained in [16,17,47,64,103,124,125]. :

The profile of this paper was determined in 1987-1993 due to enjoyble
and fruitful contacts established at the Universities of Moscow, Munchen, Tartu,
Thilisi and the Mathematical Institute of Bulgarian Acadamy ol Sciences in
Sofia. Conversations with Professors A.V. Arhangel’skii, W. Roelcke, S. Nedev,
P. Kenderov, M. Abel and L. Zambahidze have been of great value to me. T would
like to express my deep gratitude to everybody by whom I was inflluenced.

1. Basic Definitions

1. We consider only completely regular spaces. We shall use the notation
and terminology from [43,53,63,85,117). In particular, X is the Stone-Clech
compactification of the space X, ».X is the Hewitt real compactification of the
space X, wX is the weight of the space X, ¢/A or ely A denotes the closure of
aset A in X, |X|is the cardinality of X, N = {0,1,2,...} is a discrote space
of the natural numbers, the symbol R will denote the topological ficld of real
numbers. By X +Y we denote the topological sum of disjoint spaces X and Y.

2. The topological sum of the spaces {1, : n € N} is denoted by F and
is called a signature of a set of fundamental operations. For every n € N the
set k£, is a set of operations of type n.

We say that an L-algebra or an algebra 7 of a signature F is given, il
the set G is non-empty and there are mappings {c,, : £, xG" — (/: n € N}.
The mappings {e,, : n € N} are called the structure of the F-algebra in the
set G,
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Subalgebras, homomorphism, isomorphism and Cartesian products of [2-
algebras are defined as in [21,26,33.63].

An E-algebra G together with a given topology on it is called a topolog-
ical E-algebra, if all the mappings Cug; Are continuous.

A topological product of topological /7-algebras is a topological /2-algehra
(see [21,26]).

3. Fix a topological [<-algebra (/. Let B(.X, (/) be the space of all map-
pings of a space X in &,C(X,() be the space of all continnons mappings of
a space X in G, BY(X,G) = {f € B(XN.() : ¢l,J(X) is compact} be the
space of all bounded mappings of X in ¢ and C*(X, ()= C(X. R)N B*(X, R).
The sets C*(X, (), C'(X,G) and B*(X, () are [-subalgebras of the [-algebra
B(X,G) = G¥X.

If @ C B(X,G), then T is the topology on X generated by Q and it
has a base consisting of all sets of the form N{f7"U; : i = 1.2,....n}, where
n€N, fiy....,fn € Q and Uy,...,U, are open subsets of (.

Any mapping ¢ : X — Y induces the homomorphism &, : B(Y, () —
B(X,G) defined by letting ¢, (f) = ¢ f for [ € B(Y.().

The set B(X,G) naturally can be provided with various algebrical and
topological structures:

- the discrete topology;

- the topology of pointwise convergence. In that topology B(X, (/) = (¥;

- if E' C E, then every I-algebra is an 1'-algebra too. Therefore every
B(X,G) admits the structure of an /2"-algebra for each subset ' of .

4. The topological I7-group is a topological I-algebra ¢ for which:

a®. there exist the operations 0 € Iy, — € I, + € I such that relatively
to the operations {0, —, +} the space (i is a topological group with the nentral
element 0;

0. ifn>1andw € K, then ¢, ,(w.0.....0) = 0;

V. Co(;(E() X (1'0) = {0},

d. ffwek, n>1and 2,,y;...... s yn € G then

eng(WsZ1+ Y1y Bn + U0) = g (w20 o0y2,) + Cone (W Yieen oy Un).

Remark 1.1. If GG is a topological I-group with a neutral element 0,
then {0} is a subalgebra of 7 and an F-group.

Remark 1.2. Let (& be an [-algebra. Then:

- ifw € Ly, then 0, = ¢y, ({w} x (y);

-ifn2>1andwe€ Ey, then e, (W, @10. 00y @) = W( 21,000y 2y ).

Cxample 1.3. Every linear topological space is a topological -group
for = {0,—,+}+ P, Eo = {0}, Iy = {=}+ P, Iy = {+,}, where P is a
scalar field.
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2. Functional functors
Fix a signature £ and a topological L-group G'.

Definition 2.1. By a function G;-functor we mean a mapping I that
associates with each space X some F-subalgebra I'(X) of B(X, (/) satislying
the following conditions:

1. C*(X,G) C F(X).

2. Every F(X) is equipped with a concrete topological structure.

3. For every space X the space F(.X) is a topological IZ-group.

4. For every continuous mapping ¢ : X — Y we have ¢4(F'(¢)) C,
where ®4(f) = fy for every f € F(Y), and ®,4 : (F(¢)) — F(X) is a continuous
homomorphism.

Every functional G-functor F is contravariant. Each functional G-functor
is a Banach-Stone functor in sence of A. Pelczynski [107].

Fix a functional G-functor F.

Definition 2.2. Let Y be a subspace of a space X. An extension
F-operator or an F-extender is a continuous homomorphism « : F(Y) — F(X)
such that for each ¢ € F(Y) the mapping u(g) is an extension of g, i.e. g =
u(g)lY.

Lemma 2.3. If¢: X — Y is a retraction , then ®,: F(Y)— F(X)
is an F-extender.

Definition 2.4. Let ¢ : X — Y be a continuous mapping of X onto
Y. An F-averaging operator is a continuous homomorphism u : F(X) — F(Y)
such that u(®4(g)) = g for each g € F(Y).

Definition 2.5. The functor F' is called a Dugundji G-functor, if F
satisfies the following conditions:

1. F is a functional G-functor.

2. For every closed countable subspace Y of a metric space X there exists
an F-extender u : F(Y) — F(X).

3. On complimented algebras
Fix a signature £ and an E-topological group H.

Definition 3.1.  The subalgebra H, of H is complimented in H if
there exists a subalgebra H; of H such that the continuous homomorphism
w : Hy x H — H, where w(z,y) = « + y for every (z,y) € Iy X Hy, is a
homeomorphism of H; X Hz onto H. The subalgebra H; is called a complement
to H,.
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Lemma 3.2. If Hy has a complement Iy in I, then Il and 11,11, are
topological isomorphic I -groups.

Definition 3.3. Let H, be a subalgebra of I7. The continuous homo-
morphism u : H — H, is a projection, if u(x) = 2 for every x € H,.
Iivery projection is an open mapping.

Proposition 3.4. If the subalgchra Il is complement in H, then there
exisls a projection from H onlo IT,.

Proof. Let Hy have a complement I, in H. Consider a topological
isomorphism w : H; X Hy — H,, where w(z,y) = @ + y, and a continuous
homomorphism u : Hy X Hy — H;, where w(z,y) = . Then u : I — My,
where u(z) = u(w~!(z)), is a projection. n

Proposition 8.5. Let H' and 11" be the complement of subalgebra IT,
in Il. Then H' and H" are topologically isomorphic algebras.

Proof. There exist the projections u: Il — II' and v: H — H" such
that w=1(0) = »~1(0) = Hy. Then w = u|H" : 1" — H' is a topological
isomorphism of H" onto H'. ]

Definition 3.6. The E-topological group I is direct decomposition of
F-subgroups Hy, Ha,. .., H, il the continuous homomorphism w : I, x Il; x
... X Hy, — H, where w(zy,22,...,2,) = ¥y + 2 + ... + &,, is a topological
isomorphism.

4. Main properties of extenders

Fix a signature F, a topological F-group G and a functional G-functor
r.

If Y is a subspace of a space X, then F(X :Y)={f€e F(X): Y C
F~1(0)}, where 0 is the neutral element of (7.

Lemma 4.1. F(X :Y) is an E-subalgcbra of the E-algebra F'(X).
Proof. Follows from Remark 1.1 and the definition of E-group. [

Theorem 4.2. LetY be a subspace X and v : F'(Y)w— F(X) be an
I-extender. Then F(X) and F(Y) x (X :Y) are the topologically isomorphic
algebras and F(X :Y') is closed in I'(X).

Proof. If @« € G, then we put ay(2) = a for every x € X. We have
u(Oy) = Ox.

Consider the continuous homomorphism sy : F(X) — F(Y'), where
sy(f) = f Y for every f € F(X). It is obvious that .S)_.-"(Oy)) =:MNX 2 Y),
Therefore, F(X :Y) is closed in F(X).
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Tor every f € F(Y)and g€ F(N :Y) we put w(f.g9)=u([f)+ g. Then
w: F(Y) (X :Y)— I'(X)is a continnous homomorphism. By construction,
TN = (sy (), f—u(sy([))). Therefore w™" = P(XN)— F(Y) I'(X 1Y) is a
continuous mapping and w is a topological isomorphism. n

Corollary 4.3. LetY C X and r : XN — Y be a retvacltion. Then
F(Y)x F(X :Y) and F(X) arc topologically isomorphic I -groups.

Corollary 4.4. Let X =Y + 7. Then F(XN) and F(Y) < I'(Z) ar
lopologically isomorphic E-groups.

Cor?llary 4.5. LetY C X andu: F(Y)w— F(X) be an I'-cxtender.
Then u is an embedding isomorphism of I'(Y') inlo I'(X) and u(1'(Y')) is a
complement of F(X :Y) in I'(X).

Remark 4.6. In the case when F(X) denotes the Banach space of
all bounded continuous real or complex valued functions on X' with supremum
norm the notions of projection and extender have been used by different authors
[1,2,3,4,5,11,12,13,14,15,18,20,25,30,42,:1-1,:15, -18,61.70.71,72.73.83.86.88,91,92,
93,95,105,106,107,109,114,116,117, 121.125,127,129]. For more information and
further references see Z. Semadeni [117], A. Pelezynski [107] and A.V. Arhangel’s-

kii and M.M. Choban [11-15].

5. On one-point subspaces

Fix the signature I, a topological [£-group (¢ and a functional (/-functor
I

Denote by D, the discrete space of cardinality 7 > 1 and 1 = Dj. Let
r € X. Weput F(X :2) = (X : {«}) ={f € F(X): [(x) =0} and
K(X,G) = {f € B(X,G): [is a constant }. By construction KN'(X.() C
C*(X,G) C F(X). By FK(X) we denote the set K (X, ') with the subspace
topology of the space Fi(X).

Proposition 5.1. Letz,ye X. Then:

1. F(X :2) and F(Y : y) are topologically isomorphic.
2. F(X) and F(X : ) x FK(X) are topologically isomorphic.

Proof. Let ¢ : X — {&} be a retraction. Then @, : F({x}) — I'(X)is
an [-extender and ®4(F({z})) = FK(X). Therefore I'K(.X) is a complement
of (X : z) for every 2 € X. Lemma 3.2 and Proposition 3.5 complete the
proof. ; ]

Corollary 5.2. The subalgebra I°'(N :Y') is closcd in I'(X) for cvery
subspace Y of X.
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Proof. We have I'(X :Y)=n{F(X :y): y € Y}. From Theorem 4.2
the sets F(X :y) are closed in F'(X). The proofl is complete. [ ]

Corollary 5.3. For every poinl & € X the E-groups F(X) and F(X :
a) x (1) are topologically isomorphic.

Remark 5.4. The mapping u : F(1) — G, where u=!(a)(1) = o for
every a € G, is an isomorphism. The isomorphism u is not obligatory continuous
or topological. Therefore F(1) is the F-algebra (¢ with another topology on it.

6. On finite subspaces

Let G be a linear topological space over the field P of real or complex
numbers.

Fix a functional G-functor F'. Then F(X) is a linear topological space
for every space X.

Lemma 6.1. IfG is a finite-dimensional space and X is a finite space,
then F(X) = GX.

Proof. In this case F'(X) is a finite-dimensional linear space. Therefore
on F(X) there exists a unique scparated topology and F(X) = GX. (]

Theorem 6.2. Lel G be a finile-dimensional space, Y and Z be finite
subspaces of a space X and |Y| = |Z|. Then:
1. The linear topological spaces F(X : Y) and F(X : Z) are topologically
isomorphic.
2. There are F-extenders v: F(Y)w— F(X) andw: I'(Z) w— F(X) such that
v(F(Y)) =w(F(Z)).

Proof. Let |Y| = |Z]| = n > 1 and |YY N Z| = m. Then we consider
Y ={v1,y2,...,yn} and Z = {21,22,...,2,}, where y; = z; for every i < m.
Then there exist the open in X sets U, Us,..., U, and the continuous functions
{hi: X —[0,1]: i < n} for which:
1. U,'nt =wlft#]
2. {yi,z} C U; for every i < n.
3. hi(yi) = hi(zi) =1 and X/U; C h,-'l(()') for every ¢ < n.

Consider the homeomorphism ¢ : Y +— Z, where ¢(y;) = z;. Then
&, : F(Y)w— F(Z) is a topological isomorphism.

For every f € F(Y) and g € F(Z) we put v(f) = X {f(yi).hi: i < n}
and w(g) = S{f(2i).hi : i < n}. Then, by construction, we have:
4. v and w are F-extenders.
5. 10 @,4(f) = g, then (/) = w(q).

The assertion 2 is proved.
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By construction, F(X :Y) and I'(X : Z) are complements of the finite-
dimensional linear subspace v(F(Y)) = w(F'(7%)). Proposition 3.5 completes the
proof. S ]

Proposition 6.3. Let (¢ be a dircel decomposition of the lincar sub-
spaces G1,G2,...,Gy. Then for cvery G-funclor I and cvery i < n there exisls
the G;-functor F; such that:

1. For every space X and i < n there cxisls an open conlinuous lincar mapping
w;: F(X)— Fy(X).

2. F(X) is a subspace of a space I1(X) x I5(X) x ... x F,(X).

3. IfYC Xandv: F(Y)w— F(X) is an I’-cxtender, then for cvery i < n
there exists an Fj-extender v; : I3(Y) — F;(X).

Proof. Fixi < n. Denote L; = {&1+...+xici + i1+ ...+ 2, : 2 €
Gj, j # i}. Then L;is a complement of (; and there exists a projection w; : GG —
G; for which w;'(0) = L;. For every mapping /: X — G we put w;(f) = w; f.
Since G; C G we have u;(B*(X,G)) = B*(X, ;) and v;(C(X,G)) = C(X, G).
Denote F;(X) = u;(F(X)). On F;(X) we consider the quotient topology. Then
u; : F(X)w~— F;(X)is an open continuous lincar mapping. From construction
F{(X)C B(X,G;) € B(X,G). If f € F(X),then f=uw([)+ ...+ uu([) and
this decomposition is unique. The mapping « : F(X) — (X)X ... x F,(X),
where u(f) = (u1(f)+...+ua([f)) is an isomorphic embedding. Il IV is an open
subset of the space F((X), then u(W) = u(I(X))N(u (W) Xx...Xu, (W)). Ifi <
n and W; is open in F;(X) then u='(W; x...xW,) = v~ (W)N...0u~" (W,). If
Y C X and v: F(Y) ~ F(X)is an F-extender, then »; = w;v is an I'-extender.
The proof is complete. [ ]

Definition 8.4.  The G-functor is called homogencous il for every
topological isomorphism ¢ : G — G and every space X' we have {¢f : [ €
F(X)} = F(X).

Proposition 6.5. Lel n > 1 and ® be a homogencous (" -functor.
Then there exisls a homogeneous G-functor I such that ®(X) C I'(X)" for
every space X .

Proof. Consider the projections w; : " — (, where w;(xy,...,x,) =
z;. For every mapping f : X — G" we put u;(f) = w;if. Denote Fi(X) =
u;(®(X)). From Proposition 6.3 F; is a G-extender. Since @ is homogeneous,
then Fi(X) = F(X) = ... = F,(X) = F(X) and I'(X) is a homogencous
G-functor. By construction ®(X) C F(X)" = F(X)...F,(X). The proof is
complete. u

Theorem 6.6. Let I’ be an P-functor, i.c. (( = P, X be a space, (X))
be a direct decomposition of subspaces I, and Il and II be isomorphic with P"
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Jor some n > 1. Then there exists a finile subspace Y of X such thal:

1. Y={y1’y27"'9yn}- ;

2. There exists an F-extender w: F(Y') — F(X) such that u(1'(Y')) = II.

3. L is topologically isomorphic to I'(X :Y). '

Proof. There exists a Hamel base fi, fo,..., fn in [I. By induction on
i < n we construct the point y; and the function g; € Il such that:

CL. fily) # 0,01 = ennfi, ;i) = 1

C2. g2 = anngh + azzfa, 92(n) = 0.92(12) = 1 A

Ci. gi = apngr+. . Aai—ngi-1+ai[i, 9i(yn) = 0,9i(y2) = 0, ... gi(¥i-1)
0, gi('yi) =1 :

We put hy = gnyhn—1 = gn-1 = gn-1(¥n)tn, .. why = g1 — gi(y2)h2 —
o o= 91(Yn)hy. In general, h; = g; — gi(Yi+1)hix1 — - . — 9i(Yn )hn. The functions
hiyha, ..., hy, form a Hamel basis in I7, hi(y;) = 1 and hi(y;) = 0 for every
i,j<nandi#j. ;

The mapping u : F(Y) — F(X), where u(f) = f(y1)hi+. ..+ [(ya)hn for
fin H,is an F-extender and u(F(Y)) = I. The assertions 1 and 2 are proved.
The assertion 3 follows from the assertion 2, Corollary 4.5 and Proposition 3.5.
®w

Remark 6.7. When F(X)is the Banach space C*(X, R) the assertion
3 of Theorem 6.6 is proved in [44], Theorem 3.

Example 6.8. Let G = R?. Consider the functor F, where F(X)
is the Banach space C*(X,G) of bounded mappings of X to R? with the sup-
norm. Fix an infinite space X, the two-point subspace Y = {y,92} C X and
the functions hy, hy € F(X) for which:

1. hi(n) = ha(y2) = (1,0)

2. hi(y2) = ha(1n) = (0,0)

3. hl(X),hg(X) CRx {0}.

Denote H = {ahy + Bhy : «,8 € R}. Then no subset Z of X and
F-extender u : F(Z) — F(X) for which w(F(Z)) = H exist.

Theorem 6.9. Letm > 1, G = P™, I be a P-functor and ®(X) =
F(X)™ for every space X. Then:

1. ® is a G-functor.

2. For every space X we have ®(X) = I'(X x D,,).

3. If (X)) is a direct decomposilion of subspaces L and H, n > 1 and
I is isomorphic with G™, then there cxisls a finile subspace Y = {y1,...,yn}
of X such that L is topologically isomorphic to ®(X :Y).

Proof. The assertion 1 is obvious. The assertion 2 follows from Corol-
lary 4.4. -
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By Theorem 6.6 there exists a subset Z = {z; : ¢ < mn} of X x
D,, such that L is topologically isomorphic to I'(X x D,, : Z). Fix a subsect
Y = {#1,...,ya} of X. By Theorem 6.2 the subspace (X x D, : Z) and
F(X x Dy, : Y x D,,) are topologically isomorphic. It is obvious that ®(X : ")
is topologically isomorphic to I'(X x D,, : Y x D,,). The proof is complete. =

Theorem 6.10 Let G be a linear topological space, I’ be a (/-funclor
and for every space X the topology of uniform convergence on I'(X') is finer
than the topology on F(X). Let Y and Z be the finile subspaces of a space X
and |Y| = |Z|. Then:

1. The linear topological spaces I‘(.X Y) and F(X : Z) arc lopologically
isomorphic.

2. There exist the F-extenders v : F(Y) — F(X) and w : F(Z) — F(X)
such that v(F(Y)) = w(F(Z)).

Proof. See the proof of Theorem 6.2. ]

7. Examples of functors

Fix a signature E and arcwise connected topological E-group G

Let X be a space. We put By(X,() = C(X,G). Inductively define
the Baire class Bo(X,G) for each ordinal a < Q, where Q is the first un-
countable ordinal, to be the space of pointwise limits of sequences of map-
pings in U{B,(X,G) : u < a}. Denote B%(X,() = Bo(X,G) n B*(X,G) (see
(18,26,27,31,34,35,36,42,49,55,56,66,74,75,76,85,87,90,110]).

Example 7.1. For every a < Q the object By o(X, ) denotes the
E-algebra B,(X,G) with the discrete topologies on F and I,(X,(/). Let
Bj (X, G) be the discrete subsalgebra of the algebra By (X,). Then Byq
and Bj , are functional functors.

Example 7.2. For every a < Q the object B, (X, ) denotes the -
algebra B, (X, G) with the topology of pointwise convergence and B3 (X, ) is
a subalgebra B (X, G) of Byo(X,G). The B, and By , are [untional functors.

Example 7.3. Let E be a scalar field of real numbers R or of complex
numbers C. Fix a Banach space Gi. Then B (X, G) denotes the linear space
B%(X,G) with the topology of uniform convergence; By o(X,G) is a Banach
space and By , is a functional functor.

IfGisa locally convex linear topological space, then By (X, (), B} (X, )
and B, (X, G) are locally convex linear topological spaces. Therefore By ., By
and B, , are functional functors.

The following theorem for a closed subspace Y of a metric space X is
proved by J. Dugundji, H. Arens, E. Michael (see [53]).
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Theorem 7.4. (M. Choban and S. Nedev [{1]). Let d be a continuous
pseudometric on a space X, Y be a non-emply subspace of X, the subspace Y be
metrizable by a metric d on Y and if d(x,Y) = inl{d(x,y): y €Y} =0, then
d(z,y) = 0 for some y € Y. Then for cvery locally convex lincar topological space
G there czists a linear extender u : C'(Y, (') — C(X,G) with the properties:

1. u(f)(X) is contained in the convex null of the set [(Y) for every
J € C(Y,Q).

2. u is continuous whencver both C(Y,() and C'(X,G) have compact-
open topology, topology of pointwise convergence, or lopology of uniform conver-
gence. :

Proof. Consider the natural mapping 74 : X — X/d, where n7"(ma(x)) =
{y € X : d(z,y) = 0}, onto a metric space (X/d, d), where d(z,t) = nl{d(z,y) :
x € m7Y(2)},y € 77 (t). Then 74 is continuous, 74|Y is a homeomorphism and
74(Y') is closed in X/d. To conclude the proof it is sufficient to apply the
Dugundji - Arens - Michael theorem [53]. [

Corollary 7.5. Let G be a locally convez linear topological space. Then
C;,Cp, Cy are Dugundji functors.

8. On the test spaces

Fix a signature E, an arcwise connected topological E-group ¢ and a
functional G-functor F.

Denote by D, the discrete space of cardinality 7, by A, = {a}U D, - the
one-point compactification of the space D,, S = A,, D = D; = {0,1},7 = [0, 1].

By X +Y we denote the topological sum of disjoint spaces X and Y.
In particular X +1 = X + D, is the topological sum of the space X and the
one-point space D;.

Lemma 8.1. Let m < 7 and T be an infinite cardinal. Then:

1. Dy =D, + D,, = D, X D,,.

2. If m is a finite cardinal, then A; = A, 4+ D,,.

Definition 8.2. The spaces X and Y are F-equivalent and we de-
note XXY or F(X) ~ F(Y), if the algebras F'(X) and F(Y) are topologically

isomorphic.
The Cj-equivalent spaces X and Y are called B-equivalent or u-equivalent

and denoted as: X2Y or X2Y. The Cp-equivalent spaces X and Y are called
l-equivalent and denoted xiy (see [6-10,17,117)).

Lemma 8.3. Let 7, m be the infinile cardinals, m < T and n € N,
Then:
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1. D& Dy + DDy + D,

2 AKA 4+ ALKA + D,

P roof. The equivalences .I),r('; D, + I)mr’:«D,. + D, and A,»CA‘,- + D, are
obvious.

We consider that X = A, + A,, = {(+,0): 2 € A, J+{(x.1): 2 € A,,}.
We put Y = {(e,0),(a,1)} C X and Z = {a} C A,. It is obvious that the
algebras F(X :Y)={f € F(X):Y C 7Y (0)} and F(A, : Z) = {f € IF(A,):
J(a) = 0} are topologically isomorphic. Since X = X + Dy and /A, = A, + 1
we have F(A; : Z) = F(A; : Z)+ F(Dy) = F'(A;) and F(X :Y) = F(X :
Y)+ F(D) = F(X ). Therefore F'(X) and F(A ) are topologically isomorphic.
The proof is complete. a

Lemma 8.4. Let T be an infinite cardinal and m < 7. Then n*Xpr +
D™ED™ +1 and D™D + 8.

Proof. The spaces D7 and D™ 4+ D7 are homeomorphic, D™ C D7 and
D™ is a retrack of F7. If m is an infinite cardinal then

— F(D")=F(D™+D")=F(D")x F(D")

= F(D")x F(D" : D™) x F(D™)

= F(D™) x (F(DT : D™) x F(D™)) x IF'(D™)

= F(DT)x F(DT)x F(D™) = F(DT) x F(D™)=F(D™ + D™).

Therefore F(D7) ~ F(D7) 4+ F(D™).
We consider that S C D7. Then S is a retract of D7. Ilence
F(D™)=F(D" 4+ D7)= F(D") x I'(DT)
= F(D")x F(D" : §) x F(S)
= F(D™) x (F(D" : §) x F(5)) x F(5)
= F(D")x F(D") x F(S)= F(D™) x F(S)= F(D" + 5)

and D"ED" + 8, D" Ep + sZpr +(S+1 )E( DT+ 5)+ 1Xpr + 1. The proof
is complete. =

Lemma 8.6. Let F be a Dugundji functor, 7 be a cardinal number,
neNandl<n<t. Then I'RIT 4 8, I"A07 + DRI+ 1 and 17517 4 1™,
In particular, rEm + 1",

Proof. Assume S C I”. Then there exists an F-cxtender v : F(S) —
F(IT). In virtue of Theorem 4.2 and Lemma 8.3 we have F'(I™) = F(I" : §) x
F(S)~ F(I™ : S) X F(S)x F(S)~ F(I")x F(S)~ F(I" + 5). Hence 'lrr+
.S'£I’+D,.. We have F(I) = F(I)x F(Dy) ~ F(I : {27 HY)x F({27' ) x F(Dy) ~
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F(I:{27'})x F(D)and F(I x D)= F(I x D: {(1.0).(0,1)}) x £(D). The
algebras F(I : {27'})and F(IxD : {(1,0),(0, l)}) are topologlcally isomorphic.
Hence I ~ I x D = I+ I. Suppose that ["~! ~ [*=! 4 "1 The algebras
P ({271} x I"“')) and F((I"x D) : (/"1 x(0,0))U((I*' x(0.1)))) are
topologically isomorphic. Since F(I™) = F(I™ : ({27'} x I""")) x F(I"~") and
F(I"x D) = F((I*xD): (I""x{(0,0),(0,1)}))) x £(I"=" x D) the algebras
F(I™) and F(I* x D) = F(I™ 4+ I™) are topologically isomorphic. Thercfore
l"FI"+I" for every n € N. We consider that I™ C I". Then [" is aretract of I7
and F(IT) = F(IT : ") X F(I") ~ F(IT : [")X F(I") X F(I™) ~ F(IT)x F(I").
The proof is complete. [ ]

9. General problems

Fix a signature E, an arcwise connected FE-group G and a functional
G-functor F.

Many concrete questions are particular cases of the following general
problems. :

First general problem. Which topological properties of the spaces X
are characterized in terms of the objects F(X)?

Second general problem. Which properties of the objects I(X) are
characterized by the properties of the spaces X?

The program of matching "interesting” topological properties of compact
spaces X with "interesting” properties of Banach spaces (", (X) was formulated
by S. Eilenberg [52]. The references concerning Eilenberg program can be found
in the books [9,17,23,43,59,107,117).

L. Gillman, M. Jerison and M. Henriksen investigated some problems
in the way: to find properties of spaces X corresponding to ring conditions on
C'(X). This topic is covered in the monograph [59]. The isomorphism problem of
functional rings is studied in [26,27,29,30,34,36,57,59,67,68,69,75,76,78,79,81,82,
98,99,110,118,119,120]. The cases of functional semirings, almost rings and func-
tional lattices were investigated in [21,24,37,62,78,79,98,99,100,101,105.122,126].

Definition 9.1. A property P of spaces is called F-stable, if there
exists a property @ of subalgebras of F'(X') and for every space X there exists
a subalgebra Fp(X) of F((X) such that the space X has property P if and only
il Fp(X) is a subalgebra with the property Q. If Fp(X) = F(X), then (P, Q)
is called an F-pair.

Third general problem. (A.V. Arhangel’skii [7,8,9] for l-oqmvaloncc)

a°. Find F-stable properties.

b°. Find F-pairs.
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It is not always easy to establish that the given property is I'-stable or
that the given pair (P, Q) is the F-pair (see [7] for l-equivalence). In terms of
subrings of C(X) M. Katetov [81,82] has characterized the Lebesque dimension
of the compact spaces.

Problem 1. (M. E. llenriksen [68]). Characterize local connceledness
of a space X in terms of the ring C'(X).

Problem 2. (P. R. Misra [96], J. Nagata [98]). Characterize melriz-
ability of a space X in terms of the ring C'(X).

Fourth general problem. Which topological propertics are preserved
by F-equivalence?

A topological property will be called an F-property, il it is preserved by
the F-equivalence. Every F-stable property is an F-property.

Problem 3. (Z. Semadeni [117], p. 381 for I' = ;). Lel X be an
infinite compact space.

1. Is it true that XXX +1¢ i

2. Does there exist a 0-dimensional compact space Y such thal xZLye

The Problem 3 for F' = ), was disc ussv(l by A. Pelezynski [107]. A.
A. Miljutin has proved that the answer is "yes” for metrizable compact spaces
[94,107).

Problem 4. (A. V. Ahangel’skii [6-10] for I’ = C}). Lct X be an
infinite space.
Is it true tlzat X ~X +17?
When X ~X + 57
When X ~X +N?
When X ~X +pBN?
When X ~X +X°?
When X ~X xS
When X5X x N ¢

NS H ™o~

Example 9.2. Let m > 1 be a cardinal number, ¢ = R™ and I = ('),
Then F(X) = Cp(X,R™) ~ (Cp(X))" ~ C\(X x D). Hence XLy if and only
if X X DpRY x Dp. In particular, it XXV then:

1. dimX =dimY

2. If m < Rp and X is o-compact, then YV is a-compact too.

3. If m € N and X is compact, then Y is compact too.

4. f m € N and X is pseudocompact, then Y is pseudocompact too.

5. If m is infinite, then xLx x D,, and xXLx x N.
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Example 9.3. Let m > 1 be a cardinal number, ¢ = (*(D,,) and
I'=C%. Then:

1. F(X)=C3X x D).

2. If m is infinite, then X ~\ x D, and xX \ x N.

Example 9.4. For any ordinal number e let T'(«r) denote the set of all
ordinal numbers less than « with the topology induced by the natural order. Z.
Semadeni (see [117], p. 381) proved that for X = T(w + 1) the Banach spaces
C'w(X) and Cu (X + X)) are not isomorphic, i.c. the spaces X and X + X are not
B-cquivalent. A. V. Arhangel’skii [6] and D. S. Pavlovskii [102.103,10-1] have
proved that the l-equivalent compact spaces are B-equivalent. Ilence the spaces
X and X + X are not l-equivalent.

Problem 5. (A. V. Arhangel’skii [7,10]). Is the muntublc compaciness
an l-property?

Problem 6. (A. V. Arhangel'skii [7,10]). Lel XAV, where X is
Lindelaf. Is it true that Y is also LindelGf? ;

A homeomorphism & : X — X is involutory if a(a(x)) = x for each
¥ € X. Denote o F(X)={f € F(X): [(a(x))=—[(x)}. Then al'(X) is the
subalgebra of the algebra I'(X') and o 1'(X) is the subalgebra of odd functions
of £(X).

Problem 7. (A. Pelczynski [106] for F=C3). Leta: X — X bea
non-identity involution. Is il true that o (X )~ F(Y') Jor some space Y'?

Problem 8. LetY be a subspace X. When F(X :Y) ~ I°(Z) for some
space Z 2

The Banach space aC;(.X') was introdused by M. Jerison [72] and studied
in [43,86,106].

Proposition 9.5.  Let for cvery space X and for every non-idenlily
involution 0 : X — X there ezists a space 7 = Z(X,a) such that a '(X) and
F(Z) are homeomorphic. Then for every proper closed subspace Y of X there
ezists a space Z such that I'(X :Y) and F(Z) are isomorphic.

Proof. In space X x D identily (2,0) and (x,1) for every x € Y and
we obtain the space D(X :Y) and an involution o : D(X : V)~ D(X :Y),
where o(z,0) = (2,1) and o(2,1) = (,0) for each # € X. By construction
oF(D(X :Y))~ F(X :Y). The proof is complete. "

Proposition 9.8. Let o : X — X be a non-identily involution and G
be a linear topological space. Then there exists a projection u : F(X)w— o F(X).
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Proof. We put u(f)(z) = 2~'(f(x) — f(a(x))) for cach [ € F(X) and
x € X. The proof is complete. =

10. On a Baire functors
Fix a signature £ and arcwise connected topological E-group (.

Definition 10.1. The mapping ¢ : X — Y is a Baire mapping il
84(C(Y,G)) C By(X,G).

Definition 10.2. The functional G-functor F is called a Baire functor,
if ®4(F(Y)) C F(X) and the homomorphism &4 : F(Y)— F(Y) is continuous
for every Baire mapping ¢: X — Y onto a countable discrete space Y.

Theorem 10.3. 'Let I' be a Baire (i-functor. Then for every infinite
space X we have XEx + NEx +s8x + 1.

Proof. There are sequences of points {x, € X : 2 € N} and of open
subsets {U, : n € N} for which:

1. z, € U, and X\{U; : i < n} is infinite for every n € N.

2. U, U, =0ifn#m.

3. For every n € N there cxists a continuous function f, : X — [0,1]
such that X\U, = f;71(0) and f(z,) = 1.

We put Y = {2, : n € N} with the discrete topology. Consider the
mapping ¢ : X — Y, where ¢(U,,) = 2, and {X\U{U, : n € N}) = .
Then Y is a discrete subspace of a space X and ¢ is a Baire mapping. The
mapping ®4 : F(Y) — F(X)is an I-extender. In virtue of Theorem 4.2 we
have F(X) = F(Y)XF(X :Y). From Lemma 8.3 we have I'(Y) = F(Y )x F(Y).
Therefore F(X) = F(Y) x F(X) and XXX + N. It is obvious that NXS. The
proof is complete. .

Theorem 10.4.  Suppose that the G-functor I’ salisfics one of the
following conditions:

1. B}(X,G) € F(X) C B*(X.G) and the topology on F(X) is the
lopology of uniform convergence.

2. Bj(X,G) € F(X) C B*(X,() and the lopology on F'(X') is the
topology of pointwise convergence.

3. B}(X,G) C F(X) and the topology on F(X) is the lopoloyy of point-
wise convergence. '

Then F is a Baire functor.

Proof. Let ¢ : X — Y be a Baire mapping onto a discrete space Y.
Then &4 : F(Y) — F(X) is continuons in the topology of uniform convergence
and in the topology of pointwise convergence. The proof is complete. S|
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11. On the problems of Semadeni and Arhangels’skii-

Fix a sngnature F, an arcwise connected F-group ¢/ and a I)n;,umljl
G-functor F.

Theorem 11.1. Let X be a non-pscudocompact space. Then xEx +N
and XXX + 1.

Proof. There exists a continuous function fi : X — R and a sequence
Y = {2, € X : n € N} such that f(x,41) > [f(x,) + 4. Then d(z,y) =
| fo(x) — fo(y)| is a continuous pscudometric on X and if d(x,Y) = 0 then
d(z,y) = 0 for some y € Y. From Theorem 3.4 there exists an F-extender
w: F(Y)w~ F(X). In virtue of Theorem 2.7 we have F'(Y) = F(Y') x F(N)
and F(X)~ F(X) x F(Y). The prool is complete. [ ]

Theorem 11.2. If X conlains a non-lrivial converging scquence S,
then XKX + S and XXX + 1.

Proof. By Theorem 7.4 there exists .m F-extender u 1'(S) — I(X).
By Theorem 2.7 and Lemma 8.3 we have xXx + S and XEX +1. The proof
is complete. [ ]

A space is scattered, il every non-empty subspace has an isolated point
(see [38,85]).

Theorem 11.3. Let X be an infinile scallerved space. Then

1. XX +1. ‘

2. XEX + N or XXX + 5.

Proof. Let Z = {z € X : ar is isol.nod in X}. If X = Z, then X and
X + N are homeomorphic and X Ex + 1£x + N. Let X # Z and a« € XN'\Z
he an isolated point of X\Z. Then there exists an open and closed subspace Y
of X suchthat a € Y C ZU {a}. IlY m pseudocompact, then Y contains a
non- tuvna.l converging sequem'c S and XAX +5. Let Y be non- -pseudocompact.
Then Y~Y + N and X~X + N. The proof is complete. )

A family B of subsets of a space X is called a w-base, il for every non-
cmpty open subset U of X there exists an open non-empty set V' € I3 such that
V C U. The w-weight # — w(X) of the space X is the smallest cardinal number
7 such that there exists a w-base B of X of cardinality 7.

The space is extremally disconnected, if the closure of each open subset
is open. Every compact space X is a continuous irreducible image of some
extremally disconnected compact space pX. The space pX is called the al)mlute
or the projective resolution of the space X (sce [60.,53,117]).
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Theorem 11.4 Let X be an infinite cxtremally disconnceled compacl
space. Then:

1. XEX +1 and XXX + BN

2 If* —w(X) = Ro, then xXx + XN and X fo/iN.

Proof. There exists a sequence {U, : n € N} of non-empty open and
closed subsets of X such that / = U{lU/, : n € N} is dense in X. Then
N={z,€U,: n€ N} C X, BN =clxN C X and there cxists a retract
¢: X — BN. Therefore xEx + AN. The assertion 1 is proved. m

Let X be an infinite extremally disconnected compact space of a count-
able w-weight and X; be a dense countable subset of X. There exists a con-
tinuous mapping ¥ : BN +— X such that Xy = ¥(N). Then there exists a
closed subspace X3 of AN such that »(X2) =X and ¢p=¢|X2 : X — X is
irreducible. Since X is extremally disconnected the mapping ¢ is a homecomor-
phism (see [53], p. 464). Hence X = X, C 3N, ¢ : BN — X is a retraction,
F(BN)~ F(X)x F(BN : X)and F(X)~ F(X)x F(3N).

Denote by H the set of all isolated points of X and put ¥ = ¢l /. From
Assertion 1 we can assume that the set /7 is inflinite and ¥ = gN.

Casel. Z=X\Y =0.

In that case X =Y = N and the assertion 2 is proved.

Case 2. Z #0. ‘

In this case Z is homeomorphic to the absolute of a Cantor set DY,
Therefore ZX 2 + Z and X = Z + BN. The proof is complete.

Remark 11.5. If X is an infinite extremally disconnected compact
space, then Cy(X) and C\,(X + 5) are not isomorphic Banach spaces (D. Amir
[1,2,3], A. Pelczinski [106]). Moreover, X and X + .5 are not l-equivalent spaces
[14].

Theorem 11.8. Let the pseudocharacter y(x, X) = Ny for cvery point
x € X. Then:

1 XEX +1.

2 XXX +S or XEX + N,

Proof. If X is a non-pscudocompact space, then the theorem follows
by Theorem 11.1. If X is pseudocompact, then X contains the copy of S. The
proof is complete.. ]

Remark 11.7. For F' € {C},C,,Cy} and G = R, Theorems 11.1,11.2,
11.3 and 11.4 are proved in [14].

Theorem 11.8. Lel X be an infinile suborderable space, i.c. X be a
subspace of an orderable space. Then:
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L XEX +1.

2 XEX +5 or XEX + N.

Proof. If X is pseudocompact then X' contains the copy of S. The
proof is complete. |

From Proposition 2 in [115] it follows:

Corollary 11.9. Let X be an infinite heriditarily normal k-space.
Then:

1 XEX +1.

2. XKX+ 8 or XEX + N, .

3. If X is non-discrete, then X EX 4+ S and X conlains a copy of S.

Irom Theorem 10.3 it follows.
Corollary 11.10. Let F € {By, B} o, By ot « 21}, Then:

1. SEN.
2. XEX + 8 and XXX + N for every infinile space X .

12. On the functor C,

Fix a Banach space GG. Consider the G-functor I’ = ;. Then for every
space X the space F(X) is a Banach space with the norm || f]| = sup{||f(2)]] :
xz € X}.

Let Ey and E; be linear topological spaces. The space [, is a factor of
E, (and we write Ey|E,), if Ey ~ E; x F3 for some linear topological space Fs.

Lemma 12.1. Let Fy and Iy be lincar topological spaces, Iy ~ Fy x I}y,
]52-~ Eg X Ez, E]lEz and EglE]. Then 1'.r'| ~ l')'-).

Proof. Let Ey ~ E; X Fy and Fy ~ Fy X E3. Then 2y ~ Iy x Eqy ~
E2XE2XE4~E2XE]~E1XE]XE:;Nl'jlXE3~I':2. ]

Lemma 12.2. Let I2y and E;3 be linear topological spaces, Iy ~ Iy x Fy,
EllEg and .El ~ El X Eg. Then E] ~ Eg.

Proof. We have Eg ~ E] X F3 ~ El X E] X Fg ~ E1 X lg ~ E1. The
proof is complete. ]

Remark 12.3. XEﬂX for each space X.

Lemma 12.4. Let XXY and X, Y be compact spaces. Then X X
ZRy x 7 for every compact Z.

Proof. Let u: C}(X,G)w~ C3(Y,G) be a linear homeomorphism. Let
f€CHX xZ)=F(X x Z). For every z € Z we put f.(x) = [(x,2) and
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W(f)Ny,z) = uw(f:)(y). Then w: F(X x Z)+— I'(Y X 7Z) is a one-to-one linear
mapping. We have ||w|| = ||u]|. Therefore, w is a lincar homeomorphism.

For every Banach space £ we put (KFx Ex...), = {(x, € F : n€
N): lim||z,|| = 0} with norm ||(z,. : n € N)|| = sup{||e,|| : » € N}(see A,
Pelczynski [106,107] or [117]). ]

Lemma 12.5. For cvery compacl space X we have (F(XN) x FF(X) x

wn~ F(X x8)~ F((X x8): (X x{a})).

Proof. Let § = {a,a,, : n € N} and a = lima,. It is obvious that
(F(X)Xx F( X)X ...)u~ F(X xS)~ F((X x 5): (X x {a})). The proof is
complete. V "

Lemma 12.8. (A. Pelczynski [106,107,117]). Let I2y and I2; be Banach
spaces, By ~ (Ey X Ey X ...)w, E1|Ey and E3|E,. Then Fy ~ F,.

Proof. Let By ~ E3 X E4 and Ey ~ Fy X F3. Then Iy ~ (1) X Iy %

w~ ((E2X Ey) X (B2 X Eg) X ... o~ Fy X ((E2 X Eq) x (Fg X Eq) X o)~
Fy x Ey and Ey ~ Ey x Ey. By Lemma 12.2 we have Fy ~ F,. (]

Lemma 12.7. Let X be a compacl space, | X| > 2 and T be an infinile
cardinal. Then X™%X7 x S.

Proof. Let Ey ~ E3 x Ey and Ey ~ Iy X E3. Then Iy ~ (Fy x Fy x

w~ ((Eg X Eq) X (Ea X Eq) X ..)w ~ By X (I X Fg) X (E2 X Fy) X .. )y ~
F2 X Ey and E; ~ FE; x Ey. By Lemma 12.2 we have Fy ~ I, =l

Lemma 12.7. Let X be a compact space, |X| > 2 and T be an’ infinile
cardinal. Then X"XXT x §.

Proof. Let Y =X". Then Y = X", Y =YY" =} x Y and Y contains
the copy of §,i.e. S CY. Let u: F(S)+~ F(Y) be an F-cxtender. Thercfore
there exists an F-extender v : /(S X Y) — I'(Y x Y) and IF(S x Y)|F(Y). By
construction, F(S XY)~ F(Y + S xY )~ F(Y)x F(§ xY)and F(§ xY) ~
F(SXxY)x F(SxY). From Lemma 12.2 we have (S xY) ~ I"(Y"). The proof
is complete. .

Corollary 12.8. Let T be an infinile cardinal. Then D DT x S,
D Ep 4+ D7, I’Err x5, I'RIm 4 1.

Theorem 12.9. (A. Pelezynski [107] for G = R). Let for some
continuous mapping ¢ : D7 — X lhere exists an F-averaging operalor u :
F(D7) — F(X) and the space X salisfy onc of the following conditions:

1. w(X )=1T and T is not a sequential cardinal.

2. X is not a union of a counlable family of closed sub.w,mr('.c of weight
less than T.
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Then D'XX. .
Proof. We have F(X)|F(DT). From Gerlits - Ilagler - Elimov theorem

[51,58,65] the space X contains the copy of D7, Therefore F(DT)|F(X). From
Corollary 12.8 and Lemma 12.6 we have (D7) ~ I'(X). .

Corollary 12.10. rXpr Jor cvery infinite cardinal 7.

Theorem 12.11. Let X be a compact space of weight T wilh the
properties:

1. X contains the copy of D”.

2. For some embeding of X in I™ therce exisls an F-extendcr. Then
xLpr.

Proof. Follows from Lemma 12.6 and Corollaries 12.8 and 12.10. S|

Corollary 12.12. (A. A. Miljulin [94,107] for G = R). Ll X be a
non-countable compact metric space. Then xEpe.

Let Y be a closed sybset of a space X. Shrink the subset Y into a point
and obtain the set X/Y and the natural projection iy : X — X/V. In X/Y
we consider the finest completely regular topology with the continnous #y. This
is the R-topology on X/Y. If X is normal then iy is a quotient and closed
mapping.

Theorem 12.13. Leto: X — X be a non-identily involution of a sub-
orderable space X. Denote Y = {min{z.a(x)}: = € X},Z = {max{x,a(2)}:
r€X}land X,={z€X: a=0a(2)} =Y NZ. Then:

. The mapping ¢ = a|Y is a homeomorphism of Y onlo 7.

The subsets Y and Z are closed in X.

oF(X)=F(Y :Z,).

oF(X)~ F(Xy) for some space X.

If the set X/ X, is infinite then a (X)) ~ F(Y/X,).

. If the set X\ X, is infinite then Y/ Xo "N +Y/X, or Y/ X, AS+Y/X,.

7. The space Y/ X, is collectionwise normal and if Y/ X, is infinite and
pseudocompact then Y/ X, contains the mpr/ of 5.

8. If X\ X, is finite then aF(.\')~P()’\.\',).
9. If X, is finite and X is infinile then o F(X)F(Y).
Proof. The assertions 1-2 are obvious.

If X\ X, is finite then Y = Y\ X, is open and closed in X and a /(X )~n() ).
The assertion 3 is proved.

S T te e~
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Let Yy = ix,(Xs) € Y/X,. Then nl"‘(,\')f’ill«‘( Y i X))~ F(Y/N, 2 Yo
The mapping ix, : Y +— Y/X, is closed. Therefore Y and Y/X, are collec-
tionwise normal spaces (sce [53]). Suppose that Y/ X, is psendocompact and
infinite. If every point y € Y\ X, is isolated in Y, then Y/ X, is homeomorphic
with A, for 7 = |Y/X,|. Let @ € Y\ X, be a non-isolated point of the space Y.
Then there exists a sequence {y,, € Y\ X, : n € N}. where g, < Y41 < v and
[0, ] C Y\X, or @ < Yn41 < yu and [yo. ] € Y\ X, for every n € N. Then in
Y\ X, there exists lim y, = b € Y\ X,. The assertion 7 is proved.

The assertions 5,6 and 9 follow from the assertion 7. The assertion 8 is
obvious. The proof is complete. -

Remark 12.14. For a compact orderable space X and |[X,| < 1 the
assertion 4 is proved in [86].

Theorem 12.15. Let X be an extremally disconnected space and o :
X — X be a non-identity involution. Then al'(X) ~ I'(Y') for somc open and
closed subspace Y of X.

Proof. Let X, = {# € X : 2 = a(2)}. There are open subsets {7 and V
of X for which UNnV =0,V =a(U) and UUV UX, is a dense subset of X. We
put Y = clxU and Z = clxV. Then Y and Z are open and closed subsets of
X,YnZ=0,0(Y)=Zand X =YUZUX,. Therefore YNX, =7ZNnX, =
and X, is open and closed in X. The proof is complete. -

Theorem 12.16. Let X' be a heredilarily paracompact space, dim X = 0
and o0 : X — X be a non-identily envolulion. Then:

1. There exist the closed subspaces Y and Z of X such that X\ =Y U Z
and Y\Z =X, ={z € X: x =0o(x)}.

2. o F(X)AF(Y/X,).

3. If X/X, is non-compact lhen ol'(X )£1~’(Y/X,,') and Y/.\',,'CN +
Y/X,.

4. If ¥(2,X) < Vo Jor every x € X and X\ X, is an infinile scl then
aFP(X)~ F(Y/Xs)- '

5. IfY/Xoe®%Y/Xo + 1 then aF(X) ~ F(Y/X,).

Proof. For every point € X'\ .X, there exists an open set 7, such that
z € Uy € X\ X, and UzNa(Uy) = 0. There exists some discrete cover {V,, : a €
A} of X\X, such that V, C U,, for some 2, € X. Thercfore V, N (V) =
for every a € A. Denote Wy 5 = V,, N a(Vj) for every (a,3) € A x A. From
construction 0(Wa,5) = Wiap) Wiae) = 0,Ve = U{W(, 5 : B € A} and
{Wiap @ (a,8) € Ax A} is a discrete cover of the space X\X,. On A we
consider some well ordering. We put B = {(a,8) € Ax A: a< p}, U =
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U{Wap : (a,8) € By and V = a(U) = U{W(, 3 : (a.3) € (A x A\D}.
Then UNV =P and X = UUVUN,. Denote Y =0V UN, and Z =V =
Xos. The spaces Y and Y/X, are hereditarily paracompact. By construction
al'(X)~ (Y : Xo)and (Y : X))~ F(Y/X, : a(Xs)). The assertions 1,2
and 5 are proved. If X/X, is non-compact then Y/ X, is non-pseudocompact.
llence the assertion 3 follows from Theorem 11.1. The assertion <1 follows from
Theorems 11.1 and 11.6. The proof is complete. ]

Corollary 12.17. Let a: XN — X be a non-identily involulion of
a perfectly normal paracompact space X and dim X = 0. Then there cxisls a
perfectly normal paracompact space Y such thal al’(XN') ~ I°(Y') and dim Y = 0.
If the set X, is finite then Y is a closcd subspace of X

Remark 12.18. Theorem 12.16 is true if dim(XN\X;) = 0 and X\ X,
is paracompact.

For every Banach space 2 weput (KX Ex.. )Y ={(x, € F: ne N):
sup{||@,]| : » € N} < oo} with the norm ||(x, : n € N)|| = sup{||z.]|: n €
N}.

Lemma 12.19. Let IYy and I'y be Banach spaces, I2y ~ (I I25 ...)¥,
|y and Eq|E,. Then E, ~ F,.

Proof. Is similar to the proof of Lemma 12.6. ]

Lemma 12.20. Let GG be a finite dimensional space. Then (IP(X) x
P(X)x..)¥~F(B(X x N)).

Proof. Is obvious. [ ]

Theorem 12.21.  Lel (' be a f[inile dimensional .wpr.u'(' and X be an
infinite separable extremally disconnceted compact space. Then NEX + X,
XXX + BN and XZpN.

Proof. In the proof of Theorem 11.4 we proved that FF(X)|F(3N) and
I(BN)|F(X). Since (AN x N) and N are homeomorphic compact spaces
from Lemma 12.20 we have (F(AN) x I'(BN) x ...)¥ ~ I'(AN). In virtue of
Lemma 12.19 F(N) ~ F(X). The prool is complete. i

13. On the functor C,

Fix a finite dimentional Banach space (¢ and the G-functor I = ().

Lemma 13.1. Ifu: F(X) — I(Y) is a continuous homomorphism
and X,Y are compact spaces, then u is conlinuous with respeet lo the topology
of uniform convergence on I'(X) and I°(Y").
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Proof. If n = dim G, then F(X) = C)(X x D,,). Therclore Lemma 13.1
follows from Arhangel’skii-Pavlovskii theorem [6,104]. ]
In the same way from Theorem 2.4 [8] it follows

Lemma 13.2. Let X and Y be F-cquivalent compacl spaces. Then
Xxz8y x z for every compact space Z.
The proof of Lemma 13.2 is similar to the proof of Lemma [2.1.

Lemma 13.3. Let X be @ compact space, | X| > 2 and T be an infinile
cardinal. Then X"XX7 x §. ’
Proof. See the proof of Lemma 12.7. ]

Corollary 13.4. Let 7 be an infinite cardinal and m < 7. Then
DD x 8, D"ED" x D™, I"E1m x § and K17 + ™.

Proposition 13.5. Let X be a compact space, T be an infinilc cardinal,
Y CX" =12, F(Y)~ F(Z) x E, where I is a linear topological space, and
w: F(Y)w~ F(Z) be an F-eztender. Then yv&z.

Proof. By Lemma 13.3 F(Z) ~ I'((Z x §) : (Z x {a})), where § =
{a,an: n € N} and a = lima,,. We have F((Z x S): (Z x {a})) = {(Ja €
F(Z): neN):lim||fu]| =0}. Let f = (fu € F(Z): n€ N)and [, = (fua €
F(Z): n € N), where a« € A and A is a directed set. We have f = lim f, if
and only if f, = lim f, o for every n € N. Since Y X § C Z x S, there exists
a continuous linear F-extender v : F((Y x 5) : (Y x {a})) — F((Z x 5) :
(Z x {a})), where v(f, : n € N)= (u(f,): n € N). Hence F((Z x §):
(Zx{a}))~ F(Y)x F((Z x S):(Z x {«})) and P(?) ~ F(Z) x F(Y). By
Lemma 12.2, F(Z) ~ F(Y). (]

Definition 13.6.  (A. V. Arhangel’skii, M. M. Choban [11.12]). A
space X is called extral if whenever a copy of X is a closed subspace of a space
Y, then there exists a linear continuous extender u : Cp(X) = C'(Y).

Proposition 13.7. Let X be an cxtral space. Then:

1. X is compact.

2. If U is an open non-melrizable subsel of X, T is an infinile cardinal
and U is not a union of countable closed subspaces of weight lcss than t, then
U contains a copy of I”.

3. If X C I" then there exists an F-extender u : F(X) — F(I7).

Proof. The assertions 1 and 2 are proved in [11,12]. The assertion 3 is
obvious. i "
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Theorem 13.8. (A. V. Arhangel’skii, V. Vilov). Let X be-an extral
space W(X) =7 and I" C X. Then x4,

Proof. Follows from Proposition 13.5. .

Theorem 13.9. Leto: X — X be a non-identily involution of an
extral space X, and every non-emply open subsel U of X contains the copy of
I1“X), Then o F(X) ~ F(X) and o I'(X) ~ IF(I7).

Proof. Denoteay F(X) = {f € F(X): [(x) = [(a(x))}. The mapping
u: P(X)w~ oF(X), where u(f)(x) = 27'(f(2) = f(a(x))), is a continuous
projection. Consider X C I”, where 7 = w(.X'). Then there exists an F-extender
v: F(X)~F(T). '

Then F(I") ~ F(X) x F(I7 : X). The mapping [ — (u([), f —u(f)) is
a linear homeomorphism of F(X) onto 0 (X)) X 64 F(X). Therefore F(IT) ~
oF(X) x 04 F(X) x F(I" : X). By methods of proof of Propoqition 13.5 we
obtain F(I") ~ F(I") x o F(X).

We fix a non-empty open subset U of X for which U Nnea(U) = . Fix
in U the copy of I", i.e. Zy =I" C U. Put V = a(U) and Z = a(Z,).
Fix a continuous function fo : Z ~ [0,1], where ZyUZy C 15 (l), and
X\(UUV) C f51(0). There exists a mapping ¢ : X — Z;UZ,, where ¢(z) = z
for cach @ € Z1 U Z3, ¢|(U U V) is continuous, ¢(U) = Z, and ¢(V) = Z,. Let
Z =7Z1UZ;and oF(Z) = {f € I'(Z) : [(x) = —[(o(x))}. Then F(IT) ~
oF(Z). The mapping w : oF(Z) — aF(X), where w(f)(z) = fo(x)- f($(2))
for each € X, is continuous and lincar. Therefore e F(X) ~ al'(Z) x E for
some linear topological space L. Hence o F(X) ~ F(I")x E. From Lemma 12.2
we have o F(X) ~ F(I7). The proof is complete. ]

Theorem 13.10. Let 0 : X — X be a non-idenlily involution of a
suborderable space X. Then:

1. There exists a closed eubeprme Y of X such that X, CY and a F(X) ~
F(Y : X,).

2. If the set X\ X, is infinile, then a (X)) ~ F(Y/X,).

3. If the set X\ X, is infinile, then aF(X)~ F(S+Y/X,) or aF(X) ~
F(N +Y/X,).

4. If the space X is infinite and the sel X, is finile then o F(X) ~ F(Y).

Proof. It is similar to the proof of Theorem 12.13. ]

Theorem 13.11. Let o : X — X be a non-idenlily involution, X\ X,
be a paracompact space, dim(X\X,) = 0 and X/X, be non-pseudocompact or
contains a copy of §. Then aI'(X) ~ F(Y') for some paracompact space Y and
Y is a continuous closed image of somc closcd subspace of the spuce X,

Proof. It is similar to the proof of Theorem 12.16. [ ]
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