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The paper deals with the convolutional structure of a system of the nonlocal partial
integro-differential operators of first and second order, whose integral part is of Volterra type,
as well as with the convolutional structure and uniqueness theorem for their expansion on joint
root functions (joint eigen and associated functions). Suflicient conditions for completeness of
the joint root functions of these operators in the spaces LP(2),1 < p < 00,2 C R" are
considered as well.
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0. Preliminaries

Let 2 = ;% - -x 2, be a Cartesian product of intervals 2;,j = 1,... ,n.
Then we denote by L], _(2) the space of the Lebesgue locally integrable functions
on 2. Let AC;j(§2) denote the space of these functions f € L} (§2), which are
represented in the form

z;
J(Z1y. 00 y20) = h+/ H(T1oe e s Tirees s Fn) b7y,
0

where g, h € L}, (2) and h does not depend on the variable z;. Analogously, let
AC}(.(I) be the space of these functions f € L, (£2;), which are represented in
the same form, but with g € AC;(§2), where /. does not depend on the variable
®;.

Many nonlocal boundary value problems, which naturally arize (see [1]-
[8]) are related to partial differential operators of first and second order, which

!The first author is partially supported by Contract No MM-438/94 with Bulgarian Ministry
of Science and Education
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are special cases of the operators D;,j = 1,...n, defined by the partial integro-
differential expressions

(1) Ljy= Aj(tj)?_yM

83, + Bj(z)y(x1,... ,Zn)

+/0 Yi(zj, m)y(21y ..y Tjyo oo s 2n) dTj,

(2) ;
Py(z1,...,Zn dy(zy,..., 2,
Liy = aj(z;)ZY ,;sz )y () 2B Zn) 131-]- n)

z ;5
+/0 Y525, T )JY(Z1ss o 3 Tiyo oo 320) dT;,

+ Cj(zj)y(.'l'l, e ,xn)

forj=1,...,n, y=y(21,...,2,), considered in 2 with the following nonlocal
boundary value conditions

(1) Njz;[y(®15. .. 1 Zjy..0,20)] =0

for the operators of the form (1) , and

=0,

zj=x‘,’.

(2l) [ﬂj%y(zh--- vxn)+ajy(zl’--- ’zn)]

0
I;:i,a:,' [aij(zl, ceey xn)] + Gj,xj [y(-l'x, ceey xn)] =0

for the operators of the form (2), where Nj, F;, G are continuous linear func-
tionals in C(£2;), and 27 is an end point of the interval 2; and 29 € 2; for
these j for which the expresions of the form (2) are considered. (Herealter, the
subscript z; in these formulas shows that the functionals act on the variable
x;.) It is clear that by a change of the variables the operators of the above form
can be reduced to the operators defined by the integro-differential expressions
of the form

Ay(ty,...,t t
(3) liy = —-;y-(-—l-la—t"——ﬂ-l+/o Vi(%i, Ti)y(t1y. o« s Tjs o -« s tn) dTj,

Py(tr,... 1,
@ =Tt g,

t
+/ ‘/j(tj’rj)y(!lv eesTiyene ,tn)d'rj
0
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forj=1,...,n, y = y(t1,...,%,), considered in with new nonlocal boundary
value conditions

(3') Nj,‘j[y(tl, eve ,tj, cee ,t,.)] =0

for the operators of the form (1), and

1/
' 2 .
(4 ) [ﬁ) atj y(tl» ey tn) + ajy(th tn)] 3

9
Fjy; [m—jy(tl, csta)| + Gig oty - ,t,.)] =0

for the operators of the form (4), with new 8;,a; € C and new functionals
N;, F;,Gj of C(£2;)*, where £2; are new intervals and 0 € 2; is a left end
point of the interval £2; for these Jj for which the expresnous of the form (4) are
considered.

The aim of the paper is to study the convolutional structure of a sys-
tem of partial integro-differential operators generated in the space L () by
expressions of the form (3), (4) and nonlocal boundary value conditions of the
form (3'), (4') as well as the convolutional structure of their multidimensional
expansion on joint root functions (eigen and accociated functions), when such an
expansion exists. We use a general method for construction of multidimensional
convolutions due to Bozhinov in [9].

Precisely, let 2 = 2 X -+ X 2, be a Cartesian product of intervals
£2;,j=1,...,n, which contain the origin 0, and let D,,..., D, be a system of
operators generated by expressions of the form (3), (4) and nonlocal boundary
value conditions of the form (3’), (4’). In the sake of simplicity here we consider
the compact case that 2; = [—aj,a;] for these j for which D; is generated
by expression of the form (3) and that 2; = [0, a,] for these j for which D; is
generated by expression of the form (4). So, now L} (2) = L!(f2). However, the
results of Section 1 hold in the noncompact case too, but in the propositions the
space L!(2) should be replaced by L] .(£2). We use the usual short denotation
t = (t1,...,ts). Then the domain Xp, of the operator D;,j = 1,...,n in
L},.(2) is defined in the following way:

1. For these j for which D; is defined by expression of the form (3),
let V;(t;,7;) be a continuous function in the set {(¢j,u;) : —a; < t; < u; <
0} U {(tj,u;) : 0 < u; < t; < a;} and let ¢; € C(£2;)* be a fixed nonzero
functional. Then we consider

L {f € AC;(2): & [f(1)] =0
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forall t, € 2p,p# 4, p=1,...,n} ¢
2. Tor these j for which D; is defined by expression of the form (4), let
¢;(t;) € LY($2;) and Vj(t;,7;) be a continuous function in the set {(¢;,u;) :
0 < uj £t <a;j}. Let a;,B; € C and F;,G; € C(82;)* be such that
X3 E Bif(0) + a;f(0) and #;(f) K Fi(f) + Gi()), | € C1 (&) be

linearly independent continuous linear functionals in C''(£2;). Then we consider

- def :
Xp;, T {f € AC}(2): x3,[f(1)] = 0,®;,[f(H] = 0
forallt, € 2,,p#jp=1,...,n}.

It is clear that now the space Ll .(£2;) = L!(£2;) and the operator 1; be nonlocal
integro-differential operator of first or of second order considered by the authors
in' [10]-[19]. So, according to the results of these papers the operator D;, j =
1,...,n has a convolution *; in L'(£2;), which represents its resolvent R, ; in
the form

(5) Rauf={- -”’&—J;’} s f, €L\ (%)with A; € C, F;())) #0,

where £;(A;) def 5.4 (05 (Aj,t5)], and y;(A;, ;) is a suitable solution of the equa-
tion Djy; = Ajy; in L'($2;). Let denote also by R?\,, j the "initial resolvent” of
the "initial operator” D;-’, i.e. of the operator generated by the same expression
(3) or (4) in L(£2;) but by initial conditions (see [10]-[16]). There we used that

(6) RS, ;f = (0 )1, [ € LN(%y),

where 2,~ is a convolution for the initial operator DY in L'(£2;).

It is clear that both resolvents R ;, Ilf{j'j, Jj =1,...,n can be extended
by natural way in L(§2), if we consider these operators acting only on the
variable t; of an arbitrary function f € L!(£2). It can be proved easily that
Xp, = Ry, ,;(L'(R2)). That is the reason for j = 1,...,n we call the operators
Ry, .5 R?\j,,' partial resolvent or partial inilial resolvent of the operator D; in

LY(R) respectively.

1. Convolutional structure of the nonlocal partial integro-
differential operators of first and second order

Using the method proposed by Bozhinov in [9] we can construct a convo-
lution * in L'(£2) for all nonlocal partial integro-differential operators Dy, ..., D,.
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This convolution is in essence the tensorial product * def * @+ @ *, of the
bilincar operations *, .. .*,, which is defined in the tensorial product L'(§2,) ®

- 11(92,,) of the spaces L*(£2y),...,LY(§2,) ud is extended by continuity in
tlw space L1(2). In [9] Bozhinov shows how it is possible to constuct an ex-
plicit expression for this extension for all possible combinations of the operators
Dy, D, of the form (3), (4), when V; = 0 and n = 2. The case of arbitrary V; can
be reduced to the case V; =0 using transmutation operators considered in [20]-

[22]), which transform the integro-diflerential operators of first or second order
2

in the operators — 8‘3 3 respectively. The case of arbitrary n is an evident

0
d‘:
generalisation of the case n = 2, but now the expressions are more complicated.
According to the construction proposed in [9] it is clear that the convolution *

in () has the important "splitting property”

(0 Frg=J]fitt;) i 9i(t;) for f,g€ LY(?)® - @ L' (),

Jj=1

i.e. for f,g € L'(R2) of the form f(t) = fi(t1) ... ful(ta), 9(t) = 91(t1) .. .ga(tn)-
Using this splitting property many propositions for the convolution * can be

proved. Let us denote (2) = 21 R ® 2,., which is defined in LY () ® - ®
L'(92,), and is extended by continuity in L!(£2). (Its existence follows by the
general construction in [9] as well.) Also, let y(A,t) &f (A t1) . y( Ay )
and E(N) % Ey(M)...Ex(Dn).

Theorem 1. a) The operation * : L'(R2) x LY(2) — LY(R) is a continu-
ous, bilinear, commutative and associative operation in L'(2) for the operators

D,,...,D, and for their partial resolvents R, 1,...,Rx,n, i.e. their domains
XDp,s-..,Xp, are ideals of the convolution algebra (L*(R2), *) and the equalities

(8) Dj(f*g) = (DJf) *g, f € -XD," g€ Ll(n)a
(9) Rr\j;j(f * g) = (R,\j,j) *9, fv.q € Ll(n)

hold for arbitrary A € C™ with E(A)#0andj=1,...,n.
b) For each fized A € C* with E(\) # 0 the equality

Ry . Ryonf = { ;?At))} «f for fe L'(!))

(10) Ry &

holds. The element 1\ % {=9(A,t)/E(N)} is a nondivisor of zero of the
convolution algebra (L'(R2), *).
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c) The operation (2) is a coninuous convolution in L'(R) of the partial
initial resolvents RS ,,...,RS . and the equality

10) ROr % R ...B . f={O0YS for fe L}(R), AeC
holds.

Proof. The continuity of the operation (2) as well as the continuity of *
follows from the construction of these operations as an extension by continuity
on the closure L!(£2) of the tensorial product L'(£2;)® ---® L!(£2,). We note

. © o 0 oL
that the operation * = *; ® -+ ® *, has a ”splitting property” analogous to
(7), but with respect to the operations 21,. e ,2,.. Then, using this property
and the relations (5), (6) as well as the "splitting property” (7) we can prove
easily that the equalities (9), (10) and (10’) hold for "splitting” functions of the
form f(t) = fi(t1)...fa(tn), 9(t) = g1(t1)...94(tn). Hence the bilinearity of
both sides of these relations imply that they are true for linear combinations
of ”splitting functions”, which are dense in L!(2) since the the polynomials
are special kind of such linear combinations. Then using this density and the
LY(2) — LY(R2) continuity of right and left sides of the equalities (9), (10),
(10’) we obtain that these equalities are true in L!(£2) as well. The equality (8)
follows from (9). =

2. Convolutional structure of the expansion on joint root func-
tions of the nonlocal partial integro-differential operators of first and
second order

The results in the present section are true by the assumption that 2;, j =
1,...,n are compact intervals in contrast to previous section, where this as-
sumption was not necessary. Precisely, let 2; = [—aj,a;] for these j for which
D; is generated by expression of the form (3) and that £2; = [0, ;] for these j
for which Dj is generated by expression of the form (4).

Let A; = {A};}%}=0 be the set of the zeros of the entire function E;(A;)
with corresponding multiplicities {x,’,j }z;__o and let for each fixed j = 1,...,n
let fj(t;) ~ Xk =0 P,f,, fi for f € L'(£2;) be the one-dimensional root function
expansion of the operator D; in L'(£2;) considered in [18], [19] for ordinary
integro-differential operators of the form (3) or (4) respectively.

A necessary and sufficient condition for validity of a uniqueness theorem
for this one-dimensional expansion, i.e. for the totality of the projection system



Joint Root Function Expansions... 259

{P" Y=o in L(£2;), is the compactness of the interval §2; and the condition
—a,,a, € supp ®@; or the condition a; € supp #; when the operator D; is of the
form (3) or (4) respectively. According to the results in [18}, [19] for j = 1,.

the one-dimensional root projections

dyj, f; € L'(%;)

’ @;(RY, Ajyt;
) A [ 2Bl

E(«\)
rj,

J

have the convolutional representation

V) Pifi=fi%9l, feIN®) with of = / "(;))d,\,,
' f‘i

where I','; are contours enclosing A'i ;e It is clear that

¢

1 8% _
{ '8AJ,yJ(AL’tJ) 0<8, ,ri}

is a chain of root functions of the operator D; in the root subspace Ker(D; —
: o : ki ks

M) C L'(2;). (A system Wi = {wg’(t)),... ,w”’i'_l(tj)} C Ker(Dj —
J

'\i,- )xf‘:' is said to be a chain of root functions (eigen and associated func-
tions) of the operator D, corresponding to the eigenvalue A,; , iff D_,w:’ =

A “’o , Djws = A" Yrwh 1< x’,—lforthesejforwhnch x’ >1.)
For snmphcxty sa.ke, hereafter we use some multiindex denotations pro-
posed in [20], 2.4.3.
The multiindices (p) = (p1,...,Pn), Pj 2 0,5 = 1,...,n are considered
as nonnegative integer n—dimensional vectors, provided with the summation
operation and a partial order relation (p) < (¢) < p; < ¢, J = 1,<

If (p) < (9) and (p) # (g) we use thc denotation (p) < (g). A]so, let (0) =

0,...,0), (1) ¥ (1,...,1), (00) & (00,...,00),A6) LI Nrs __ \km, (k)1 &
q
= ky!...ky! The sign denotes summation over all multiindices (8) with
(8)=(») :
. % g1 gn (m) ‘
(») £ (8) £ (9), ie. = 2 ... 2 - Let A = A= Vith
(o)=(p) . &a1=m In=pu
A(k) odof (,\,, - %.) be the set of the joint multlelgenva.lues A(x) of the oper-

ators Dy,.. D of their joint spectrum. Let I7y) = I‘h -xIg.
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Also,let D %' Dy,...,D,,

1 def 21 Zn
/(f(‘r)dr =/ f(riye.oymp)dmy ... dr,, 2,(€C",

G én
o det OO agr OM O
= INF) - 0'\1;_.‘ ...Uz\nk”’

D® ¥ ph Dk (D=-2)W E (D - AP (D, - AL

It can be easily proved that for each multiindex (k) the tensorial product

. 1 g
V(k) = V,,, ®-® v[?. = {(_a)—!my(A(k)ot) : (0) < (8) < x(k)}
is a chain basis system in the joint root subspace
Huy & Ker(Dy - AL )™ n...0Ker(Da — ML) C LY(2)

corresponding to Ax).
Let R & R} ...R}, - Also, let us consider the functional

Sf X B,[f(t)] = Brsy - Pu [f(t1y...10)),

which is defined for these f € C(82) for which the right part of these equalities
exists (we recall that @; € C?(£2)*). We do not give here the exact domain of the

functional &, but we note that the functional @ o Rf\o) is well-defined continnous
linear functional in L'(£2), since Rf;’. maps L'(£2;) to the space AC(£2;) or to
the space AC?(£2;) depending on the fact whether D; is of the form (3) or (4)
respectively. Indeed, for each f € L}(£2) we have

S(ROf) = By .. Bt (RS- - B F) M1y - - 10)
= (P o0 Rg.,l ) (P o Rgn,n)‘n[f(tl’ oo otn))

def def .
Also, let s(hy = (2h,5--- s %0 ) V) = 2y —(1) = (¢}, —=1,..., 50 —1). By
these denotations the next proposition make clear the convolutional structure
of the joint root subspace H,,:

Theorem 2. a) For each multiindez (k) > (0) the operator

(12) Puy S & frouy, feL'(R),
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where

LI 1 A,
Pk)(t) ¥ H‘Pi:'(t")= (21rt')"r,/ yf(f('\t))d'\

= (#)
1 8"W [(A=Au)) M y(A,t)
= - € H,
V(k)! I\ E()) RIN (k)

is u convolutional multiplier projection, mapping L'(2) onto the joint root sub-
space Hyyy of the operator system Dy,...,D,. The projection Py commules
with all D,,...,D, and it is represented in the form

© pron
(13)  Pyf = (2:'.),‘ / (&) NyAY) )\
I,

E(X)
(k) 3
1 F X O} [(,\ - ,\(k))"(")é(Rf\o)f)V(l\y t)
- V(k)! A"k E(A) A=N)

The projection P) is the unique continuous projection mapping L'(2) onio
H(i) and commuting with Dy,...,Dy. It is the unique nontrivial continuous
projection mapping L'(12) in H) and commuting with Dy, ... ,Dy.

b) The function @) € Hy is an idempotent of the convolulion algebra
(L}(2),4), i-e. o) * o) = Py Jor each (k) 2 (0). If (k) # (p), then
P(k) * Pp) = 0. The functions

(k) &) 1 (A -— A(k))wb)-(‘)y(x’t)
00 o= g [ BV -
Ty
1 90 [ (A= Agy) 0y(A,t)
- G| eI @ <) <uw

A=A

Jorm a "good” chain basis in H) with respect to + ,i.e.

3 (%) :
(15) (11;)(,,) * (t,:)(q) = { ¥ (P)+9)-vy ‘f (»+(q) Z Y(k)
0, i (I’)"‘ (q) s not 2> V(k)-

(%) (%) (o (&
Moreover, @iy = Wy, U (s) = (D = Agy) 0= (u),(,), (0) < (s) < vy
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Q) k 2
c) Let E(A) = (A = Agy)*® (1:2(0) (a’(l)('\ = A1, (0) < (8) < vy with

(3)(0) # 0 is the Taylor expansion of E()) around Ay). Then

1 9@ ) # *)
(16) ot Aapt) = D @ e)-0) @),
(s)tox =)
(®) 1
(%) *®) 1 a0
w(,)(t) = 2 B -0 775 axm V(A )
0)=(0) (H'ox

(%) :
where B (,), (0) < (8) < v are the coefficients in the Taylor ezpansion of the
Junction (A — A())"® / E(A) around Ay and the equalities

' (s) ¥ ‘
® ® ® @
aBe=1, Z ap) B -y Jor (0) <(s) < vy,
: (»)=(0)

hold, when (k) is such that vy > (0), i.e. xg) > (1). For (0) < (s) < y) and
(1) % (9) + (9) = vw) the following equalities hold:

(17)
w _ 1 EQ) L L OB
o) = (zm-)n,/ (= ey = )1 9@ (3= A o] by
(*) ‘

k) ‘ - “(iy=(2) ) [(A = Aggy )™
( 1 (A= Aw) I L 0 [(A Ak) ]

B@ = Grip E = )o@ EQ)
(2m4) T [8)) (s)! ax (A) s

1 o) 1 9@
(18) (-‘;')'gmv('\(k),t) * mmy('\m,i) =
(0 for these (p),(q) for which (p) + (q) is not > Y(k)

={ 1 v E(A) :
@' ax®m [(,\ — A" ®y(A, 1) e if (9) + (9) 2 vy,
0 for these (p),(q) for which (») + (g) is not > v

={ O w 1 8@
, -0 i e Y Awst) ¥ (p)+(a2) 2 vw-
 ()=(0) )=(s) () 9x@® y(A@yst), i (p)+(2) 2 v
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The projection representation

(k) (k) (k) (%) a(
(19) Pyyf= Z .)-(t)(f)u(l)(*) = Z Au(.,,-(z)(f)(,), 0,\(‘)”('\"')’”
(‘)—(0) (=(0)

holds for f € L'(2) with respect to the good” chain basis Uy, = {u(,)
(0) < (s) £ y)} and the "traditional” chain basis V(i) in Hyy. The coefficient

(k) (k)
Junctionals C(4)(f), A(s)(f) in the last formula are represented in the form

(k) 1 (R f) 189 )
(200 Cu(f) = Gy | O- '\—(3)(,) w0 P = ime ) e
Ty =Mk)
© 1 9
=¢{f () aA(’)y( (k)’t)}
(k) A = Agy )= R
@0) Aw(f) = (2,")" /( (h))E(,\) (R)\"f) d\
T )
1 9@ [(A=Aw) @R f) ©)
RO : (k)E(,\)( : ] =o(s ¥ W)

A=)

For (0) < (8) < () these coefficient functionals are connected with the equalities

nooB ®w W & ow k)
(21) @= 2 C@-0Ae Aw= Y, Bw-0Ce
(=(0) (=)

and have the following multiplicative convolutional propeties

(') ( )
(22) C(.)(f*y)— > C)- u,(f)c(,,(f),
(h=(0) ‘
(k) (s) *) ()
Ag(f*9)= Y aw-n X Au) (:)(f)'i(:)(f)
1)=(0) ()=(0)

for all f,g9 € LY(R).
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Proof. In the one-dimensional case n = 1 the operator D is generated
by ordinary integro-differential expression of the form
—

ly=9y'()+ / V(ty, w1)y(w)duy, t; € [—ay,a,]

or of the form 0

ty

ly = y"(t1) = a(t2)y(t1) + / V(ty, u)y(wr)duy, 1 € [0,a,).
)
The cases of these operators were considered by the authors in [16] and [12]
respectively, where theorem 2 were proved in the one-dimensional case n = 1.
Let us consider the multi-dimensional case n > 1. Now we prove formulae
(12), (13) for "splitting functions” using formulae (11), (11’), the ”splitting
property” (7) of the convolution * and the fact that

n
Puyf = 1] Puyifis

=1
where Py, ; is of the form (11) and f(1) = fi(t1)...fa(ts) is a "splitting func-
tion”. Hence the bilinearity of both sides of these relations implics that they are
true for linear combinations of "splitting functions”, which are dense in L'(2).
Then using this density and the L*(2) — L'(12) continuity of right and left
sides of the equalitics (12), (13) we obtain that they are true in L'(2) as well.

Other part of the proof follows analogously from the one-dimensional
case by approximation with linear combinations of ”splitting functions”. (]

From theorem 2 b) it follows that the projections Py form an orthogonal
projection system {Pu)}{iL ) in L'(2), ie. PPy = 0,if (k) # (»)-

The projection system {P(k)}:z‘)’):(o) is said to be total in the space L(12),
if the equalities Py)f = 0,(k) > (0) for f € LY(R2) imply f = 0 almost every-
where in 2. The next theorem gives necessary and sufficient conditions for the
totality of this system, i.e. necessary and sufficient conditions for validity of a
uniqucness theorem for the formal expansion f ~ ZE:;L(O) Puyf.

First we formulate a lemma.

- Lemma 1. Let g(t1,...,t,) € L(2) and let j = 1,...,n be arbilrarily
fized. Let
ij‘j',,j{g(tl, vrs s ®jys e 5 ln}t;) 20
Jor all kj = 1,2,3,..., for almost all t; € 12; and almost all t, € 12,, where
1 < p < n,p# j with respect to the corresponding Lebesgue measure in §2;, §2,,.
Then g = 0 almost everywhere in 2 wilh respect to the Lebesgue measure in 2.
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Proof. The statement of the lemma follows from the one-dimensional
uniqueness theorem for the corresponding one-dimensional root expansions proved
by Bozhinov in [18],[19]. =

Theorem 3. The conditions —aj,a; € supp®; when DJ is of the form
(3) and a; € supp @; when D; is of the form (4), J = 1...n are necessary
and sufficient for the projection system {P“)}“ )=(0) to be total in LY(£2), i.c.
they are necessary and sufficient condtlwns Jor validity of a uniqueness theorem
Jor the formal expansion f ~ Z(k) =(0) Py f on joint rool projections of the
operators Dy, ...D,.

Proof. It is easy to see that the equality Py f = Pi, 1{ Py 2[. - -(Prpn )1}
holds for cach f € L'(R) and arbitrary (k) = (k1,...,ks) > (0). It follows
by approximation by ”splitting functions”. Now, let f € L‘(.f)) be such that
Poyf = Py a{Pial-- - (Pianf)]} = 0 for all (k) = (k1,...,ku) 2> (0). Since
Py 15 {Pk, 2+ .+ » (Pi,,n) are one-dimensional projections acting on the variables
ty,19,...,1, respectively, the proposition follows by successive application of
lemma 1. L]

And.logously to [17], 2.4.3 we introduce the inner Cauchy convolution *y

in the space X %110 O with 7 = C*h1 X+« x C*%n by the equality
(k)=(0)

(s) *)
def (k)
ExxnE { Y Ew-nn: (0)<()Sumlinlop
=)

(%) (k)
where £ = {£ () : (0) < (8) < vy Yily 1= {n@y: (0) < (8) < V(k)}{zz_-_(q)

k
are arbitrary elements of Y. A system W, = {(w)(,) :(0) S (8) Syw} C Hyy
is said to be chain system of joint root functions, if

(*) _(s) (K )
(0)(8) = (D = A ®~D&, 1), (0) < (8) < vy

Let H be the set of all systems W = {W(k)}fz;’_)__ () Where W, = {(t’:?)(,) :(0) <

k
(s) < v} is a chain system in H). A system W) = {(w)(,) :(0) < () Sy}
in H) is said to be tensorial chain system of joint root root functions, if it is

a tensorial product
Wiy = Wi, ©---@ W,

of chain root function systems in Ker(D; - z\i'., )";‘1’ C L(%2;) Jj=1...,n
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Let Hp be the set of all systems W = {W(k)}fz‘)’_):(o), where W) = {(1'9(,) :
(0) < (s) < y(r)} is a tensorial chain system in Hy).

Analogously to [17], 2.4.3 we introduce the transformations ° and ~,
defined by the coefficient functionals (20) with respect to the ”good” and the
"traditional” chain root basis systems .

*) e
U={uv@: (0)<(9) < 1yl moy

(s)
V= {ZSL)!,%W”(X(*),‘) :(0)<(9)< V(k)}

(o)
(k)=(0)

in LY(2), i.e.
3 (%)
fer}@) - | ¥ {Cu) : (0) () S vpkl € X

" k)
feri@ — F ¥ (An : © <) vl € X.
By these compact denotations now theorem 2 implies:

Theorem 4. The equalities

(23) V=asxlU, U=B*»V, ,
f=B*xf, f=asxf holdfor f € L'(R),

as well as the equalities :
(24) (f+9) =Ffsxd, (Frg) =asy f*x§ hold for all f,g € L}(R),

i.e. * is a coefficient convolution of the ezpansion f ~ }:g:‘;’s 0) P f and the
transformation ~ , which is "good” with respect to the convo}ution *, 18 an
injective homomorphism of the convolutional algebra (L*(§2),#) in the algebra
of the cellular "sequences” (X, +y).

Both transformations ° and ~ are represented by the dual formulas

(25) F=oi/ vy, F=o(/fuy forferv .

In [18],[19] for the one-dimensional case n = 1 Bozhinov gives several
types sufficient conditions imposed on the nonlocal boundary value conditions,
which assure the completeness of the root functions in the space LP(2), 1 <
p < 00, i.e. that the linear combinations of the root functions are dense in
this space. In the present multi-dimensional case that means, that for each
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j=1,...,n we have a series of suilicient conditions for completenes of the root
function system of the operator D; in the space LP(£2;), 1 < p < 0. Now we"
give a theorem, which shows how these one-dimensional results can be used in
“the multidimensional case n > 1 to obtain a scries of results for completenes in
of the joint root functions in each space L?(§2), 1 < p < oo.

Theorem 5. Forj=1,...,n, n > 1 let the functional ®; be such that the
root function system

yi ¥ fjvf —{i—a" (AL, t):0< .<x"}
h = ki = 3j!a/\j"y1 ky* %3/ ¢ =385 k; kj=0
j=

of the operator D; be complete in the space LP(£2;), 1 < p < co. Then the joint
rool function system

1 oW gk
V= {@mv(f\u»t) £ (0)< (o) S vy } (k)=(0)

of the operator system D,,...,D, is complete in the space LP(£2), 1 < p < oo.

Proof. This theorem follows immediately from the fact that the space
L?(£2), provided with the usual [|.||,-norm, is a completion of the tensorial prod-
uct LP(2,)®---® LP(£2,) of the spaces LP(§2),...,LP($2,) and that the restric-
tion of this norm on this tensorial product is a cross-norm, i.e. it has a "splitting
property” for functions of f € L?(§2) in the form f(t) = fi(t1)... fa(tn), where
f(t;) € LP(R2;) for j = 1,... ,n. Now, if the linear combinations of the system
Vi are dense in LP(2;) for all j = 1,... ,n, then it is not difficult to see that the
linear combinations of the functions of the system V=V, ® ---® V,, are dense
in the space LP(£2), since they are products of the functions of Vy,...,V,. =
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