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Finite Integral Transforms for Non-Local
Boundary Value Problems in the Complex Case
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I'inite integral transforms of first kind when the non-local functional @ is of the form

1 ’ ’
Ne(f) = EFU (0)+kf(1)], k#-1

DO =g [F O+ B)], k-,

in the complex case are found. 111 The convolution property and the inversion formula of
these transforms are found.
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The considered finite integral transforms are connected with the non-local
boundary eigenvalue problem

yn +,\2y . f(.'L‘)
(1) e(y)=0 ¥(y)=0

where ® and ¥ are linear functionals on C*[0, 1] and & is a non-local functional.
There is no loss of generality to assume that ® {z} = 1. Let supp® contain
at least a point zg # 0. This condition {supp ® # 0} ensures infinite number
of distinct eigenvalues v, = -2, n=1,2,...0f (1). Al ), and (=A,)are
the zeros of the entire function of exponential type

E(A) = ®{X(1,0},

where X (A, £) are the eigenvalue functions of the operator D = ol
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Definition 1. Let f € C[0,1] and R\f = R(f;A) be the resolvent
operator of (1) defined as a solution of the boundary value problem (1). The
correspondence

) CS-Tif = [ RN m=12,.,

where C,, is a simple contour containing A,, only, is said to be a finite integral
transform for the problem (1).

There are three types of finite integral transforms for problem (1). Now
we will consider the first kind finite integral transforms, i.e.

¥(y) = y(0).

sin Az
and the resolvent operator y = R)f can be

In this case X(A,z) =
represented in the form
sin A§

3) Rt = {55051+ F

where * denotes the convolution operation

s 1 ré
(f+9)(2) = — @l [5 /= f(€+ 2 = n)g(n)dn

(4) | : —-;— _i S(1€ = z — nl)g(|nl) sgnn(§ — = — n)dn] :

Using representation (3) the n transform T, {f} can be written in the form
(5) Taf(2) = On(2) * f(2), 8 =1,2,...

wifh

6) 9.(2) = E;lr‘. / : -‘%%?d,\.

The operator Rof is a right inverse operator of D. It can be represented as a
convolution operator in the form

(7) Rof(z) =z f.

The main properties of these transforms: convolution property, its differential
law are considered in other papers. Now we are investigating the problem of the
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inversion formula.

Let us introduce for each f(2) € C[0,1] the formal expansion
+oo
(8) f(@)~ 3 Tu{f}.
1
If the formal expansion (8) represents the function f(z) in C?[0,1], i.e. if
- .
(9) f(z) =3 Ta{f},
1

then we can consider (9) as an inversion formula.

Theorem 1. Let f(z) € C?[0,1], f(0) = 0, ®(f) = 0. If the ezpansion
(9) for the function f(z) = z is uniformly convergent and represents it, then
the expansion (9) is uniformly convergent in [0,1] and represents the function
f(z) too, i.e. (9) holds .

Proof. Since I = RoD — F and under these assumptions, the defining
projector is I'f = f(0)[1 — ®(1)z] + z®(f) = 0.Then

o0

f=RoDf=Rof =z+f" =3 Robusf"

1
=S 0usRoDf =Y Fuxf=Y Tuf.
1 1 1

Case 1. Let the functional ®(f) have the following representation

(10) 8(f) = U (©)+ kF (1)}, where k # —1.
The operator R takes the form
: - o ak -
(11) Rof(z) = /o 4r/0 fo)o - 25 A f(r)dr
and 5 N
¥ :
(12) Ro{z} = & - W+

In this case the indicatrix F(A) has the representation

(13) E()) = & {Si“A"f} ki (14 kcos ).
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It is an entire function of exponential type. It has simple zeros A, and p, = —A,.
When k € (—00,—1)U[1,+00), (—{-) € [-1,1], then the function E(A) has real
zeros. This case is considered in [2] and the case k = —1 in [4]. Now we will
investigate the problem when k € (—1,0) and k € (0,1). In these cases |-}| > 1
and then the function E()) has two series of complex zeros A, and pu,.

Lemma 1. The transform (5) has the form
(14) _ Tu{/} =a,sn )z,

2 / " fr) com (e = 1de:

Proof. Since the function E()A) has simple zeros, then

where a, =

sin ppz _ sin—Apz _ sin A,z
E'(pn)  —E'(An)  E'(An)
and 9,(z) * f can be easily transformed into (14).

Theorem 2. Ezpansion (8) for the function f(z) = x gives an uni-
formly convergent series which represents it in [0,1], i.e.

"#(z).= = O(2) = 9a(2)

(k + 1) ¥X sin A,z
Z AZsin A,

(15)

(k + 1) ¥2 sin A,z
z AZsin A,

Proof. Let f(z) =z, then 2z~ 2

If k€ (~1,0), then
1+JI—_’ o 14+ VI=R2

and Ap=2nr+iln sy mem 0,1, 42 ..

REE T -k
Under the substitution In 1—+-_——— ';_k =b we have )\, = 2nr + ib.
Then, sin A\, = isinhb = —i- 1; . . Using the known identity
+00 '
cos(m+a)z _«
(16) _zo:o m+a  tanarw’

valid for z € (0,27) (see [3]), the following identities can be obtained:

cos;\,,z -1 l—k
E 2ta.nh% 1+k°

(17)
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Integrating this with respect to 2 we have

Zam)\,.z_ -z __f_‘. 1—-k
2tanh § 2'V1vE

1+k
1-k
easily be shown that (15) is valid in 0 < z < 1. Evidently (15) is valid for
2 =0.If 2 =1 then the the identity

and z € (0,1). By means of these identities it can be

where tanh 3 =

(18) 2
should be proved. Indeed,

1 o b B
Z A2 Z  (2nx + ib)?  4n? 2 (n + ia)?

4x?
= oL — 4a? )_ k
-4’_2( a2+2al 4a’oy =G+1)’
1 1 1 1 T
where o0y = 2—a1rcoshmr—§-a;- and o; = ywos (;cothat+m) k> 1
(see [3]). Then (18) is proved.
If ke (0,1), then V1= 1+" E 51, and
A (@ Drpimit g ",:'“",y,.=(2n+1)x-im-1—+—-—— "kl"‘

n =0,+1,%2,.... Now, lnlﬂEE = by and pp, = —Ap, 8in A, = —sinib;

= —iginhb; = —i 1= . Using (16), it is obtained (17). By integration with

respect to z, finally we have (15) when z € (0, 1). The proof of (15) when z = 1
and k € (0,1) is the same as the case k € (—1,0). Using 0; and o3, we obtain
that '

N “2n+ Dr+iby]2 T 2(k+1)
As a sum of real series, the function  has the form

1+k - 1 . cos2naw
=2 k{smhbz [-b—2—221:m
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o0
. 2 cos 2nxw 2nx sin 2naw
(19) +4b zl: @) + ] b,],] + 4b cosh bz Z (@ 7P [ "
if k€ (-1,0), «€[0,1) and

% 1+k k 2 cos(2n 4- 1w 5 o~ cos(2n + 1)zx
e 5 {mnh b [2b 2 [(2n + 1)%x% + 07 ; @n+ 1272 + 02

n+ 1) sin(2n + l)zr}
9

; v (2
(20) 250 com e zo: [2n + 1?22 + 637

if k€ (0,1)and z €[0,1].
Finally, applying Theorem 1 for the function f(2), we obtain the inversion

formula
400

f(z)= Z smA / f(7)cos A, (7 — 1)dr.sin A2,
-1-%-,‘.2 as k€ (—l,Q) and

where A =2nr+iln

A= (2n+ 1)t+imLt%:£ as ke€(0,1) and =z€]0,1].
Case 2. Let ®(f) have the form

(21) #(N= g [fO+4r (3)] k%1

Then

z T 1 .} ‘
(22) Rof(x)= [) dr /o f(a)da—k—%[/o f(r)dr + k /o f(r)dr]

and
22 k44

Ro{z} = F— mzt.

The entire function of exponential type F(\) has the following represen-

tation in A€ ; \
sin
E(/\)—Qe{ 3 }—k+1(cos/\+kfos-2-)

Tt e e )
(23) = +1(2cos 2+LC082 i & ¥
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It has simple zeros A, and pu, = —A,,, since k is a real number The substitu-
tion cos -} = z into (23) gives the quadratic equation :

22 +kz-1=0,.

having two solutions:

k+VE+8 _VE¥8-k

== 1 ’ z

iR
Let cos% = z; and cos ’i" = z3. We obtain two series of solutions A,, and g, .

Lemma 2. The transform (5) can be represented in the form
‘ (24) Tw {f} = ansin A,z — b, sin p,,z ,
where a,, = ¢}, b, = c# and

4
0 —
Cn /% +8sm [

[/ f(T)cosby (T — 1)dr+L/ f(7)cos b, (7 — —-)d‘r]

Proof. Analogous to that of Lemma 1. Can be done by direct check.

Now we can introduce a formal eigenexpansion for the problem (1),

f~ i T {f} = f:(a,, sin A\, & — by, sin p, 2).
1 1

Then for the function f(z) =z we have

4(k+1)

(25) T~ \/;_2_—(3 A),
o0 .
b et Z sin A, ’ Ad Z sin _Sin p,z

T/ A2 sin 4n 3 sin B

Let us prove Theorem 2 in this case.

Case 2, Let k € (—o00,~1). The solutions of the quadratic equation
are z; € [-—-— 1] and 23 > 1.The equation cos-’,‘- = z; has real solutions. If

B = arccosz, B € [0, %) then A, = i‘2ﬂ+ 4nw,. We will take only the positive

zeros A, = |23 +4nw|, n =0,%1,%2,.... The equation cos § = z; > 1 has

not real solutions. For u, we obtain two scries of complex numbers ”(1)
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4nx — 2ilny, and ”&2) =4nx +2ilny;, where y3 = 22+ /22 -1>1, n=
0,+1,+2,..., ”&1) = _“s'z) and further, we consider for

o = p®) = dn7 + 2ilnyy, n € (=00, +00)and n is an integer .
Now let us consider the series A and B. Since

sin -'}21 = sin |@ + 2nx| = sin[(B + 2n7)sgnn] = sgnn. sin 3,

i
n+a "~ 4tanf’

-00

'g’f 08 AnZ _ 'E cos(2f +4nm)z _ 1 'E cos(n + a)dzw
=~ Ausgnn - & 26 + 4nw 47

Here a = -2% is not an integer and z € (0,1/2) (see [3]). By integration with
respect to z, we obtain : '

*ff sin\,z 1 i LT 1 i e z
£ Alsgnn  4tanf sinfqtanf = 4(1- =)
Since sin '—‘Ezsin(ilnyl) = ¢sinhIln gy = isinh = b, where b = In y; ,we consider
+00 +00 :
CO8 fin @ 1 cos(n + zf;)ntmr b
—l = , where @ = i—, " A
g i 41__2; s =iz, z€(0,1/2)

CO8 UnZ 1
Hn 4itanh %

+00
Using (16) we find ) and by integration,
-00
400 .
Z sm;;,,z g z g+ Finally, for B we obtain
oo Fn 4itanh 3 .

T x

A D =)

and for B - A,

z x

2 £ 2= 21 = Vk!+8
T4l-2z) 4(1-2) -

£ oo
40— nY1~m) A k+1

B-A

Then

4(k+1) [¥R sinpgpz IR sin A,z
26 = : - -
) : VF’+8[Z#?-sm%n g,:oz\asin%

00
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as asserted. Evidently, identity (26) is valid for z = 0. Now we prove that (26)
is valid for z = 1/2 too. Let 2 = 1/2. The right side of (26) has the form

4(k+l) ]
1 k+1 . 1
—Z—m+—. +201 460‘2—§-—2T 463‘]
where b = ﬁ, a= 132—:_’1- As we use 0y, 02 and the sums of the well known

numerical series of [3],

o1

-2}- (l —rcot‘n:) and

1 T (1 L
7= g+t (30 )
where 7% 2 s 2),‘ , it is obtained that S = 1/2. Therefore, (26) is valid

for z € [0 1/2]

Case 2. k € (—1,1). Now z; € [-1,~1/2]. The equation cos § = z; has
real solutions. If a = arccosz;, a € [ g ,x] An = £2a + 4nw. We will take
only the positive solutions )\, = [2a + 4n7|, n = 0,+1,%2,...,2; € [},1], 8=
arccos 23, B € [0,5],pn = £20 + 4nw. As pu, > 0, then pu, = |20 + 4nx|. In
this case A, and u, are real numbers.

We are to prove the identity (26). As in the case 2%,sin 32“ = sgn nsin a
and sin £ = sgnnsin @, then

400 s
sin A2 1 z z
ity __zo:o,\?,sinAf " sinadtan§ ~ 4(1-z) ape

sin p, 1 T z
B= - &
Z ~ pd sin L‘;l sin 8 4 tan !21 4(1 - z3)

Therefore, if z € [0,1/2), (26) is valid in this case too. Let z = %,

e Vi +8 [— g (2a + 4nx)? > _Zo:o (28 + 4""’)2]
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= Z—i—z-ﬂ\/;——___t_—l)- [-—aiz — 20y — 4a%0; + = 7 +2T+4b202]
1(k+1) /1 1\ 1
2¢;?i_'(1-z2 I 1—z,) T2
Case2¢. Let k € (1,400). The solution z; is negative and z; is positive
and z; < -1, 22 €(0,1/2). The equation cosA = z; has no real solutions. Its
solutions are the complex numbers

AN =220+ 1)r+2ilny;, and AZ) =220+ 1)7 — 2i Iny,,

where y3 = (/22 -1 -2 >0, /\s.l) = —4\9) . We take only

An =A(1) =22n+1)r+2ilnyy, n=0,%1,%2,....

The equation cos § = 2; has two series real solutions. If 3 = arccos 23,
B €(%,5), then pu,, = £28 + 4nw. We consider only the positive solutions

=28 +4nx|, n=0,%x1,%£2,...

As in the previous case, using (16) we receive

B-A= z smp,,z _z sin A,z

—~ p sin £ A’mn2
_ 1 1 +°°siny(n+-2£’;) i XRsiny(n + § + )
T 1672 |sinf 57 (n+4 £)? smhb_m (n+%+
_ x . x _fvp+8
T4l-2) 4(1-2z) 4 k+1°

where b =In y3, y = 4wz. Then (26) is asserted, if z € (0,1). By analogy with
the previous cases, it is proved that the identity is valid for 2 =0 and z = -}

too.

Finally, let us prove the identity (26), if z €[},1). Setting T==z+} it
is evident that if 2 € [0,}], then Z € [},1). The series

X sin AT
Z 8]1[[‘,.1‘ e Z f;ln. n/\
T’ Wi sin G T A%sin 3
as n € (—o0,+00) and n is an integer have the following representations
+0c0

+o0
2 _Sin p, T sin pt, COS fin &
= 2B
”?' s]n %l. 2 Z “2 Sln &ﬂ. ; "?‘ 2 + S“ and
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400 400
sin A,.z sin A, CcOS A\p
= —— =214+ 8,
; AZ sin 3p z,: A2 sin 2p z,: A2 ik Pl
where ke
cosf,x
&_gjfﬂ
As we use the well known series of [3] for §y and S, we obtain
+o0
COS fin & T 1 :
=y — 2 = —— d
S 21: u 4+8(1—22) o3
+00
e COS An® z 1
‘S"“; et aien)

when z € [0,3]. .
Using the sums of the same series if 2 € [0,}]and the sum found above,

finally we receive that

4(k+1) ("i" Sin pn® "f sin A, T )

P

Vk? +8 \ 57 pdsin A2 sin 3p
_Ak+1) [z (z, __a )+1( 1. g )]_f
“ /i +8 1—2p 1-2 8\1-2 1-2%/}]" 7
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