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1. Introduction

Let A be an arbitrary interval containing the zero point and let C(A)
be the space of continuous on A functions and L(A) be the space of Lebesgue
integrable or locally integrable functions on A. They are considered as a Banach
spaces in the compact case of the interval A , or as a Fréchet spaces in the
noncompact case.

The Volterra integration operator

1w = [ frar

is a right inverse of the differentiation operator d/dt in the considered spaces.
It is closely connected with the Duhamel convolution

t
(1) (Fra)®) = [ £t =T)g(ryar,

namely [ is a convolutional operator {1}*, ie. If = {1} * f.

Definition 1.1. The commutant of l in C(A) (or L(A)) is said to be
the set of all linear continuous operators L : C'(A) — C(A) (or, L : L(A) —
L(A)) such that LI = lL.
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By analogy, the commutant of {2 in C(A) (or L(A)) consists of all
continuous operators L : C(A) — C(A) (or L : L(A) — L(A)), such that
L3 = PL.

Definition 1.2. A linear operator M : C(A) — C(A) (or M : L(A) —
L(A) ) is said to be a multiplier of the Duhamel convolutional algebra iff

M(frxg)=(Mf)xg=[*(Mg)

holds for all f,g € C(A) (or L(A)).

In [3] it is shown that the multipliers of the Duhamel convolutional al-
gebra are linear continuous operators forming a commutative ring. This ring
coincides with the commutant of the integration operator /.

In a more general sense, the following lemma is true.

Lemma 1.1. ([3]) If * is a separately continuous and annihilators-
free convolution of an endomorphism L : X(A) — X(A) of a Fréchet space
X (A) with a cyclic element, then the multiplier ring of the convolutional algebra
{X(A), *} coincides with the commulant of lhe operator L in X(A).

The explicit integral representation of the commutant of [in C(A) is
known.

Theorem 1.1. ([4]) A linear continuous operator M : C(A) — C(A)
commutes with the Volterra integration operator | in C(A) iff it admits a con-
volutional representation of the form

(2) Mf= -‘%(m*f), or
@) M) = m(©)(0) + [ 1t~ ) dm(r)

where m(t) ' M {1} is a continuous function of (locally) bounded variation in
A.

Let now C°(A) be the space of the continuous on A functions, with
f(0) = 0. Then by formula (2'), M f(0) = m(0)f(0) = 0 and every operator M
commuting with [ is an inner operator in the space C°(A).

Here we quote the theorem of Weston [10] for reprezentation of the mul-
tipliers of the Duhamel convolutional algebra {C9([0,0]),*} with b€ R*.

Theorem 1.2. ([10]) Let M be a multiplier of the Duhamel convolu-
tional algebra {C°([0,b]),*}. Then there exists a function v € BV ([0,b]) with
v(0) =0 and v(t—) = v(t) whenever 0 <t <b, such that M is given by the
SJormula
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t
Mf(t) = /0 f(t =) du(r),

Jor every [ € C°([0,D]). This function v is uniquely determined by M.

Taking into account Lemma 1.1 and the fact that the function {t} is
a cyclic element of the operator I in the space C?A), we may conclude the
following,.

Corollary 1.1. A linear continuous operator M : C°(A) — C%A)
comnmules with the integration operator | in C°(A) iff it admits an integral
representation of the form :

3) Mf@) = [ 1t -rydmr),

with m % (M{t}) € BVuorm(A).
Analogous representation of the commutant of /in L(A) holds.

Theorem 1.3. ([8]) A linear continuous operator M : L(A) — L(A)
commutes with the Volterra integration operator | in L(A) iff it admits a repre-
sentation of the form:

() Mf=S(ms)),

where m(t) e M {1} is a function of (locally) bounded variation in A, or

() MF(E) =ae. Ha(®S )+ [ " f(t = ) dpim(7),

where the measure p,, 18 generated by m € BV, ,rm(A), and H,, is the jump-
Sfunction

Hm(t)={ m(0+), t€ An(-o00;0),
m(0-), t€ ANJ[0;+00).

Remark 1.1. ([8]) In the case of one-sided interval A, the operator M
commuting with [ is represented in the form

) i@ = [ 16-r)dur),

with a certain Radon measure u in (—o0; +00), generated by m =,. M{1} €
BV (A) whose support is contained in A.
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2. An integral representation of the commutant of /2 in C(A)

The explicit representation of the commutant of /? depends on the type
of the interval A. That is the reason to consider first the case of one-sided
interval of the type A =[0,b),0r A = [0,b) with 0 < b < +o00.

Theorem 2.1. A linear continuous operator M : C(A) — C(A), for
A = [0,b], or A = [0,b), commutes with the square of the integration operator 12
in C(A) iff it commutes with the operator I. Then M is represented by formula
(2).

Proof. We will use the fact that the constant function {1} is a cyclic
t2n

element of {2 in -C(A), i.e. the span of the functions ?"{1} = @y "ot

0,1,2,...is dense in the space C([0,b]), or C([0,b)).

Let M commute with the operator /2 in C(A). Then according to Lemma
1.1, it is a multiplier of the Duhamel convolution in' C(A). But it is known, that
the commutative ring of the multipliers of (1) coincides with the commutant of
lin C(A) in accordance with the same lemma. Thus, applying Theorem 1.1,
representation (2) of the operator M is obtained. i

The restriction to the interval A = [0,b],0r A = [0,b) in Theorem 2.1 is
essential, since the function {1} is not a cyclic element of /2 in the space C(A),
when A is a two-sided interval.

In the next considerations let A be a symmetric interval with respect to
the point zero, i.e. it has a form [—b,b] or (—b,0) with 0 < b < +o0o0. In this
case, (1) also is a convolution of /2 in C(A). Then formula (2) gives only a
"part” of the operators M : C(A) — C(A) commuting with /2. In order to
make this clear, let us consider the splitting of C(A) into a direct sum of the
spaces C.(A) of the even functions in A and C,(A) a subspace of the odd in
A functions, i.e.

C(A) = Ce(A) ® Co(A).

This means that every continuous function f is uniquely representable as a sum
of its even and odd components:

f(t) = fe(t) % fo(t)9

with fe(t) = §{f(t) + f(~1)] € Ce(D) and fo(t) = 3[f(t) = f(—1)] € Co(A).
Thus C.(A) and C,(A) are invariant subspaces of C(A) for the operator /2.

. Theorem 2.2. Let A be a symmetric interval with respect to the zero.
A linear continuous operator M : C(A) — C(A) commutes with 12 iff it admits
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a rcpresentation of the form

(©) Mf=Sme )+ S s,

where m < M {1} is a continuous function of bounded variation on A and

n e M {t} is an absolutely continuous on A function with n(0) =0 and n' is
a function of bounded variation on A.

Proof. Let M :C(A) — C(A) be a linear continuous operator com-
muting with /2 in C(A),i.e. MI? =12M holds. Let us find how the operator
M acts in the spaces C.(A) and C,(A), having in mind that the operator /2 has
the function {1}, as a cyclic element in C(A) and the function {t}, as a cyclic
element in C,(A). The Duhamel convolution (1) is an inner operation only in
the space C,(A), but not in the space Cc(A). Therefore we define the operation

frg=1Uf*g),

which is a convolution of {2 in C.(A), moreover {2 is a convolutional operator
{1} %, ie. 12f = {1} ¥ f in Cc(A). Since M and 2 commute in C(A),
then MI%f = I?’Mf holds for all f € Ce(A). It may easily be shown that
equality

(Mf)%g=f*(Mg)

is an identity in this space and substituting g = {1} we get
(M{1}) * f = {1} % (M f) = (M f),

or Mf = (dfdt)(m* f) with m % M{1} € C(A) for all f € C.(A).
Therefore for the even component f. of each continuous on A function f we get
a representation

1) Mfsw %(m* £.), where m % M{1} € C(A).

As we know, the function {t} is a cyclic element of /2 in C,(A). Then
according to Lemma 1.1 the operator M commuting with /2 in C,(A) is a mul-
tiplier of (1) in Co(A), i.e. (Mf)*g= f*(Mg) holds for all f,g € C,(A).
Substituting ¢ = {t} in this equality we have

(M{t})+ f =t (M[)=1*(M])
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and therefore, M f = d?/dt?(n * f), with n %" M{t} € C(A) for all f € Co(A).
Thus for the odd component f, of each continuous on A function f we get a
represeuntation

(8) Mf,= (n * f,), where n def M{t} € C(A).

dt?

The next denotations will be introduced, so that we make a more exact
characterization of the continuous functions m and n. If A is the interval [—b.b],
then let m*, m™ and n*, n~ be the restrictions of m and n to the intervals [0, b]
and [—b, 0] respectively. The following conclusions and denotations are valid in
the compact as well as in the noncompact case of the interval A and without
any loss of generality we may restrict our considerations to the interval of the
type [—b,b) with b € Rt.

Let us introduce the auxiliary operators

M*f= %(m"’ +f), for all f € C([0,8]) and

M- f= -‘i(m" * f), in the space C([-0.0]).

. It is clear that M*f = (M f)l[o,b], where f is the even continuation
of f € C([0,b]) to the interval [—b,b]. Analogously M~ f = (Mf)ll-bo]’ for
f € C([~b,0]). Thus M+ and M~ are continuous linear operators in the spaces
C([0,8]) and C([-b, 0]) respectively, which commute with the operator {2 in these
spaces and according to Theorem 2.1 they commute with /. Hence, in conformity
with Theorem 1.1, the representation of the form (2) follows, which coincides
with equality (7), as functions m* and m™ are continuous functions of bounded
variation on aech of the intervals [0, )] and [—b, 0] respectively. Therefore, the
function m = M{1} in (7) is a continuous function of bounded variation on A.

Using functions in C?(A) and applying the continuity of the operator
M and convolution (1) in C(A), n(0) = 0 may be proved and the relation
M f(0) = 0 for all odd functions f € C(A) is resulted.

Let us now introduce the next operators:

Ntf= -d-Z-(n"' *f) and N™f = ‘—;%(n' * f),

defined correspondingly in the spaces C°([0,b]) and C°([—b,0]). Here it is clear
that N*f = (Mf)|ps and N~f = (M )|}, With f, an odd continuation
of the function f € C([0,8]) or f € C%([—b,0]) to the interval [—b,b]. Then N+
and N~ are continuous operators, commuting with 1?2 in corresponding spaces
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and in conformity with Theorem 2.1 they commute with /. Therefore, according
to Corollary 1.1 each of them has a representation of the form (3). For example,

+ = " - T dl/+
N*f() /., f(t - T)dv(r),

with ¥+ € BV,orm ([0, 5]). Thus, the next conversions take place:
BN*f(t) = N*Pf(t) = - /o : [/o’ ( /‘ i f(z)dz) da] dv(r)

- " f(2)de f‘; ( f : u+(r)dr) do for all f € C°([0,b]), or

9) aNte = [ “ft-r)ds i : ( [ u"'(u)du) 5

On the other hand, according to (8) we have:
t T
(10) BN*f(t)=n**f= /o f(t —7)ds /o nt(0)do.

Comparing equalities (9) and (10),

/o,n"'(c)da = /: (/:u"'(u)du do

is obtained. After differentiation on r,‘the formula
T

(11) n*(r) =/ v¥(u)du
t

is found. This means that n* is an absolutely continuous function on the fi-
nite subinterval [0,t] C [0,5] . Analogously, the fact that »~ is an absolutely
continuous function on each finite subsegment of [—b, 0], may be proved.

After differentiation of the formula (11) the equality

%n"’(r) =qe V(1) for T€[0,tjC A

is found, but »* € BV,,m(A) according to Corollary 1.1. Therefore, the

function n’ is a function of bounded variation on A. ;
Finally, after summation of equalities (7) and (8) we get for the operator

M a vepresentation of the form (6) with the functions m € BV n C(A) and

n € AC(A), n(0) = 0.
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Conversely, if m and n are functions in the desired spaces, then expres-
sion (6) defines an operator M : C(A) — C(A), according to Mikusinski [7)
and Bozhinov ([1], p.137). It may be verified directly that M is in fact a mul-
tiplier of the Duhamel convolutional algebra and so it is a continuous operator,
commuting with /2 in C(A). (]

Corollary 2.1. A continuous linear operator M : C(A) — C(A)
commutes with the square of the Volterra inicgration operator 1% in C(A) iff it
admits an integral representation of the form

(12) MS() = mO)L(0) + WO Lelt) + [ £t = r)dmir) + [ fo(t = 1) o(o)

where m % M{1} € BV N C(A) and v & (M{t}) € BVporm(A).

Proof. The representation (12) is an immediate consequence of (6),
obtained after accomplishing of the denoted differentiations, and Corollary 2.1
is another formulation of Theorem 2.2. 2

The idea to look for two functions m and n, needed for a representation
of the commutant of {2 in C'(A), arrises out of the paper of Raichinov [9].

Corollary 2.2. A linear continuous operator M : C(A) — C(A),
commuting with the operator 12, commutes with the Volterra inteymtion operator
Liff M{1} = (M{t})'. ;
Proof. Let M : C(A) — C(A) commute with 12 in C(A) and M{1} =
(M{t}), ie. m(t) = n'(t) = v(t) for all t € A, in particular m(0) = »(0)
holds. Then from (12) we get a representation

Mf(@) =m0+ [ St = 7)dm(r),

which is just representation (2’) and according to Theorem 1.1 the operator M

commutes with [ in C(A).
Let now M commute with {2 in C(A), but M{l} # (M{t}) in A, as
m(0) = »(0). Then the equality (12) may be written in the form

Mf(@) = @S + [ St - ryam(r) + [ 1t = 7 dn(r),
where vp =v —m = (M{t}) — M{1} # 0. If the operator

Mif(8) =m0+ [ St = ) dm(r)
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is denoted, then according to Theorem 1.1, it commutes with ! in C'(A). Thus,
M commutes with /2 and M;, in conformity with its representation, also is of
the commutant of /2 in C(A). Therefore, the operator

Mof(t) = /o Ju(t = 7) du(7),

with a function of bounded variation g, which does not vanish almost every-
where in A, is an example of an operator commuting with /2, which does not
commute with / in C(A). . ]

3. Sufficient conditions for automorphisms in the commutant
of the operator /2 in C(A)

In this section we consider the question: Which conditions must satisfy
the functions m and n, respectively v, in order the map M : C(A) — C(A) of
the form (6) or (12) to be an one-to-one correspondence of the space C(A) onto
itself, i.e. to exist a continuous inverse M~! of the operator M?

Lemma 2, [4] shows that when M ™! exists, it also is a multiplier of
the convolutional algebra and in conformity with Larsen [6] it is a continuous

operator.
Let us consider carefully an operator of the form (12), denoting;:

(13) M, fe(t) = m(0)fe(t) + ‘[ Je(t = T)dm(7), and

(14) M, fo(t) = v(0)fo(t) + ./o‘ Jo(t = 7)dv(T),

where m = M{1} € BV NC(A) and v = (M{t}) € BV(A).

Lemma 3.1. If m and v are even functions respectively in C(A) and
BV (A), then the operators M, : Co(A) — Ce(A) and M, : Co(A) — Co(4A),
i.e. they are inner operators in the corresponding spaces.

Proof. By direct calculations we find

/o—‘ fe(=t = 7)dm(T) = ./o‘ fe(t — 7)dm(1), when m is an even function and

/o—t fo(=t = 71)dv(T) = - ‘/ot Jo(t = T)dv(7), with even function » in BV (A).

Thus, the operator of the form (13) is an inner operator in the space C.(A) and
this one, of the form (14) is an inner operator in the subspace C,(A). [ ]
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Now the question for invertability of the operator of the form (12) is
easily solved. The problem is closely connected with the existence of a solution
of the integral equation

(15)  m(0)£u(t) + 1(0) fult) + /o L it =rYdm(r) & /o "Lt = F)di(r) = g(t)

for each function g € C(A) and given functions m € BV NC(A) and v €
BVorm(A). ,

Let us remind, that f, and f, are the uniquely determined even and odd
components of an arbitrary function f € C(A). Thus for the function g there
exists analogous unique expansion g = g. + g,. Then, according to Lemma 3.1,
the equation (15) may be uniquely decomposed into two integral equations:

ul®)+ [  fu(t — T)dm(r) = g,(t) and

t
Mot)+ [ folt = ) di(r) = gol),

where g, € Cc(A), go € Co(A) and m € BVNC(A), v € BV(A) are given
functions and u = m(0) and A = p(0) are given numbers. In conformity
with Lemma 3.[4] and Lemma 3.1, each of them has a unique continuous
solution in the corresponding subspace, by the conditions » € BV NC(A) and
p=m(0)#0 and A= v(0)#0.

In this way we proved the following lemma.

Lemma 38.2. Let g be a continuous function on A and m and v are
even continuous functions of bounded variation in the same interval. Then the
equation (15) has a unique continuous solution in A, provided m(0) # 0 and
v(0) # 0.

Here we can state the main result of this paper.

- Theorem 3.1. A linear operator M : C(A) — C(A), which commutes
with the integration operator I? is a linear continuous automorphism in the space
C(A) if the functions m(t) def M{1} and v(t) def (M{t}) are even continuous
Junctions of (locally) bounded variation in A, such that m(0) # 0 and i(0) # 0.

Proof. According to Lemma 2, [4] it must be shown that the conditions
m(0) # 0 and »(0) # 0 are sufficient for invertability of the operator M in
the space C(A).

Since m and v are even continuous functions of (locally) bounded varia-
tion in A, Lemma 3.1 and Lemma 3.2 prove that this conditions are sufficient
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for the operator M of the form (12) to be an one-to-one mapping of C(A) onto
itself. ~
This proves the theorem. =

4. Representation of the commutant of /2 in L(A)

In the case of one-sided interval of the type A = [0,b] or A = [0,b)
with 0 < b < 400, since the constant function {1} is a cyclic element of the
operator {2 in L(A), it can be proved that the commutant of ! coincides with
the commutant of {2, Then, the following theorem is true.

Theorem 4.1. A linear continuous operator M : L(A) — L(A), for
= [0,b] or A = [0,b), commutes with the square of the integration operator

l2 in L(A) iff it commutes with the operator I. Then M is nepﬂeaented in the
form (4).

Proof. It is analogous of the proof of Theorem 2.1 and we omit it.

More attention will be paid to the case of a symmetric interval A with
respect to the point 0, i.e. A = [-b,b]or A = (—b,b) with 0 < b < +o0.
Here, an expansion of the integrable functions f € L(A) as a sum of their even
and odd components f(t) = f.(t) + fo(t) again will be used , as equality holds
almost everywhere, i.e. the decomposition L(A)= L.(A)® Lo(A) is true.

Theorem 4.2. Let A be a symmetric interval with respect to the zero.
A linear continuous operator M : L(A) — L(A) commutes with [? iff it admits
a representation of the form

(16) MI@D) = Sme 1)+ n e fo),

where m =,. M({1}) is a function of (locally) bounded variation on A and
n =q. M({t}) is a (locally) absolutely continuous function on A with n' €
BV(loc)(A)'

Proof. Let M : L(A) — L(A) be a linear continuous operator commut-
ing with 12 in L(A), i.e. MI? = I2M. By analogy with the proof of Theorem
2.2,

d
(17) Mf(t) = E(m * fe), with m =,. M{1} € L(A),
may be shown, because f % g = I(f+g) is a convolution of 2 in L.(A) with a

cyclic element the constant function {1}. As we know, the Duhamel convolution
is a convolution of /2 in L,(A) with the function {t} as a cyclic element, therefore

(18) Mfo(t) = %(n * f,), holds with n =, . M{t} € L(A).
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Let now f € L([0,b]) and let be denoted f as an even and f as an
odd continuation of the function f in the interval [~b,b]. The evident equalities
12f=02f and I2f = I2f hold forall f € L([0,b]). Then, the known denotations
will be used: m* is a restriction of the function m to the interval [0,b] and
Mt f = (d/dt)(m* » f) for all f € L([0,h]) is a restriction of the operator M
to [0,0). Then we have

M*1f = M(Pf)loy = M Doy = PM fly = P(M Flow) = PM* f,

i.e. M+ commutes with /2 in the space L([0,b]). Thus according to Theorem
4.1, M+ commutes with [ in L([0,)]) and in conformity with Theorem 1.3, it is
represented in the form (4) with a function m* =,,. M*+{1} € BV([0,b]). In
the same manner, the representation of the operator M~ f = (d/dt)(m~ * [),
with the function
m~ =4, M~{1} € BV([-b,0]) may be obtained. But (4) coincides with equal-
ity (17), therefore M({1}) =q... m € BV(10c)(A).

Analogously, denoting by n* a restriction of n to the interval [0, ] and by
N*f = (d?/dt*)(n* * f) a restriction of the operator M to the space L([0,]),
the fact that N+ commutes with {2 in L([0,b]) may be shown. Thus, according
to Theorem 4.2 and Remark 1.1, the operator N* admits a representation of
the form (5):

N*J(0) =, [ 2=V A¥ ()
0

with Radon measure v+, genérated by the function of bounded variation on
[0, b). For the sake of uniqueness of the representation, let us suppose that v is
normalized, as v(t + 0) = (t) for all ¢ € [0,b) and »(b — 0) = »(b). Then

et = f( - r)dv(r) = atef = [ *f(t - T)n*(r)dr for all f € L([0, b))
When f € C([0,b]), from the upper equality

(19) /o'f(:-r)d,/: (/:u"'(u)du)do'=/o‘f(t-r)d.,/ofn"'(a)du

may be obtained. But the space C([0,b]) is dense in L([0, b]), then equality (19)
holds almost everywhere for all f € L([0, b]). Therefore

/or n*(o)do = /T‘ (/: u"’(u)du) dao,
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because corresponding measures are absolutely continuous. By differentiation
on 7 the equality

nt(r) mes, /‘ " yt(u)du, with v* € BVorm([0,1])

is obtained, i.e. nt is an absolutely continuous function on each finite interval
[0,7] C [0,b). Thus the function n in the formula (18) is a (locally) absolutely
continuous in A and its derivative is a function of (locally) bounded variation
on A. -

At last, additing expressions (17) and (18), the representation (16) with
the functions m € BV(A) and n € AC(A) is obtained.

Conversely, if m and n are respectively a function of bounded variation
and an absolutely continuous function on A with n’ € BVj,c)(A), then equality
(16) defines an operator M : L(A) — L(A) according to Bozhinov ([1], p.137).
It may be verified directly that it is a continuous operator, commuting with 2
in L(A). @

Corollary 4.1. A continuous linear operator M : L(A) — L(A)

- commutes with 12 iff it admits an integral representation of the form
(20)

M f(t) =q.e. Hm(t)fe(t)+Hu(t)fo(t)+L‘ Je(t—7) d”m('r)"‘_/ot So(t=7) dl‘v('r)a

where p,, and p, are measures, gencrated by the functions m ‘-‘—5-‘,.,,_ M{1},
and v gf.,,,, M({t}), as. m,v € BVyorm(A) and the functions H,, and H,
are respectively

" (t)={ m(0+), t€ AN (-o0;0)
- m(0-), t€ AnJ[0;+00),

_ ) v(0+), te An(—o0;0)
Bty = { v(0-), t€e An(0;00)

Proof. Representation (20) is obtained from (16) after accomplishing
of the denoted differentiations, taking into account that (M{t}) =,.. n'(t) =
¥(t) € BVyporm(A) and conforming with formula (4°). a

5. Automorphisms in the commutant of /2 in the space L(A)

Our aim here is to characterize the functions m and » in representation
(20) in order the operator M to be one-to-one continuous mapping of the space
L(A) onto itself, i.e. to exist a continuous inverse M =1, The continuity of the
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operator M~!, when it exists, is ensured by Lemma 3.1, [8]. Thus the problem
of mvertablllty of the operator M is reduced to the question of solvabnhty of the
integral equation

(21) Hpu(t)je(t)+ H (1) fo(t) + /o‘ fe(t = 7)dm(r)+ ./o‘ Jo(t = T)dv(T) = ¢(1),

for each function g € L(A) and given functions m,v € BV,5pm(A).

Lemma 5.1. Let A be a symmetric interval with respect to the zero,
g be a Lebesgue integrable on A function and m and v be normalized even
Junctions of (locally) bounded variation in A, as m(0+) # 0, m(0-) # 0 and
v(0+) # 0, »(0-) # 0. Then the integral equation (21) has a unique solution,
which is an integrable on A function .

Proof. As in the continuous case, let us consider two operators

MSit) = Hn(0fu(t) + [ 1.(t~7)dm(r) and

Mofo(®) = HAOL0)+ [ fult = 7)au(),

with even functions m =,. M{1} and v =,. (M{t}), m,v € BV, pm(A).
They are inner operators-in the spaces L.(A) and L,(A) respectively. Using
the expansion of the function g(t) = g.(t) + g.(¢t), the integral equation (21)
may be uniquely decomposed into two integral equations .

Hn@®1.) + [ £t = 7)dm(r) = g.(t) aid

HAOL0)+ [ flt = 1)dv(r) = o).

Each of them has a unique integrable solution when ‘m(0+) #0 and m(0-) #
0, respectively »(0+) # 0, »(0-) # 0, according to Corollary 3.1, [8]. -

Theorem 5.1. A linear operator M : L(A) — L(A), which com-
mutes with the integration operator I? is a continuous automorphism in the
space L(A) if the functions m cl=°‘,.,.,, M{1} and v .. (M{t}) are normal-
ized even functions of (locally) bounded variation on A and satisfy the conditions
m(0+) # 0, m(0-) # 0 and v(0+) # 0, »(0-) #0.

Proof. Analogous to the proof of Theorem 3.1 and based on Lemma
3.1 (8] and Lemma 4.1. That is why we omit it.



On the Automorphisms in the Commutant ... 409

References

(] NNBozh inov. Convolutional Representations of Commulants and
Multipliers, Sofia, 1988.

[2] NNBozhinov,I. Dimovski. A representation of the commutant
of the initial value Sturm-Liouville operator, Serdica, Bulg. Math. Publ. 6,
1980, 153-168.

B] . Dimo v's k i. Convolutional Calculus. Kiuwer Acad. Publ., East
European, Ser. 43, Dordreht-Boston-London, 1990.

[4 L.Dimovski,S.Minchev a. Automorphims of C which commutes
with the integration operator, Integral Transforms and Special Functions
4, No 1-2, 1996, 69-76.

[5] R.Edwar d s. Functional Analysis. Theory and Applications, New York,
1965.

[6] R. L ar s e n. An Introduction to the Theory of Multipliers, Berlin-
Heidelberg-New York, 1972.

(3. Mikusinski C.Ryll-Nardzewski. Surle produit de
composition, Studia Mathematica 12, 1976, 52-57.

(8] S. Minchev a. Automorphisms in the commutant of the integration
operator in the space of Lebesgue integrable functions, In: ”Transform
Methods & Special Functions, Varna’96” (Proc. 2nd Internat. Workshop),
IMI-BAS, Sofia, 1998, 335-344.

[9) . Raichin o v, Linear operators, acting in the space of analytical
functions and commuting with a fixed power of the integration operator,
Godishnik VTUZ, Matematica 8, No 2, 1970, 25-32 (In Bulgarian).

[10] J. W e s t o n. On the representation of operators by convolution integrals,
Pacif. Journ. Math. 10, 1960, 1453-14G8.

Department of Mathematics Received: 22.12.1997
Technical University of Gabrovo

5300 Gabrovo, BULGARIA

e-mail: svetmin@alpha.tugab.acad.bg



