Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Mathematica
Balkanica

Mathematical Society of South-Eastern Europe
A quarterly published by
the Bulgarian Academy of Sciences — National Committee for Mathematics

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic
reprints.
Other uses, including reproduction and distribution, or selling or licensing copies, or
posting to third party websites are prohibited.

For further information on Mathematica Balkanica visit the website of the journal
http://www.mathbalkanica.info
or contact:
Mathematica Balkanica - Editorial Office;
Acad. G. Bonchev str., Bl. 25A, 1113 Sofia, Bulgaria
Phone: +359-2-979-6311, Fax: +359-2-870-7273,
E-mail: balmat@bas.bg




Mathemaltica
Balkanica

New Series Vol. 13, 1999, Fasc. 1-2

Matrix Theorems for the de Branges
Weight Functions

Pavel G. Todorov

Presented by Bl. Sendov

On the basis of Theorems 1, 2, 3 and Corollaries 1, 2 proved in this paper, the de
Branges weight functions (4) or system (6)-(7) can be examined with the help of the matrix
theory.
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Let S denote the class of all functions
o0
(1) f(Z) = Zanzn’ ay = 1)
n=1

analytic and univalent in the unit disc |z| < 1. Bieberbach [1] conjectured that
the inequalities
(2) lanl <n, n=23,...,

hold, where the equalities hold only for the Koebe function
P (o o]
- —_— — E ,zn
(3) fO(Z) a (1 - 2)2 n=1 " € s

and its rotations e™** fo (zeia) € S where « is real.
De Branges [2,3] proved the Bieberbach conjecture (2) and (3) for the
functions (1). Fitzgerald and Pommerenke [4,5], Weinstein [6], and the author
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[7,8,9,10] simpler proved the same conjecture, respectively (see the Grinshpan
reviews in [11]).

For any positive integer n > 1, de Branges [2,3] introduced and used the
system of weight functions

n—k
k+v+1),2k+20+2)p—p _1a
y (1) =k 1\ , vi—k
) ai(t) =k Z( 1) (k+v)(n—1Fk—-wv) ¢

v=0
for 0 <t < 400 and k£ = 1,2,...,n where (@), for an arbitrary number «
denotes
(5) (a)y =a(a+1)...(a+v-1), v=1,2,...; (a)=1.

The functions (4), having in mind (5), arc the unique solution of the de Branges
system of differential equations

©) ou(t) = (1) = - L - Ters Q)

0<t<4o0, k=1,2,...,n, onpi(t) =0,

with initial conditions
(7 or(0)=n—-Fk+1, k=1,2,...,n.

The author [7,9,10] introduced and used the full notations o,i(t) =
ok(t)yn 2 k, k = 1,2,...,n,0 < t < +00, of the de Branges function (4).
Further, we shall use the notation o,.(t) (1 < & < n+1) for the kth de Branges
weight function o (t) which satisfies (6)-(7) for any fixed value of n(n = 1,2,...).

Now we shall prove the following

Theorem 1. For all fized integer n > 2, let

(—1 2 =2 2 ... . .. (=1)"2 7

0 -2 4 -4 ... ... ... (=114

0 0 -3 6 ... ... ... (-1)""%6

(®) Tn = 0 0 ... 0 —k 2k =2k (=1)n—k+12p
0 :6: siz sss 3s3 sse 0 —(n—-1) 2(n—1)

L 0 ... oo ool 0 0 o =n

and
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KON [ op(?) ]
0'112(t) 0'"2(7:)
®) BO= o [0 RO g0
| Gun(®) | | otn(t)

be n X n matriz and column matrices, where a,,.(1) = or(t), k=1,2,...,n,0 <
t < 400, and a;lk(t) = o;‘,(t), k=1,2,...,n,0 <t < 400, are the de Branges
weight functions (4) and their derivatives with the full notations, respectively.

Then the column matriz P,(t) satisfies the matriz linear homogeneous
differential equation of the first order:

(10) P.(t) = TuPu(1)
with the initial condition
[ n T
n—1
(11) Pn(9)= n—lk+1
L 1 -

Proof. For a fixed integer n > 2 with the help of the full notations
oak(t) = ok(t), k = n+1l,n,n-1,...,2,1, 0 < 1 < 400, from (6) we successively
obtain

(12) —E’L;;—(Q = Oun(t),
(13) __‘_73;"_:%2 = Un,n—l(t) _' 2awln(t),
(14) _'.0'1;;11—:22@)_ = an,n—2(t) = 2011,1;—1 (t) + 2¢7nn(t),

etc. If we assume that the formula

. 1 (t) M P
(15) "“_’i—‘ = an,k(t) + 2Eu=k+1(_1) kanu(t),
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is true for any positive integer k£ with 2 < k < n—1 (n > 3), then from (6) and
(15) we obtain that

1
_ T, k-1 (t)

a:lk(t)
k=1 k

= Un,k—l(t) = (7',1/‘-“) + T
(16) = Op-1(1) = 20,1(t) + 280 1 (= 1) e, (1)
= On k-1 (1) + 250 (= 1) a, (1)

From the comparison of (15) and (16) it follows that the formula (15) is true
forall k =n—1,n—2,...,2,1(n > 2). Thercfore, the relations (8)-(10) follow
from (12)-(15). The relation (11) follows from (7).

This completes the proof of Theorem 1. ]

Further, we shall prove the following

Theorem 2. For a fized integer n > 2, the inverse n X n matriz 1
of the matriz (8) is ‘

1 2 2 2 2]
1 5 3 n =
1 2 2 2
0 -—5 —§ —Z .« ce P oo —'7;'
1 2 2
0 0 —-§ ""Z oo oo oo oo —;;
(17)Tn= 1 2
0 0 | N S— 1 —

0 0 0 - 1, ——2
n—1 n
1
0 0 0 0 —-—
L n 4

Proof. For a fixed integer n > 2, let T denote the cofactor of the
element on the kth row (1 < k < n) and the vth column (1 < » < n) of the
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determinant of the matrix 7, in (8). The values of this determinant and these
cofactors are

(18) detT, = (—-1)"n!
and
!
T = (—1)"-121;—', 1<v<k-12<k<n),
!
(19) T = (-, v=k(1Sk<n),
TH = 0, k<v<n(1<k<n-1).

Then the inverse n X n matrix 7,1 of the matrix (8) is
o
n
(20) 7ol = 1 T, Tp* ... T}
detT,

i i i
Thus from (18)-(20) we obtain (17) which competes the proof of Theorem 2. =
Finally, we prove the following
Theorem 3. For a fized integer n > 2, the inverse matriz equation of
(10) is )
(21) P"(t) = Tn_l'P'u(t)a
where Py(t), Py(t) and T;7! are determined by (9) and (17).
Proof. For a fixed integer n > 2, if we multiply (10) from the left by
T,7', then we shall obtain (21), having in mind (9) and (17).
This completes the proof of Theorem 3. =

Corollary 1. For a fized integer n > 2, the matriz equations (10)-(11)
and (21) are corresponding equivalent to the systcm of equations

U;;k(t) = _kuﬂk(t) + 2k23=k+1(—1)u_k+] ‘71W(t)’ 1<k<n-1,
(22)
a:m(t) = —nann(t)
and
1. 1, .
ouk(t) = “'E"nk(t) -2 111 ;o,“,(t), 1<k<n-1,
(23)

1,
onn(t) = _;;Unn(t)
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which are mutually inverse.

Corollary 2. For a fized integer n > 1, every de Branges weight

function () satisfies the linear homogeneous differential equation of order n —

k+1:
d d d
(m"”") (ﬁ+k+ 1) (m+n) aur(t)
B = om0 4+ miTbCn ek L0l oGT ) =0,

0<t<+oo, k=1,2,...,n, o) =cu(t),

where CY_1 .y [kyk =1,...,n] denotes the sum of all products of the numbers
k,k+1,...,n taken as the combinations without permutation of order v.

Thus, on the basis of the equations (10)-(11) and (21) or their equivalent
(22) and (23) as well as the equation (24), the de Branges weight functions (4)
or system (6)-(7) can be examined with the help of the matrix theory.

The differential equation (24) was given, some years earlier, by Schmersau
[12], directly deduced from the recursion (6) and discussed for arbitrary initial
values. S

See other methods in Henrici [13, pp. 592-611], Koepf and Schmersau
[14,15] and Xie Ming-Qin [16].
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