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A subclass P(n, A, , 1) of analytic functions in the unit disk is introduced. The object
of the present paper is to show some properties of functions belonging to the class P(n, ), a, ).
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1. Introduction

Let A(n) denote the class of functions of the form

fR)=2- > @ (420, neN ={1,2,.})

k=n+1

that are analytic in the unit disk U = {z : |z] < 1}. A function f(z) € A(n) is
said to be in the class P(n, A, e, 7) if it satislies

27141 — X)) f'(2) + Az" f7(z)
Az f(z) + (1 = A) [(=)

forsomea (0<a<1l), A (0<A<1l)andforall zeU.

We note that P(n, A, a,1) = P(n, A\, ), P(n,0,a,1) = To(n), P(n,1,a,1)
= Cu(n), P(1,0,a,1) = T*(a) and P(1,1,,1) = C(a). The class P(n, A, a)
was studied by Altintag [1]. The classes To(n) and C,(n) were studied by Srivas-
tava, Owa and Chatterjea [3], and the classes T™(«r) and C(«) were studied by
Silverman [2]. Therefore, our class P(n, A, a, ) is the generalization of P(n, A, @)
by Altintag [1], and of T (n) and Cy(n) by Srivastava, Owa and Chatterjea [3]
and of T*(a) and C(a) by Silverman [2].

Re{z(Ar

}>a, (r=1,2,..)
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2. Some results for the class P(n,\, a,r)
Theorem 1. A function f(z) € A(n) is in the class P(n, N, e, r) if and

only if

(o]
(1) D (k= a)(Me = A+ 1)+ Me(r — D]ag < (1— )+ A(r = 1),
k=n+1
Proof. Let f(z) € P(n, A, a,r). We can write

OrT 1= N f(2) + A1)
Bl o F (1= NI

}>a

Then,

[Arz"=t + (1 = A)][z = ZZ‘;"_H kapz*] + Az - Db (R =1 )a,;_.s’""'z]
" ,\zrll - Zzo=n+l l‘:akzk—]] +(1 - /\)[2’ - Ezin-{»l “k‘:k]
CArzm 4 (L= M)z = T2 Ak AR = Mag 2Rt (1= Mkag sk
B 2+ (1= Nz = Yl Meapzb =1 =550 (1= Maz?

If we choose z real and let 2 — 17, we get

D [k = a)(Me = A+ 1)+ Mk(r — D]ar < (1= a) + A(r = 1).
k=n+1

Now, let the function f(2) € A(n) satisfy the condition (1). Then, we show that

f(2) € P(n, A, a,r). First, we can write

I“(/\'rz"1 +1=X)f(z) + Az" (=)
Az fi(2) + (1= A)f(2)

(o<}
— A o o — Jhtr—=1
< {l k_zn;l[(r DAk + Me(k — 1)]agz

+ Y0 (= 2k = (1= Mz = (r = DA}/

b=n+1

1

{0+ = 2e =1 30 M=+ 3 (1= At}

k=n+1 k=n+1
If we take limit for z — 1~ in the inequality, we obtain

(Arzm 1= M) f(2) + Az (%)
’ Az"f!(z) + (L= A)f(=)

-1]<1-aq,
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or
(Arz™1 4+ 1 = XN)f(2) + Az" (=)
- > .
R T S E Ry P R
Then f(z) € P(n, A, e, 7).
Theorem 2. Let the functions
f(z)=2z- Z apz”
k=n+1
and
fo's) .
g(z) =z — Z byz*
k=n+1
be in the class P(n,\,a,r). Then for 0 < € <1
. o
Mz)=(1-Ef(z)+E9(z)=2— D ez (er20)
: k=n+1

is in the class P(n, )\, a, ).
Proof. Suppose that f(z),¢(z) € P(n,\, a,r). Then we have from
Theorem 1,

> Ik —a)(Ak = A+ 1)+ Mke(r — D]ar < (1 — @) + A(r — 1)
k=n-+41
and
D (k= a)(Me—= A4 1) 4+ M(r — D)o < (1 — a) + A(r — 1).
k=n+41
We can see that -

i [(k — a)(Ak = A+ 1) + Me(r — 1)]ey
k=n+41

D [k = a)( Mk = A+ 1) + Me(r — D][(L = E)ar + £by]
=n+1

(L=8) ) [(k—a)( Ak — A+ 1) + Ak(r — 1)]ax
k=n+1



32

+

IA

M. Kamali, E. Kadioglu

i [(k=a)(Ae = X+ 1)+ Me(r = 1)]by
k=n+1
(1=Ol(1=a)+ A(r— D]+ £[(1 = a) + A(r = 1)]
(l=a)+Ar-1)

which completes the proof of Theorem 2.

Theorem 3.

B =

1-—

A+ 1D)[(1-a)+ AMr—1)]
A=)+ (n+r—-DA+1"

Proof. If f(2) € P(n,\,f), then

(2

> (k= B)(Me— A+ 1)ar < 1- 8.

k=n+1

If f(z) € P(n,\, a,r), then

(3) i [(k — a)(Ak = A+ 1) + Me(r — D]ag < (1= a) + A(r = 1).

k=n+1

It is sufficient to show that (3) implies (2), that is, that

(k= pB)At—=A+1) - (k—a)(Ak =X+ 1)+ Ak(r = 1)

(5) B

If [(z) € P(n,\, a0, 1), then f(z) € P(n, A, j3), where

(4) 1= - (I—a)+ Nr-1) (k>n+1)
Since (4) is equivalent to
AR DA -a)+Ar=1)] |
= AE=A+1)+A1=A)(r—-1) (k>n+1)
= ¢(k)

and ¢(k) > d(n+1) (k> n+1),(4) holds true for any k > n+1,
and 0 < A < 1. Then we obtain

for k=n+1.

B =

1

_(An+ D[(1 - o)+ Ar = 1)]
A=A+ (n+r-1A+1

0<ax<1
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Theorem 4. If f(z) € P(n,\,a,r), then

l,,,l _ (1 — Cl!) + )‘(7 - l) I.',ln+1
- (n+1-a)dn+1)+ANn+1)(r—1)"

. . (J- - C\’) + ’\(7' - 1) ~|n+1
(6) < U@EIsla+ (n+l—a)An+ 1)+ AXn+1)(r— 1)|.,|
and

(n+1)(1—a)+ A(r—1) BE
T (m+l-a)n+ )+ A+ H(r-1)"
1w (n+ D1 —-a)+A(r—1) |
(7) s V@EIs1+ (n+1—a)An+1)+ A(n+1)(r- l)'wl
for z € U.
Proof. We note that
[(n+1-a)(An+ 1)+ A(n+1)(r—1)] E aj.,
k=n+1
< i (B = a)(Ak = A4+ 1)+ Ak(r — 1)]ax
k=n+1
(8) SI-a)+A(r-1)
and
(n+1-—a)An+ 1)+ An+1)(r-1)] < ,
n 1 -;;u ek
< Y (k= a)(Me = A+ 1)+ Me(r — D]ay
v=n+1
(9) S(I=a)+ A(r—1).

Therefore, (6) follows (8) and (7) follows (9). Equalities in (6) and (7)
are attained for the functions f(z) given by
3 (1=a)+ A(r-=1) ntl
(mn+l-—a)dn+1)+Nn+1)(r—-1)"

f(2)==
Definition: Modified Hadamard product. Ior functions

fi(z) =2~ E ak,jzk (7=12)

k=n+1
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in the class A(n), we define the modified product f; * fo(2) of fi(z) and fo(2)
by

Hxfa(z)=2— Z a;,.'lak_gzk.

k=n+1

Then, we prove

Theorem 5. If fi(2) € P(n,\,a,7),j = 1,2, then f; * fo(2) €
P(n, A, a,r), where

g = Ar=2A+D[(rn+1-a)An+ 1)+ An+1)(r—1)]2
T lr+1-a)An+ 1)+ A+ 1D)(r - D2 - (An+ D1 = a)+ A(r—1))2
_ [(n+1)(An+1) + A(n + 1)(r = D][(1 = @) + A\(r — 1)]?
(10) (n+1-a)An+1)+An+1)(r=D2 = An+ 1)[(1-a)+ A(r—- 12"

Proof. Since, for fj(z) € P(n, )\, a,r)

o~ (k= a)Ak— A+ 1)+ Ak(r—1)
2 QA-a)FAr-1)

(11) a; <1 (j=1,2)

k=n+1
the Cauchy-Schwarz inequality leads to

= (k—a)(\k— A (7 —
(12) kmz;_l ( )((1 ,_‘I, a) ++,\1(1.-1-_/Y;(1‘ 1)\/ak,1ak,2 <L
Note that we have to find the largest 3 such that
i (k= B) Ak — A+ 1)+ Me(r — 1)
k=n-+1 1-B)+AMr-1)
Therefore, in view of (12) and (13), if

(k= B)(Ak — A+ 1) + Me(r — 1)
Q=B+ A(r-1) m

(k= a)(Ak = X+ 1)+ Ak(r—1)
1-a)+A(r-1) ’

then (13) is satisfied. We have, from (12)

(1—a)+A(r—1)
(15) VOE1Gk2 < FE—a) (k- A+ ) F M= D) (E>n+1).

apa0k2 <1

(13)

(14) <
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Thus, if
(k=B)Ak =X+ 1)+ Ak(r — 1) (=@ +Ar=1) ]
(L=B)+A(r-1) (k= @) M= X+ 1)+ Me(r = 1)
18 < (k — m)((l,\/:- ; )A:/\l(?rt ,_\1/;(7- =1 s 1)
or, if
3 (Ar = A+ 1) [(k=a)(Me = A+ 1) + Ak(r = 1)]?

(k=)A= X+ 1)+ Me(r = D)2 = (Me = A+ D[(1 — @) + M(r = )2
[B(Ak = A+ 1) + Me(r — D][(1 = @) + A(r = 1)]?
Tk =a) M =X+ D)+ Me(r= D2 = (M= A+ D[(1= )+ A(r = 1)]2

then (13) is satisfied. Letting

B(k) = (Ar = X+ D)[(k = a)(Ak — X+ 1) + Ake(r — 1)]?
YT (k= @M= A+ 1)+ k(e — D)2 = (M = X+ D[(1 = a) + A\(r = 1)]2
k(A= A+ 1)+ Me(r = D][(1 = a) + Mr = 1)]?
(=) k= A+ D)+ A(r =D = (M= A+ D[(1 = a)+ A(r = D]’

we see that ¢(k) is increasing on k. This implies that

B<¢(nt1)
L A=A+ D[(n+1=a) M+ 1)+ An+1)(r—-1)"
Tt l=-)An+ D)+ AMn+1)(r - D= An+ D[(L-a)+ A(r—1))2
3 [(n+1D)(An+ 1)+ Mn+1)(r = D][(1=ca)+ Mr—1)]?
[(m+1-a)M+1)+An+1)(r—1))2 = (An+ D[(L-a)+Ar—1)]2°

which completes the proof of our theorem.
Finally, by taking the functions

. 1-a)+A(r-1) e
(n+1-a)An+ 1)+ An+1)(r-1)"

f](z) =z (.] = ]-32),

we can see that the result is sharp.
Remark: If we take » = 1 in Theorem 5, then we have the result by

Altmtag [1, Theorem 4]. If we take » = 1 and A = 0 in Theorem 5, then we have
the result by Srivastava, Owa and Chatterjea [3, Theorem 4].
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