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A family of univalent harmonic functions is studied from the point of geometric func-
tion theory. This class consists of mappings of the open unit disk onto the entire complex plane
except for two infinite slits along the real axis with a normalization at the origin. Extreme
points are determined, and sharp estimates for the Fourier coeflicients and distortion theorems
are given.
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1. Introduction

Clunie and Sheil-Small [1] studied the class Sf of all harmonic, complex-
valued, sense preserving univalent mappings f defined on the open unit disk
U which are normalized by f(0) = 0, f,(0) = 1. Such functions admit the
representation f = h+§ where h(z) = z4a22%+... and g(z) = byz+b22%+... are
analytic in U. f is locally one-to-one.and sense preserving if and only if |¢/(2)| <
|h!(2)| for z in U. This implies that |b;| < 1. Therefore fo = (f —b1f)/(1—|b1|?)
is also in Sy and one may restrict attention to the subclass S?, = {f€ Su:
fz(O) = 0}

If f = w+ v is harmonic in U with f(0) = 0, we let I and G be
analytic in U and satisfy F(0) = G(0) = 0, « = ReF and v = ReG. If
we leth = (F + iG)/2 and g = (F — iG)/2, then h and g analytic in U and

In contrast to conformal mappings, harmonic mappings are not essen-
tially determined by their image domains. Therefore, it is natural to study the
class S (U, Dg) of harmonic, sense preserving and univalent mappings of U onto
another domain Dy = C—(—00,04]U[4, +00) normalized by f(0) = 0, fz(0) =0
and the constants ag, by (ay < 0 < by) are determined as in Theorem 1. If
¢ — 0, our results will give those of Livingston [2].
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2. The Class Sy(U, Dy)

Let P be a class of p(z), which are a.na]ytlc in U with p(0) = 1 and
Rep(z) > 0for zin U.

Lemma 1. If p(z) € P, then for0 < ¢ < m,

(1)

1 ¢ 1 (1=-3)wp()d¢ 1
~2(1+cos¢)(1+sin¢)SRe/0 (1—-2cos¢p ¢ +¢2)? s 2(1—cos¢)( sinqS)'
* - G

T—¢ 1 - *)p()d¢
2(1 +cos¢)( sing )< Re/o (1 —2cos¢ ¢ + (2)? s 2(1 - cosqS)( smqb )’

(2¢ — 1) cosp— 2singp + 7
2sin® ¢

IA

B ¢ e 9/ (918
Re/l (1-2cos¢ ¢ +¢2)?
(m = 2¢) cosp + 2sin ¢ + T

2sind ¢

IA

3)

Proof. We set w = ¢, 0 < ¢ < m. We estimate the integral

Cpe [ _A=p(Od¢ [ 1-¢
= Re/o (1—2cos¢ ( +(2)2 —/0 T+ woR(+ woe e Pt

It is well known that for -1 <t < 1,

(5) (L= [2)/(1+]t]) < Re p(t) < (1+ [t])/(1 = [¢]).
Substituting (5) into (4), we obtain
! 112 1+t ! 112 1-1
- . dt<I< - . .
/o e +og 19SS~ | Treniizan T4
Since

1—e' . 14 e .
log (T—_;:J) = ‘L(¢ - 7l') and log (Te—'—‘;) = 1¢,

inequality (1) is readily obtained.
(2) can be proved in the same way. From (1) and (2), we have (3).
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Remark 1. The expression on the left hand side of (1) tends to —1/2
as ¢ — 0T, while the expression on the right hand side of (1) tens to —1 /6 as
# — 0F. These bounds have been given by Livingston [2, Lemma 1]. Moreover,
the upper and lower bounds in (3) have a minimum for ¢ = 7/2.

We now let Fy be the class of functions f which have the form

? (1 =*w(Q)dg p z
o (1 —2cos¢ ¢+ (2)? +ilIm 1—cos¢ z + 22’

where p € P and ¢ is a fixed parameter in the interval (0, 7).

(6) f(z) = Re

Theorem 2. If f € Fy, then is harmonic, sense preserving and univa-
lent in U and f(U) is convez in the direction of the real azis with f(U) C Dy.

Proof. Let f=h+§= ReF + ReG. Then, we have from (6) that

()
z 1 — (2 ) —1
Piep= /0 1- 2cos¢CC + (2)? p(Q)d¢ and G(2) = 1- 2cos;z + 22
for z in U. Since F'(z)/iG'(z) = p(z) and
¢(z) _ Fi(z)-iG'(z) _ plz)-1
h'(z) — F'(2)+1iG'(z)  p(2)+1’

it follows that |g’(2)| < |h/(2)]. Thus, f is locally one-to-one and sense preserv-
ing. Also, '

Wa) - 9() = i6() = [mems
is convex in the direction of the real axis. By a theorem of Clunie and Sheil-
Small [1, Theorem 5.3], f is univalent and f(U) is convex in the direction of
the real axis.

Moreover, f(z) is real if and only if z is real. Since Re p(z) > 0, it follows
that f(r) = Re F(r) is increasing on (—1,1) and f(r) is bounded on (—1,1)
by Lemma 1 for a fixed ¢, 0 < ¢ < . Thus, ]irrhf(r) and lir{l_f(r) exists
and equals a4 and by, respectively. Thus, f(U) does not contain the interval
(=00, ag] U [bg, +00). Therefore, f(U) C Dy.

Theorem 3. Sy(U,Dy) C Fy.

Proof. Let f € Sg(U,Dgy). Since f(U) = Dy is convex in the direction
of real axis for a fixed ¢, by the theorem, given by Clunie and Sheil-Small [1,
Theorem 5.3], h — g = ¢G is univalent and convex in the direction of real axis.
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Let h(z) = z4az22+...and g(z) = byz2+.... Then, i G(z) = h(z)—g(s) =
z4+.... Since f(U) = Dy, ReG(z) = Im f(z) is 0 on boundary of U. Since G is
convex in the direction of the imaginary axis, it follows that G(U) is C slit along
two infinite rays on real axis for ¢ € (0, 7). Also, since ¢ G(0) =i G'(0) -1 =0,
it follows that 7 G(z) is a member of the class .S of functions f which are analytic
and univalent in U and normalized by f(0) = f/(0) — 1 = 0. Thus, there is a
fixed ¢, 0 < ¢ < 7, such that

z
—cos¢p z + 22’

iG(2) < ko(2) = 7

where < denotes subordination. Since k4 € .5, it follows that ¢ G = k. Hence,
Im f(r)= ReG(r)=0for -1 <r< 1.
Now, if f=h+ g, then ' — ¢’ = iG'p and
h'+g’ 3 1+g’/h’
h — g 1 —g’//l,"
Since |¢’(2)| < |W(2)|, z in U, it follows that (k' +g')/(h' —¢') = p, where p € P.
Thus, h' + ¢’ = (k' — ¢')p=iG'p and

z z — /2
F() = )+ 9(2) = [ 6OMO = [ gt #0dc.

Thus f(2) = Re F(z) + i Re G(z) belongs to Fy.

Theorem 4. SH(U, D¢) = Fp.

Proof. Let f € F4 have form (4), and let 7, be a sequence with 0 < 7, <
1, limr, = 1. Let py(z) = p(7s2), and denote by f,(z) the function obtained
from (4) by replacing p(z) with p,(z). We claim that f, is in Sg(U, Dy). To see
this, let

_ z 1_(2
Fa(2) ‘/0 (1—2cosd C + (2)2

There exists §; > 0, i = 1,2, so that we may write for |z — w;| < §;
Pa(2) = pa(wi) + Pl(wi)(z — wi) + [pr(wi)/2Y(z — wi)® + ...,

where w; = €% and wy = e=*, Then, for |z —wy] < 6

Pa(Q)dC.

1 1 1 1
() = L"f —1(z—wg)?  wi-1(z- w1)2] Pn(2)
= [ o) ) ~
= [(wg —1)(z—w)? " (w2 - 1)(;_ ) -3 (11(»'«)] 5
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where ¢;(2) is analytic in |z —w;| < 6;. Let D; = {z : |z —w;| < §}NU, ¢ = 1,2.
If1—-6; <c¢; <1, then, for z in D;,

0 E2) - Fale) = [ BOC,

where the path of integration is in D;. Equation (8) gives for z € D,

; - Pn(w1) i ACH
Ee)= (1- wg)(z —wy) (1-wd)

+log(z — w1) + ¢(2),

where

g(2)= D Az —wi) + D iz —wa) +

=1 7=0

P + a log(z — wy)

is analytic in Dy and arg(z — wy) € (0,). Thus, for z € Dy, f, has the form
k
Fo(z) = pp—— + m log(z — wy) + q(2)
and then
Re fu(2) = ReFy(2)
Re (z kw ) + Re(m) log |z — wy| — Im(m) arg(z — wy) + Re q(2).
- w

Now, we wish to prove that f,, cannot have a nonreal finite cluster point
at z = w;. To see this, suppose that z; = wy + p;e'® is in U with p; > 0 and
lim p; = 0. We claim that |Re f,(z;)] — oo. Indeed,

Re(ke™i3) + p; Re(m)In(p;)
Pj

|Re fu(2;)| = — I'm(m) arg(z; — wy) + Re q(z;)
approaches +o00. Similarly, we have the same argument for Dy. Thus, f, has no
finite nonreal cluster points at z = wy and z = w,. At all other points of |z| = 1,
the finite cluster points of f, are real. Since f,(U) C Dy, and
lim fo(r) =ay, lim [,(7) = by

r—-—1+ r—1-
it follows that f,(U) = Dy for a fixed ¢. Thus, f, is in Sy (U, Dy) and hence, f
is in S (U, Dy). Since Fy is closed under uniform limits on compact subsets of
U, it follows that Fy = Sy(U, Dy).
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3. Extreme Points of F,
If p € P, then it is known that

1+ 9z
9 (= =/ dp
9) »(z) ey Toge 1(n),

where p is a probability measure on X = {#: || = 1}. Thus, if f is in Fg, there
is a probability measure p on X such that ’

f(z)= Re/ kg(z,m)dp(n) + i Im ky(2)
n|=1
and
: (1-¢+n¢)
1 k = ~ d
- )= [ e 13 R0 %
( _ _ w2z
A(w, ) log(1 — ©2) + A(, ) log(1 — =) + Bw, 1) —
2 .
{ +B(w, )y + C(w,mlog(l=2); il n#w,d
= . 1-wz cospw z twz :
3 _ o . .
ksin” plog 1—-wz 2sin? ¢(1 — wz) 2sing(1 — wz)?’ gy
i o 1-wz _ cospwz iz Wn=o
\ 4sin¢ E\1-wz 2sin? §(1 — wz)  2sin (1 — wz)?’ n=

for ¢ € (0,7), w = e

(1 + pw)w?
(1 = gw)(1 — w?)

2n(1 = %)
(1= nw)*(1 - gw)?" .
The extreme points of Fy are readily obtained by making use of the
consequence observed by Szapiel [3].

2nw?
(1 - qw)*(1-w?)’

A(w,n) =

B(w,n) =

and  C(w,n) =

Lemma 8§ [3] Suppose X is a convex linear Hausdorff space, & : X — C
is homogeneous, ¢ € C\{F} and A is a compact convez subset of ®-1(c). Let
¥ : A — R be affine continuous with 0 ¢ (a) and let B = {a/9(a) : a € A}.
Then:

1) B is compact convez,

2) The map a — a/%y(a) is homeomorphism of A onto B,
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3) Ep = {a/¥(a) : @« € E4}, where Ep stands for the set of all extreme
points of P.

Theorem 6.  The extreme points of F, are

In(2) = Reky(z,m) +iImky(z), |nl=1.

Proof. We apply Lemma 5 with

z 1— (2 C 1 .
Qu(2) = Re/o (1(_2cf)s)¢”(c i‘gz).z +ilm

z
1—cos¢p z+ 22’

A={Qp:pe P}, ®(f)=/f(00=1, c¢=1 and P(Q,)=1.

Then Fy = B is convex. The map @, — p is a linear homeomorphism between
A and P. Ep = {(1 + nz)/(1 = 9z) : || = 1}. Thus, the proof of theorem is
completed.

4. Applications
In this section, we use our knowledge of extreme points to solve some

extremal problems on Sy(U, Dg).

Theorem 7. Let f=h+§e€ Su(U,Dy). Ifh(z)=z+ § a,z" and

n=2

o0
g(z) = X ba2™, than, for0 < ¢ < m,

n=2
. 1 n Asin(ng)]  (n4+1)(2n+1)
(11) lan| < — kz_:_ll. b : ’
13 |sin(ng)]  (n—1)(2n—1)
(12) [bal < ;gk sin o < >
and
: | sin(ng)|
(13) llan] = lball < =5 =2 <

equality in (11), (12) and (13) occurs for the function
f(2) = Re ky(z,e*?) + i Im ky(2).
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Proof. In order to prove validity of (11), (12) and (13), we use the
extreme points of SH(U Dy). Let f,(2) = Reky(z,m)+iImky(z ) Also, F(z) =
kg(z,m) and G(z) = —iz/(1 — cos¢ z + z%). Thus,

h(z) = 5[F() +iG()] = Hlka(z,m) + ko) = 7 + i

and

9(2) = -[F(Z) —iG(2)] = blkgzm) — koD = ¥ an~"

n=2

if 7 # e¥, for w = €'®, then we have

N —2nw? 2w W' on
M) = 5[(1—nw>2(1—w2)2 1_,,w-1)2(1_w—2)2

n=1

(1 + ’r,w)w -n_.n (1 + "’w_l)“’_ n. . n
e L (I - w?) { Z“’ :

29(1 — n?) " w —w™
(1—1)w)2(1—17w‘1)12 & +Z w—w-t " |

n=1

Therefore,
1 —2nw?~" 2nw™—? (1 + nw)wt-n
n =3 [n(l —qw)X(1—w?) n(l-nw-')2(1-w-2?) " (1-nw)l- w?)
R - wn - w]
1 -1 -w2?) n(l-gw)?(l-qw-1)?  w-w-!
L f=2qfw™™! — '™ — 2p(w" — w™") + P(w™H! — wn )]
2 { n(w — w=1)(1 - gw)¥(1 - qw=1)?2
2n9(1 = ?)p™(w — w™t) 2(w" — w™) = 2p(wtt — wnl)
e e (e T T e )

. _ E wn—2k + 27’ Z wn—2k+1 1) z ,wn—-2k _ 17 e nn+z
k=1

n (1 - nw)?(1 - 1711)“1)2

(Z w™ n—2k+1 _ 7 z wh— ZL)

h= k=0

L Sy fu——"
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n
Z +1(,wn—l.. + wk—-n) -7 E wn—2k +n E ,wn—2l.+1 -y Z wh -2k
k=1 k=1 k=1 k=0

(1= nw)(1—yw=1)

S|~

= ;1;[17”"1 +20" 2w+ w ) + 3" 3 (w? + w T+ 1) +
+n(,wu—1 e wl—n s ,wn-—S e ,w3—u + .+ /\]’

where A = w4+ w™! if n is even, A = 1 if n is odd. And so for n = 2,3, ...

n
an = w™h)™! E (n k)ynk(w™F — wh") = i ¢m_$_=1m?7""" sin(ma).
Thus,
. n - .
: (n+1)2n+1)
lan| < wong 2 m|sin(me)| < -

with equality for 5 = e
Similarly, for n = 2,3, ..., we have

-1 n—1
_ i -1 —-ln I\ K(, n—k k—=ny _ l n—mn
b = 0= ™) S0 = By = ) = S 5 i)
for which
= 1)(2n 1)

|bn| < Z m| sin(mae)| <

n smqb

Remark 2. If ¢ — 0, our results in Theorem 7 give those of Livingston
(2, Theorem 5].

Theorem 8. If f=h+ge Sy(U,D,), then
d+]2*
(1-z])°

Equality in (14) occurs for the functions

f(z) = Re ky(z,eE®) 4 i I'm ky(2)

2L+ 121)

(14) £(2)] € s e

and |/-(2)] £
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Proof. We need only to consider extreme points f,(z). In this case, for
n # et w = €', it is concluded that

Wz) = Hlko(srm)+ ka(2)]
3 [Aw, mlog(1 = w12) + A(w, 1) log(1 - wz) + Blw, n){25;

w?

~

i -
s + C(w,n)log(1 — nz) + T o Py 22]

After straightforward computations, we have

1-22

(2) =
W(z) (1 — w12)2(1 — wz)2(1 - 52)
and
1 1-— 22 L+
, o < —,
W) < 7= |z [(1 = w=12)2(1 —wz)?| = (1 —[z])

Similarly, for 5 # e*®, w = €%, we obtain

—2z%)g
.(/(z) = %[kd’(z’ 77) - k¢(z)]7 g’(z) = (l_w—lzz)gl(l_uz;)?(l_":)

and
2(1 = 22)
(1 —w=12)2(1 — wz)?

211+ 121)
= U=Fe

1
/
<
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