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In this note we are concerned with various transformations of convex univalent map-
pings and with the crossratio problem.
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0. Introduction

We denote by Sc the class of all functions f(z) = z 4 a32z% + - - - that are
analytic in the unit disc D = {z € C : |z| < 1} and such that f(D) is a convex
domain. The class Sc consists of univalent mappings.

Some years ago T. Suffridge [9] established the following remarkable the-
orein.

Theorem. If f € S¢c anda, 0 < |a| < 1 is a fived number, then the
Junction
J(z) = J(a)
9(z) = z—-r0—-r—
) 9(2) z—a
is starlike of order 1/2.
We start our considerations with a simple proof of this result.

) a+ z
Let w(z)= TTas

then if f € S¢ so does the function

f(w) = J(a)

M) = A e

This yiclds the relation

W =2

zZ—a

) =1

1-az
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We may assume that % is analytic in a disc |z| < 1+ ¢, € > 0. Then if |z| = 1,
one obtains

z9'(z) _ nh’(n)} 1—|af? a _z-a
Reg(z) —Re{h(n) |z — al? Rz—a ' 1= 1%
h! 1
which, in view of the inequality Re {—7—11%(577—;)} > B gives
~al( =
Re ‘g (~) ‘l .
9(z) = 2
This proves the statement. m

1. Transformation of convex mappings

It follows from (1) that if f € S¢, then the function
a
(2) 1) = Sz = H(z)

is univalent and maps D onto a starlike domain. There is an interesting and
non-elementary result of Ruscheweyh [6] which says that H(z) is starlike for
some non-convex functions f. We shall apply (2) to establish a Hummel type
inequality for convex mappings.

Theorem 1. If f(2) = 2+ a22% + - -+ belongs to S¢, then
lan — 1] < (n = 1)]az — 1|

Jor all n.
Proof. The function H(z)in (2) is starlike of order 1/2, so if normalized,
it has all coefficients bounded by 1. We find

[an = tng1| <1 =ag| , n=1,2,... , and (a — 1) .

Now,
Uy — 1= (an = an-1) + (n-1 — y_2) + -+ + (ag — 1)

and the result follows. n
We note that, Hummel [3] established the inequality

n(n? —1)

[bp — n| < 5

Ib'l»— 2|a
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which in view of the relation b, = na,, yields for convex maps, the result

z+1

lan — 1] < (n—1az = 1] .

Thus, our result is better.
It is known [5] that if f € S¢, the function

o)== /0 " fu)du

belongs to S¢. The factor 2 is for normalization. Since g(z) = 2 fol f(rz)dr , we
conclude that g(D) C f(D).
Similarly , if 0 < @ < 27, one may consider the integral

h(z) = [)a f(ze")ae .

If we set £(z) = log ——— 1 ‘0 , then £(z) is convex univalent and h(z) is the
convolution
h(z) = f(z)* (=) .
So by the famous result of Ruscheweyh and Sheil-Small [7], & is convex. Also
(D) C f(D).
The above observations combined together give the following theorem.

Theorem 2. If f € S¢ and 0 < a < 2w, then

H{z)= -/oa /01 f(zre')dodr

is convex and univalent and H(D) C f(D).
Suppose now G(z) is given by the formula

3 6 = [ [ w@)de , u(z) =040
where 0 < a, a and b (|| < 1, |b] < 1) are given and f € S¢. It is known that
if b =1 and o = 1, then G(z) may not be convex for any value of ¢ and it is
univalent if |a| < 1/v/2 .

We prove the following theorem which shows the influence of new param-
eters.
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Theorem 3. The function G(z) in (3) is convex provided the condition
la|(1 + 6] + 2a]b]) < 1+ |b] — 2|b]

18 fullfilled. The result is sharp.

Proof. There is no loss of generality, if we set |z| = 1. Thus we have
the relation

G"(2)\ _ @)\ L=laf 1 |af?
Re{”za'(z)}‘“Re{”“’f'(w)} lat 22 “Taraz Tt

Now, if |w| < |b] < 1, then the right hand side is bounded below by

_ o2l 210 1+ 1+]a|
1+ 0] 1—|u| ’

If |b] = 1, then the right hand side is bounded from below by

1 1 1+ |a|

Sl 1—1a °
Both estimates are sharp. This completes the proof. ]
Let us notice that if 1 4 |b] — 2a|b] < 0, then G(z) may not be convex
for any value of a. If |b] = 1, then G is convex provided |a| < };—g We

now investigate the problem of univalence of (¢ under the condition b = 1. By
changing variables we may write

6(722) = [rrirldie.

So, the function G is univalent, provided

1) = [ s

is univalent. Since
H'(z)=(f'(= ))" ..~)2 )

and the function h(2) = [;(f'(x))*du is convex univalent for 0 < « < 1 we have

()
hl

arg

= 2| arg(1 — az)| < 2arcsin |a| < g y
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provided |a| < 1/4/2. On the other hand, |arg f/(z)| < 2arcsin|z| < 7. So we
also have

H'(2) =alarg f'(2)| < Tra < T

arg '—;—'——, 9
1—-az

if @ € [0,1/2]. Both results are best possible. Thus, we conclude that G/(z) with
b = 1 is univalent and close to convex for all values of « provided 0 < o < 1/2.
G(z) is univalent and close to convex if a € (1/2,1] and |a| < 1/v2. What
happens if @ > 1 remains still an open question.

2. The crossratio problem

It is known that the crossratio is invariant under a homography. If R =
R(wy,wz,w3,wy), 7 = r(21,22,23,24) and wp = f(2r) , K = 1,2,3,4 then the
quotient p = R/7 gives a “measure of deviation ” of f from a homography. We
are interested in finding the best bounds of |p| over the whole class of convex
mappings as in [1]. Once the best bounds ol the crossratio are known, many
results concerning convex functions will follow by passing to limits. This appears
to be a hard question. We are able, so far, to get some explicit bounds but not
the sharp ones. We obtain the following theorem.

Theorem 4. If f € S¢ then the following inequalities hold for |p|:

) (L=l = Jal)? 16
d 16 <Vl o mpa =

(1 = |z1]*)%(1 = |2)?)?
(11 = 1Z2| + |21 — 22])*

(1 = |=1*)*(1 = |22]*)?
(“ . Zlle - IZ] - 32')4 ’

ii)

<ol £

|1 s 24Z3| - I23 == Z4|
Il — 2423' + |Z3 — Z4|

|1 — Z4z3| + |23 — 24]
|1 — Z423| — |23 — z4]

i) <lol <

Proof. a) We set wp = f(2x), k = 1,2,3,4 for f € Sc and define
(w1 — w3)(wg — wy) . |
(we — w3)(wy — wy)

It is known [2, p.129] that if f € S¢, then

R(wy,ws,ws,wy) =

1
‘W‘I'S"’"
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Denote by ¢(w) the inverse of f(z). In view of convexity of f(D) one has

wi
|2k — 21| = / ¢ (w) dw| < d|wy, — wy] . '
wy
On the other hand,
fon =l = | [ 7121 o] < sl
W —wy| = z)dz| < |z — zl| —/————=,
2 (1—al)?

provided |z;| < |z]|. To fix our attention, let us assume that |z;| < |z5| < |23| <
|z4|. All this taken together gives the inequality i),

(1= [zs])2(1 — Jzal)? 16
T <l < Tmmpa =Ty

b) We may obtain another inequality by using the Suffridge theorem. If
we set

o) = AL g 2 SO TG,

)
Z — 24

then :
_ 9(z1) hz)
9(z2) h(z1)
Should g and h vary independently in the class of functions starlike of
order 1/2, we would get not only best bounds on p but also the variability region
of this quantity. Since g and h related, we only get bounds that are not sharp.
It is known [4] that for H being starlike of order 1/2,

; 2
( 1 — |z ) < < ( 1 — |z )2
11—2152|+|21—22| - - |1—2122|—[z1—22|

and these bounds are sharp.
Thus we get the inequalities ii),

(1= ]z1)2)*(1 = |z)?)?
(11 = z122] + |21 — 22|)*

zoH(z1)
21]{(22

(1= ]211*)%(1 = |2)?)? ,
(11 = z122] — |21 — 2o|)4

<ol £

c) Finally, we know that f € S¢ if and only if the function g(z) defined

)¢
9:) = Ty = f0 T T=¢

by
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has the real part grater than 1/2 for each { € D. Therefore; there exists a
probability measure p such that

¢ /“ dp(u,Q)
F&O - 7=C Jo T-uz

Substructing 1, dividing by z and integrating with respect to z both sides it
follows that

J&=£O) ¢
le™=—¢ Ao~

- / log(1 — uz) du(u, ) .

lul=1

Note that if ( = 21, 7 = 22 and z = zg, then

R(w17w2’w3) 0) 1 C f(Z) - f(C) _ 7 f(z) - f("))
G0 BFO z-C  BTm z-u
= [ tog(1 — us)ldiCu, ) - dis, O] -
Jul=1
By a result of Shober [7, p.23] we know that
exp / log(1 — uz)d(p1 — p2) < ll-tczz

|lul=1
with |e| = 1. It follows that

R(wy,wz,ws,0) 14 cw(z)
r(z1,22,23,0) 1 =w(2)

with |w(z)| < |2|. Ultimately

1 — |zg] 4 R(wy,wq,ws,0) < 1+ |23 )
14 |23| . 1‘(21,22,23,0) = 1= |23|

Also note that given 2z; (i = 1,2,3,4), we define 2} = (zx — 24)/(1 — Z42;) and

S(2k) = f(24)
Flza)(1=|z?) 7

wp =

then it follows that

R(wi,w3,ws,0) — R(wy,wq,ws,wq) _
(21, 23, 23,0) (21, 22, 23, 24)
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Combining this with the preceeding inequalities, we arrive at the inequalities

iii),

23 — 2, 23 — 24
11 - Z ; T+ - Z ;
— 2423 — 2423
prpmpe 13 N =,
14 |—— 1- —
1- 2423 1- Z423
This completes the proof of the theorem. m
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