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1. Introduction’

In the affine version the Galilean plane I'; is an affine plane with a special
direction which may be taken coincident with the y-axis of the basic afline
coordinate system Ozy [5,6,8,9]. The afline transformations leaving invariant
the special direction Oy can be written in the form

T = a1+ aw,

(1:1)

7 = a3+ a2z + asy,

where azas # 0 and a4,...,a5 are real parameters. The transformations (1.1)
map a line segment and an angle of I'; into a proportional ones with the co-
efficients of proportionality |az| and |a;'as|, respectively. Thus they form the
group Hs of the general similitudes of I';. The infinitesimal operators of Hs are

1] 0 0 Sk g
a_w1 XZ == x'é‘;, X3 = 3_3/, Aq e :LEZ’ .'Y5 — yb—y
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and satisfy the system

[X1,X2] = X1, [X1,X3]=0, [X1,X4]=Xs, [X1,Xs5]=0,

[X2,X3] =0, [Xp,Xu]=X4, [X2,X5]=0,
(1.2)
[Xs, Xa] =0, [Xs,Xs] = Xa,

[JYtla XS] =Xy )

where [-, ] is the bracket of Poisson.

For the necessities of some applications the natural problem which arises
is to classify the subgroups of Hs. That is the aim of this paper and we give the
subgroups of Hs which are different up to a Galilean general similitude. The
results have been announced without ptoofs in [1], which are given here.

2. Four-parametric subgroups of /75

A four-parametric subgroup of Hs can be defined by four linearly inde-
pendent infinitesimal operators [3,4]

s .
(2.1) Yi= Y anXs, h=1,...,4,
k=1

satisfying the conditions

4
(2:2) o Yj]= ) eli¥e,  i#hiig=1,...,4,
k=1

where ay;, and cfj are real numbers. We shall now consider the possible cases.

1. a1z = a13 = ayq = az5 = 0. Since Y7 # 0 it follows that ayy # 0 and
we can assume without loss of generality that ay; = 1, ag; = ag; = @41 = 0.

1.1. a3 = ag4 = azs = 0. Now azz # 0 and using similar arguments as
above, we can choose az2 = 1, a3z = ayy = 0.

1.1.1. a34 = azs = 0. Then a3z # 0 and we can supposc that azz =
1, a43 = 0. Thus we obtain the operators

(2.3) Yi=X1,Y2 = X5, Y3 = X3, ¥y = a4a Xy + a45Xs
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and applying (1.2) we find
[}Ilay2] b Xl) [Yl,),3] = Oa [}’1’),4] — (t44X3,

(2'4) [),27 ,3] =0, [),2,},;1] = a‘l‘l—X'l,

(¥3,Yy] = a45X3.

The operators (2.3) define a group iff |a4q| + |a45] # 0 and the systems (2.2)
and (2.4) are equivalent. It is possible if and only if a4y # 0,a45 = 0 or ayy =
0, agp # 0.
1.1.1.1. ayq # 0, ags = 0. Putting aqq = 1 we get the subgroup
H} = {X1,X3, X3, X,4}.
1.1.1.2. a44 = 0,a4s # 0. Now we choose ay5 = 1 and we find the

subgroup .
H} = {X1, X2, X3, X5} .

1.1.2. azq4 # 0, azs = 0. We can take agqy = 1, ayq = 0. The operators
(2.1) have the form

(25) n=X1,2=X,,Y3 = a33 X3+ Xy, Yy = @43 X3+ 045X

and according to (2.2) they define a group ifl a5 = 0. Then a43 # 0 and we can
take a43 = 1,a33 = 0. Replacing in (2.5) we obtain ¥; = Xy, Y, = X2, Y3 =
X4, Y4 = X3 and therefore we get again the subgroup H}.

1.1.3. azs # 0. We put azs = 1,a45 = 0 and consequently
(2.6) Y1 = X1,Y2 = X2, Ys = 33 X3 + a3 X4 + X5, Vi = @43 X3 + €14 X4
Since |ay3| + |aqs| # 0, we distinguish the following cases:

1.1.3.1. a43 # 0,a44 = 0. Choosing a43 = 1, a3z = 0 we obtain that the
operators define a group iff azq4 = 0 and it is /73

1.1.3.2. ay3 = 0,a44 # 0. It is easy to verify that in this case the
corresponding operators do not define a group.

1.1.3.3. a43 # 0,a44 # 0. Now we have
[){17)’2] = Xla [YleES] - a344¥3’ [),'ls).:l] = (1,44X3,

[Y,Y3] = az4 Xy, [V2, Y] = aqaXy,

[V3,Yi] = —a43X3 — a4 Xy
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and therefore the operators (2.6) do not define a group.
1.2. az3 # 0,a24 = azs = 0. We suppose ay3 = 1,033 = aq3 = 0.

1.2.1. az4 = ags = 0. Then aszy # 0 and taking azz = 1,492 = a2 = 0 we
have 1.1.1.

1.2.2. az4 75 0, azs = 0. We assume azqy = 1,a494 = 0.
1.2.2.1. a42 # 0,a45 = 0. Putting a2 = 1,a22 = ag2 = 0 we get II,}.

1.2.2.2. a42 = 0,a45 # 0. Now we choose a,5 = 1. The operators
Y1 = X1,Ys = a2 Xo + X3,Y3 = a3:Xs + Xy, Yy = X5 define a group iff
az2 = agz = 0. We have the subgroup

e) A = (X1, X0, X, Xs).

1.2.2.3. a4z # 0,a45 # 0. The operators
(2.8) Y1 =Xy, Ys =anXs+ X3, Y3 = aga X2 + Xy, Yy = a43X2 + ay5Xs

define a group iff azz = 0, azz(@42 — a45) = 0. There are the following cases:
1.2.2.3.1. az2 = 0. From (2.8) weget Y1 = X4, Yo = X3, Y5 = X4, Yy =
a42X2 + a45X5 and replacing -::—42- = a we find the subgroup
45
(2.9) HY = {X1,X3,X4,aXs + X5|a # 0;a € R}.
Unifying (2.7) and (2.9) we have the subgroup

H} = {X1,X3,X5,aX2+ X5|a € R}.

1.2.2.3.2. a42 = a45. We suppose a4 = aq45 = 1 and therefore ¥, =
X1, Yo=X35, Y3 =a32Xo+ Xy, Yy = X2+ X5 :
1.2.2.3.2.1. azz = 0. Now we obtain /7] with a = 1.

1.2.2.3.2.2. a3z # 0. If we make the change

_ _ 1
T =2, y:—;';.'l‘-f-y,

then we get the subgroup H3.
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1.2.3. ags # 0. We choose ags = 1,a45 = 0.

1.2.3.1. a44 = 0. Then a4z # 0 and putting a4 = 1,a22 = a3z = 0 we
obtain 1.1.3.1.

1.2.3.2. a4y # 0. We assume agq = 1l,azqy = 0. The operators Y3 =
X1, Y2 = a2 X2 + X3, Y3 = az2 Xo + X5, Yy = ai2X2 + X,y define a group iff
azz = a3z = aq2 = 0 and we find the subgroup I3 with a =0

1.3. ag4 # 0,a35 = 0. Now we take ayq = 1,a34 = agq = 0.

1.3.1. a3z = azs = 0. Then a3z # 0 and choosing a3z = 1,a20 = a42 = 0
we have 1.1.2.

1.3.2. a3z # 0,a3s = 0. We put azz = 1,a23 = ay3 = 0 and we get 1.2.2.
1.3.3. azs # 0. We take azgs = 1,a45 = 0.

1.3.3.1. a43 = 0. Therefore a2 # 0 and in this case the operators do not
define a group.

1.3.3.2. a43 # 0. We suppose a43 = 1, a3 = azz = 0 and we have 1.2.3.2.

1.4, ags # 0. Now we choose azs = 1,035 = a45 = 0.

1.4.1. azz = azq = 0. Then a3z # 0 and replacing az; = 1,42 = a42 = 0
we obtain 1.1.3.

1.4.2. a3z # 0,a34 = 0. We put a3z = 1,a33 = aq3 = 0 and we get 1.2.3.

1.4.3. azq # 0. We suppose agq = 1,024 = aq4 = 0 and we find 1.3.3.

2. @12 # 0,a13 = a14 = a35 = 0. We can choose a12 = 1, a9y = a3z =
ayq2 = 0.

2.1. a23 = az4 = ags = 0. Therefore az; # 0 and taking az; = 1,417 =
az; = ay; = 0 we have 1.1.

2.2. a3 # 0,a24 = azs = 0. We put as3 = 1,a33 = ay3 = 0.

2.2.1. a3y = ags = 0. Now a3y # 0 and replacing az; = 1,ay; = a1 =
aq1 =0 we get 1.1.1.

2.2.2. agq # 0,a35 = 0. We suppose a3q = 1,a44 = 0.

2.2.2.1. a45 = 0. Then ay1 # 0 and choosing a4y = 1,a17 = a3 = az; =0
we obtain 1.2.2.1.
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2.2.2.2. a45 # 0. Let ays = 1. The operators Y7 = a1 X1 + Xa, Y3 =
a1 X1 + X3, Yz = @31 X1 + X4, Yy = ann Xy + X5 define a group iff g = a3y =
aq; = 0. We make the change
T=an+z, y=y
and obtain the subgroup

H:: = {X2)X39 Xa, ‘X'.S} .

2.2.3. ags # 0. We put a3zs = 1,a45 = 0.

2.2.3.1. a4q4 = 0. Consequently, aq; # 0 and replacing ayp = 1l,ay; =
a2; = azy; = 0 we have 1.1.3.1.

2.2.3.2. a44 # 0. Now we take a4y = 1,034 = 0 and we get; 2.2.2.2.
2.3. ag4 # 0,a25 = 0. We suppose azq = 1,a34 = agq = 0.

2.3.1. azz = ags ='0. Then a3; # 0 and putting az = a1 = ay =
aq; = 0 we obtain 1.1.2. '

2.3.2. a3z # 0,a35 = 0. We take az3 = 1,a23 = a43 = 0 and we have
2.2.2. .

2.3.3. ass # 0. Let azs = 1,(145 =0.

2.3.3.1. a43 = 0. Therefore a4y # 0 and using a4y = 1,417 = a2y = az; =
0 we find that the operators do not define a group. ‘

2.3.3.2. a43 # 0. We choose a43 = 1,023 = azz = 0 and we get 2.2.2.2.
2.4. azs # 0. We suppose azs = 1, a35 = a5 = 0.

2.4.1. a3z = azq4 = 0. Then az; # 0 and putting a31 l,ayy = a9 =
aq; = 0 we obtain 1.1.3. :

2.4.2. azs # 0,a3z4 = 0. Replacing ass = 1, a3 = a43’= 0, we get 2.2.3.
2.4.3. azq4 # 0. We take azq = 1,a24 = a4 = 0 and we have 2.3.3.

3. a13 # 0,a14 = a35 = 0. We assume a3 = 1,a93 = asz = aq3 = 0.

3.1. a2 = az4 = azs = 0. Consequently ag; # 0 and choosing ag; =
1l,a11 = az; = aq1 = 0 we get 1.2, .

3.2. az # 0,a24 = az5 = 0. Now we take agy = 1,a42 = (32 = Q42 = 0
and we obtain 2.2.
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3.3. az4 # 0,az5 = 0. We can write azq = 1,a34 = aqq = 0.

3.3.1. a3z = azs = 0. Then ag; # 0 and putting az; = 1,41 = a9y =
a41 = 0 we have 1.2.2.

3.3.2. a3z # 0,a35 = 0. We choose a3z = 1,412 = ags = a42 = 0 and we
get 2.2.2.

3.3.3. azs # 0. We suppose azs = 1, a5 = 0.

3.3.3.1. a42 = 0. Therefore a4y # 0 and taking ayy; = 1,413 = ag; =
a3z; = 0 we obtain that the operators Y] = a12X2 + X3,Y2 = a2 X2 + X4, V3
a32X2 + X;5,Ys = X define a group iff @12 = 0, 022(1 —azz) = 0.

3.3.3.1.1. ag; = 0. We have H3.
3.3.3.1.2. azz = 1. Now we find again IT} with a = 1.

3.3.3.2. aq2 # 0. Replacing a4z = 1,a12 = az3 = azz = 0 we reduce to
2.2.2.2.

3.4. ags ;é 0. We assume ag5 = 1, a35 = a5 = 0.

3.4.1. a3z = azq4 = 0. Then az; # 0 and taking az; = 1,a1; = agy =
aq1 = 0 we get ‘1..2.3.

3.4.2. asz # 0,a34 = 0. Now we put a3z = 1,412 = a2 = ay2 = 0 and we
obtain 2.2.3.

3.4.3. azs4 # 0. Choosing a3y = 1, a4 = a4y = 0 we have 3.3.3.

4. a14 # 0,a15 = 0. We suppose a14 = 1, a4 = a34 = ayq = 0.

4.1. a22 = azz = ags = 0. Consequently ag # 0 and replacing ag; =
1,a1; = az; = asy = 0 we get 1.3.

4.2. az2 # 0,a23 = azs = 0. Now we choose a3 = 1,612 = 33 = G4z = 0
and we obtain 2.3.

4.3. az3 # 0,a25 = 0. We put ag3 = 1,013 = az3 = aq3 = 0 and reduce to
3.3.

4.4. ags # 0. We assume ags = 1, as5 = a45 = 0.

4.4.1. a32;= a3z = 0. Therefore a3; # 0 and taking az; = 1,017 = ag; =
ay; =0 we get 1.3.3.

4.4.2. d;;z # 0,a33 = 0. Choosing az; = 1,412 = agp = a‘,ﬁ = 0, we obtain
2.3.3. -
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4.4.3. a3z # 0. Now we put eg3 = 1,013 = a3 = a43 = 0 and we have
3.3.3. :
5. ay5 # 0. We suppose a5 = 1,025 = a35 = aq5 = 0.

5.1. azz = agg = a4 = 0. Then ag; # 0 and taking agy = 1,ay; = a3 =
aq; = 0 we reduce to 1.4.

5.2. az2 # 0,“23 = dgq4 = 0. We take w22 = 1,[!.12 = a3y = 49 = 0 and
we have 2.4.

5.3. ag3 7{' 0,a24 = 0. Puttting a3 = 1,13 = azz = aq3 = 0 we get 3.4.

5.4. a4 # 0. Now we choose az4 = 1,014 = a3z4 = ayq = 0 and we obtain
4.4.

Renumbering the last two subgroups we are in a position to state the
following result:

Theorem 1. The four-parametric subgroups of Hs can be reduced to
one of the subgroups

H‘} = {XI’XZ’X3’ X‘l} 7H3 = {‘YhX?’ X37X5} ’
_[I,‘? = {X2, X3, X4, X5} ,H;! = {X1,X3, Xy,aXo+ X5|a € R}.

Remark 1. The subgroups H{ with @ = 1 and H] with a = 0 are
treated in [5] and the transformations of these subgroups are called similitudes
of the first type and similitudes of the second type, respectively.

Remark 2. The subgroups II} and II]} with @ = 0,1,—1 are treated
in [8]). The transformations of Hj with o = 1 are called in [7] equiform trans-
formations.

3. Three-parametric subgroups of /I

A three-parametric subgroup of Hy5 can be defined by three linearly in-
dependent infinitesimal operators Yj,, A = 1,2,3 in the form (2.1), which satisfy
(2.2) for ¢ # j; 4,75,k = 1,2,3. Consider the possible cases.

1. a12 = @13 = a14 = a5 = 0. Then ay; # 0 and we can assume that
ann = 1,a21 = ag; = 0.

1.1. az3 = az4 = azs = 0. Therefore a2 # 0 and we can choose agy =
1, azgz = 0. The operators Y7 = X1, Y2 = Xy, Y3 = a33X3 + a34.X4 + ¢35X5
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define a group iff azg4 = 0. There are the following two subcases: (Z) azs = 0 and
(u) aszs # 0.
1.1.1. azs = 0. Consequently a3z # 0 and we find the subgroup
H3 = {X1, X2, X3}.
1.1.2. ags # 0. Now we make the substitution
==, ¥Y=as3+assy
and we obtain the subgroup
H2 = {X1, X3, X5}.

1.2. a3 # 0, ag4 = azs = 0. Now we can assume az3 = 1,a3z = 0. The
operators Y7 = X1, Ye = a2X2 + X3, Y3 = 032Xy + a34 X4 + a35 X5 define a
group iff azzazq = 0, azza35 + cazy = 0,0a34 = 0,0a35 = 0, where o is a real
number;-=

1.2.1. a2 = 0.
1.2.1.1. agzs = 0.
1.2.1.1.1. azz # 0. Changing the variables in the form

we find the subgroup H}.

1.2.1.1.2. a3z = 0. Then az4 # 0 and the operators define the subgroup

H3 = {X1, X3, X4}.

1.2.1.2. a35 # 0. Now we obtain the subgroup

Hg = {Xl,X3,0X2 +ﬂ‘\—4 + ;'\'ﬁla7ﬁ € R}

1.2.2. azq = 0.
1.2.2.1. azs = 0. Therefore azz # 0 and we find again H}.

1.2.2.2. ags # 0. Then o = 0 and from agzazs = 0 it follows that age = 0.
Now we have H3 with 8 = 0.
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1.3. a4 # 0,a25 = 0. We suppose az4 = 1,a34 = 0 and the operators
Y1 = X1, Y2 = a2 X2+ a3 X3+ X4, Y3 = a32 N2 + a33 X3 + a35 X5 define a group
iff 32 = 0, ass # 0, a3zs = 0.

1.3.1. azp = 0. We have H3.

1.3.2. az2 # 0. Now we make the change

and we obtain H1.
1.4. a5 # 0. We choose ags = 1,a3s = 0. The operators Y7 = Xy, Y3 =
a2 X9 + a3 X3 + a4 X4 + X5, Y3 = az2 X2 + a33X3 + a34.Xy defline a group iff

Aazz =0, Aazz=az4, Aagy =0,
(3.1) pazy =0, pazz = azq, pazq =0,
vazy =0, vasz = —as3z, 22034 — Q24032 = 2a34,
where A, and v are real numbers.
1.4.1. agz = agq = 0. Then azz # 0 and we get H.

1.4.2. |agz| + |az4| # 0. Now the system (3.1) gives agz # 0,a24 = aas
az4 = 0 and changing the variables in the formn

Il

T=w, y=am3+y
we find H2.

2. a13 # 0,413 = a14 = @15 = 0. We suppose ay2 = 1,a3 = azz = 0.

2.1. a3 = azq4 = azs = 0. Therefore ay; # 0 and putting az; = 1,013 =
a3y = 0 we reduce to 1.1.

2.2. a3 # 0,a24 = azs = 0. We assume ay3 = 1,a33 = 0. The operators
Y1 = a1 X1+ X2, Y2 = a1 Xq1 4+ X3, Y3 = a31 X| + 34Xy + a35X5 deline a group
iff

(32) Aagy = —ag1, Aagq =0, Nags = 0, ay(azia34 + ags) = 0,

Haz1 = —a11a21a34 — A31, fia3q = a3q, pags = 0,
where A and p are real numbers.

2.2.1. az4 = ags = 0. We have az; # 0 and taking asz; = 1,4y = ag; = 0
we get Hj.



Subgroups of the Group ...in the Galilean Plane 65

2.2.2. azq # 0. Then from (3.2) we find az; = ag = azs = 0. We make
the substitution
(3.3) T=an+tez, Y=Y

and we obtain the subgroup

H35 = {-X27 X37 /Y‘l} .

2.2.3. azs # 0. Now ap; = az; = azqg = 0 and making the change (3.3)
we get the subgroup
HS = {X2, X3, X5} .

2.3. agq # 0,a25 = 0. We suppose azq = 1,a34 = 0. The operators
Y: = a1 X1+ X2, Y2 = a1 X1 + a3 Xs+ X4, Va = a31X1 4+ a33 X3 +ags X5 define
a group iff

Aagy = —2az1, Aazz = ajy — a3, Aags =0,
pasy = —azy, pazz =0, pazs =0,
vazy = —aass, vagz = —azy, vass =0,

where A, 1 and v are real numbers.
2.3.1. ags # 0. The last system gives az; = a3z = 0,a23 = an and
replacing :
33

T=an+z, y=-—+Yy
@35

we find the subgroup
HI = {X2, X4, X5}.
2.3.2. azs = 0. Now we have ag; = a3; = 0,a33 # 0 and the change (3.3)
brings to HJ.

2.4. ags # 0. We put ags = 1,a3s = 0. The operators Y, = a X1 +
X, Yo = ag1 X1 + a3 X3 + a4 Xy + X5, Y3 = a31 X1 + a33X3 + 34Xy define a
group iff

Aag; = —ag1, Aazz = 11024, A3 = A4,
(3-4) Hazy = —agzy, Hazz = 411034, 34 = A34,
vazy = 0, vagz = az1a34 — a24031 — 33, VG434 = —034,

where A, ¢ and v are real numbers.

2.4.1. azq = 0. It follows from (3.4) that agq = 0.
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2.4.1.1. a3 = 0. Since Y3 # 0 we have azz # 0 and (3.4) gives ag; = 0.
We choose azz = 1, a3 = 0 and applying (3.3) we find HS.

24.1.2. a3zz3 = 0. Now a3; # 0 and we put a3y = 1,a1; = ag; = 0.
Replacing
=2z, y=am+y,

we obtain H3.
2.4.2. az4 # 0. We find from (3.4) a3y = a3 = 0,a33 = ayjass and
making the change
T=an+, Y=amtaur+y

we get HJ.

3. a13 # 0,a14 = a5 = 0. We suppose a3 = 1,a3 = azz = 0.

3.1. azz = az4 = ags = 0. Then ay; # 0 and taking ag; = 1,03 = ayy =0
we have 1.2.

3.2. azs # 0,a24 = azs = 0. We choose a3 = 1,a12 = a3z = 0 and we
reduce to 2.2.

3.3. a4 # 0,a35 = 0. Now we put agq = 1l,a34 = 0. The operators
Y1 = anX1+612X3+ X3, Y2 = a1 Xy +a2 Xy + Xy, Y3 = a31. X1 +a32 X2 +a35 X5
define a group iff

(a11 — agz)a1r = —Aazy, (@11 + az2)arz = —Aazg, Aags = 0,
a11(a3z — azs) — ay2a3; = pasy, a1203s = —pasy, pags = 0,
(@11 — azz)a3; + 2a31a3; — azass = vayy,
a12a31 + (a3 — ass)agg = vasy, vazs =0,

(3.5)

where A, ¢ and v are real numbers.

3.3.1. ags # 0. The system (3.5) gives A = p = v = 0 and

(a11 — agz)ay; =0, a3 =0, (asz — azs)ag; = 0,

3.6
(3:8) (@11 — azz)az; + (2a32 — ags)az = 0, (azy — azs)agy = 0.

3.3.1.1. a1; = 0. Now (3.6) has the form

(3.7) a1z = 0, aza3 — (2a32 — ass)ag; = 0, (asz — ags)ayz = 0.
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3.3.1.1.1. ag; = aze = 0. The system (3.7) is satisfied and the corre-
sponding operators are Y7 = X3,Y2 = Xy, Y3 = a31.X1 + az2 X2 + a35X5.

3.3.1.1.1.1. azz = 0. We obtain the subgroup

HS = {X3,X4,aX; + X5|a € R}.

3.3.1.1.1.2. a3z # 0. We make the change
azs  a3ss

and we find the subgroup

H3 = {X3, X4,aX2+ X5 | #£0; a€R}.

3.3.1.1.2. ag; # 0,az2 = 0. We get from (3.7) a12 = 0,a32 = %a35.
Replacing

. 1 _
T = a3 + 5“35-1', y=y

we obtain the subgroup

HI® = {X3,X; +2X5,aX; + X4|a#0; a€R}.

3.3.1.1.3. a9y = 0,a32 # 0. Now (3.7) gives @12 = ag; = 0,a32 = ags # 0
and using the change
T=x, Y=a—ay
we find H$.
3.3.1.1.4. a9; # 0,az2 # 0. Then from (3.7) it follows a1 = 0,a32 =
a210435
22

ags, a31 = and replacing

T = az +axr, Y=o —axny

we get again HS.

3.3.1.2. a1y # 0. We find from (3.6) that a1y = agg,a12 = a21 = 0,a3z =
azs and applying the change

T=gz, J=-——>—
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we obtain H2.
3.3.2. a3zs = 0. Therefore |as;| + |asz| # 0.
3.3.2.1. as1 # 0,a32 = 0. Putting a3; = 1,a1; = a1 = 0 we find from
(35) ayjp = 0.
3.3.2.1.1. ag2 # 0. Changing the variables in the form
_ _ 1
rT=z, y=-—-——a+y
a2
we get the subgroup Hi.
3.3.2.1.2. a2 = 0. We have H3.

3.3.2.2. a3y = 0,a3z # 0. From (3.5) it follows that a;; = ag; = 0 and
we obtain HS.

3.3.2.3. a3; # 0,a32 # 0. Now (3.5) has the form

a a
(3.8) a11022 =0, a12032 =0, @13 = —ay1, Az = —2ay.
a3y azy
3.3.2.3.1. az = 0. From (3.8) it follows that ayo = gﬁzau,um = 0 and
31
using the change
T =uag tazxr, y=y
we find the subgroup HS.
3.3.2.3.2. azz # 0. According to (3.8) we have ayy = a1 = 0,a92 = 5—3—2~a21
31

and we get H3.
3.4. ags # 0. We take azs = 1,a35 = 0 and the operators
i = anXi+a2X2 + X5,
Y, = anXi+aX;+ a3y X4+ Xs,
Y3 = aznXi+anX:+ aXy

define a group iff

a11(@11a24 — a2 + 1) + ayza2; = —Aazy, ara(arazy + 1) = —Aaay,
@12G24 = Aags, a11(asz — A11G34) — Q12031 = pagy,
(3.9) anrai2a34 = —pasz;, a12a34 = pazy,

QA21032 — G31022 — au(azlaa-a — az1azq) = razy,
alg(azlaa.; - a31a24) = vaszy, (022 - 1agy — 32024 = V34,
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where A, 4 and v are real numbers.

3.4.1. az; # 0,a32 = az4 = 0. We can put az; = 1,a3; = ag; = 0. From
(3.9) it follows that a2 = 0 and we get the subgroup Hj.

3.4.2. ag; = 0,a32 # 0,a34 = 0. Now we choose azs = 1,a12 = a2 = 0.
The system (3.9) gives a11 = ag1 = az4 = 0 and hence we have again H$.

3.4.3. a31 # 0,432 # 0,a34 = 0. According to (3.9) we have
(3.10) azq =0, anaze — ajzaz = a,
(3.11) aj1azz — ajzaz; =0,  aziasz — azaz = 0.

From (3.11) it follows that ajja22 — @12a2;1 = 0 and then the second equality
of (3.10) gives a1 = 0. From this equality and (3.11) we get a1 = 0,a21 =
pasy, a2 = pasz, where p is a real parameter. Now the operators have the
form Y1 = X3,Y2 = pYs + X;5,Y3 = @31 X1 + a32X2 and we can change Y3 by
Y, = Yy — pY3. We make the substitution
Z=uaz +apr, Y=y
and we get the subgroup Hj with a = 8 = 0.
3.4.4. az; = a3z = 0,a34 # 0. Putting agy = 1,a24 = 0 from (3.9) we find
ay; = a2 = 0. ‘
3.4.4.1. a2 = 0. Now we have HS.
3.4.4.2. ag2 # 0. We make the change
T =az +axnr, y=y
and we get HY.

3.4.5. az; # 0,a3z = 0,a34 # 0. From (3.9) it follows that ay; = a;2 =
0,a2; = % and making the substitution

1
T =an+ 2% ¥= 2a4% +y

we obtain the subgroup H3°.
3.4.6. a3; = 0,a32 # 0,a34 # 0. Now the system (3.9) has the form

arr(airaz4 — azg + 1) + ajza2; = 0,
a12((a11a34 + aaz)azq + azq) = 0,
a11(asz — arraz,) = 0,

(3.12) ay2(asz + ayyazq) = 0,
az1(asz — ayyasy) = 0,

124032
a12a21a34 + | @22 — 1 — ———) azz = 0.
azq
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3.4.6.1. a1z = 0. From (3.12) we deduce

e11(@nnagq — a2 + 1) =0, ayy(azy — apjazy) =0,

3.13 ,
( ) az1(aszz — ajyazy) = 0, (az2 — 1)azy — agqazy = 0.
3.4.6.1.1. a1 = 0. From (3.13) we get az; = 0,421 — 1 = payz, azq = pag,,

where p is a real parameter. The operators are Y| = X3,Y; = X +pY54+X5,Ys =
a3z X2 + a34Xy and replacing Y2 by Y3 = Y — p¥3 and changing the variables in
the form

we find the subgroup HS.
3.4.6.1.2. a;; # 0. Now from (3.13) we get ayy = a—32-,(a22 - 1)azy —
' a34

azqa32 = 0 and using the change

_ _ a:
r=zz, Y= "ﬁ(“ﬂ +2)+y

we obtain the subgroup H2.
3.4.6.2. ay2 # 0. In this case the system (3.9) is incompatible and the
corresponding operators do not define a group.

3.4.7. a3z # 0,a3z # 0,a34 # 0. Then (3.9) becomes

1120124031
ap(anazy — ag2 + 1) + ajzag = e
34

12024032
(a11a94 + 1)ay = —————=,
a3q

a11(azs — a11a34) = 2a12a31,

(3.14)
ayz(asz + ayrazs) = 0,

24032
21032 — @22031 — all(a21a34 - (t2«1(l31) = az1(azz - _a— -1),
34

4032
a12(a21a34 — az4a31) = —azy (ftzz -——-1).
34
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3.4.7.1. a1 = 0. TFrom (3.14) we obtain

aji(azz — ajyazqe — 1) =0,
(3.15) |
ayi(asz — ayrasq) = 0,

(a21 — 1)azq — azqasz = 0,
(3.16)

a21a32 — a2a31 = a11(@21034 — G24a3).
Since a3z # 0,a3q4 # 0 from (3.16) we have azj(aze — ajjazq — 1) # 0 and
according to (3.15) we get a;; = 0. The last relation and (3.16) give agy — 1 =

1+ pas .
Pa32, Q24 = PUzq, gy = ___P_2a31’ p € R, and the corresponding operators are
a32

h=X3Y,= %Xl + X2+ X5+ pY3,Y3 = a31 X1 + a3 X2 + a34X4. Replacing
Y2 by Y2 = Yy — pY3 and using the change

34
—x+yY,
32

T = a3z +anr, y=-
we obtain the subgroup HS.

3.4.7.2. a12 # 0. The system (3.9) is incompatible and the operators do
not define a group.

4. ayy 75 0,a15 = 0. We asume that a4 = l,a04 = a3zq4 = 0.

4.1. a3z = azz = azs = 0. Hence az; # 0 and putting ag; = 1,a1; =
a3y = 0 we reduce to 1.3.

4.2. azz # 0,a33 = azs = 0. We choose a3y = 1,412 = azz = 0 and we get
2.3. '

4.3. az3 # 0,a25 = 0. We suppose az3 = 1,013 = azz = 0 and we obtain
3.3.

4.4. azs # 0. We put azs = 1,a35 = 0 and the operators Y; = a1 X; +
a12X2+a13 X3+ X4, Y2 = a1 X14+a2: Xo+a23 X5+ X5, Vs = a3 Xy +asa Xo+asz Xs
define a group iff

a11(2a22 — 1) — ayzaz1 = Aazy, aya(ag; — 1) = \azz, ai3agz — az = Aass,
2ay1a32 — a12a3; = pag, Q12a32 = [lazy, —agy + a13az; = pass,

" @21a32 — G22a31 = Va3y, vazz = 0, @33 = —Vags,
(3.17)
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where A, p and v are real numbers.
It can be shown directly that for the cases

4.4.1. azy # 0, a3z = azz = 0;
4.4.2. az; = 0, a3z # 0,ass ?é 0;

4.4.3. asi ;é 0, azg ;£ 0, ag3 ;é 0;
the system (3.17) is incompatible and therefore the corresponding operators do
not define a group.

We shall now treat the rest cases for gy, a3 and asz such that las1| +

|asz| + |aas| # 0.

4.4.4. az; = 0,a32 # 0,a33 = 0. We put azz = 1,412 = az; = 0 and using
(3.17) we find ay1 = @13 = az; = 0. We make the change

T=2, Y=am+y

and we obtain the subgroup HJ.

4.4.5. a3z # 0,a3z # 0,a33 = 0. Now the system (3.17) gives aj3asy —
az; = 0 31 — a13a32 = 0 a1i1azz — a12a31 = 0 210432 — Q22031 = 0 and conse-
azy
quently ayy = pasi, a2 = pasz,a13 = o221 = 0a31, gz = 0y, where p and
32

. a
o arc real numbers. Then the corresponding operators are ¥; = pY¥3 + —ﬂ.‘xa +
X4,Yy = 0Y3 + a3 X3 + X5,Y3 = a31 X1 + a3 X2. We change the opewtors Yi
and Y2 by ¥; = Y] — p¥3,Y; = Y3 — 0Y3 and applying the substitution
T =ag + a3z, Y=ay3+y

we get the subgroup HJ.

4.4.6. a3z = azz = 0,a33 # 0. We suppose that az; = 1,a;3 = a3 = 0
and from (3.17) it follows a131(2a22 — 1) — aj2a2; = 0,a12(age — 1) = 0.

4.4.6.1. ajl = a2 = 0.
4.4.6.1.1. az; = 0. We have HS.
4.4.6.1.2. agz # 0. We make the change

T =a taxpr, y=y

and we obtain the subgroup Hj.

4.4.6.2. a1y — ajaa2; = 0,a9, = 1.
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4.4.6.2.1. @32 = 0. By the change
T=an+e, y=y
we get the subgroup HY with a = 1.
4.4.6.2.2. a1z # 0. We make the substitution
T=an+e, y=r—ay
and we find the subgroup H$.

4.4.6.3. a2 = 0, azz = 1/2.
4.4.6.3.1. a3; = 0. Changing the variables in the form

1
(3.18) T =ay + -2-.17, Y=y

we obtain the subgroup H with o = 1/2.
4.4.6.3.2. @11 # 0. Applying (3.18) we get H10.
4.4.7. a31 # 0,a32 = 0,a33 # 0. We get from (3.17)

_ Gi3az _ a3
ap = y @z =—, axp=1
ass 33

and then the corresponding operators has the form

a a 3 a N 3
Y, = Vs + ﬁxz + X4, Y2 = ann Xy + X + a23X3 + X5, Y3 = 031X + assXs.

33

Obviously we can change Y; by ¥ = aa3}; — @13Ys = ag1 X2 + as3 Xy and
replacing \ ' '
T=an+z, §=aanass— axnay + azzx — a3y

we find the subgroup HZ.

5. a15 # 0. We assume that ay5 = 1, ag5 = azs = 0.

5.1. a2 = ag3 = az4 = 0. Then azy # 0 and putting ag; = 1l,a11 = a3 =
0 we have 1.4.

5.2. ag2 # 0,a23 = azq = 0. Now we choose azg = 1,012 = ag2 = 0 and
we get 2.4,

5.3. a3 # 0,a24 = 0. We take az3 = 1,013 = asz = 0 and we find 3.4.

5.4. a4 # 0. We assume agq4 = 1,14 = azq = 0 and we obtain 4.4.
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Now we summarize the foregoing results in the following

Theorem 2. The three-parametric subgroups of Hs can be reduced to
one of the subgroups

H:} = {X11X2sX3},

H2 = {X1, X2, X5},

3 = {X1. X3, X4},

H;‘;‘ = {-leX39aX2 + ,BX‘I + X5 I (Y,ﬂ € R} ’

Hg = {X3, X3, X4},

HS = {X3, X3, X5},

Hg = {-X2’ X47 X5} )

Hg = {X3,X4,aX1 + X5|Cl' € R},

Hg = {Xa,X4,aX2 + X5|(l' #0,a € R},

H:}O = {Xa,Xg +2X5,a0X; + Xy |« # 0,a € R} .

Remark 3. HJ is the isometry group in I's.

4. Two-parametric subgroups of II;

A two-parametric subgroup of Hj can be defined by two linearly indepen-
dent infinitesimal operators Y,k = 1,2, in the form (2.1), which satisfy (2.2)
fori# 7;4,5,k=1,2. '

1. a12 = a13 = a4 = ay5 = 0. Then a3 # 0 and we can put a1y =
1, a1 = 0.

1.1. a3 = a4 = agzs = 0. Consequently az; # 0 and choosing az; = 1 we
obtain the subgroup
H2' ={X1,X:}.

1.2. az3 # 0,a24 = azs = 0. We take az3 = 1 and therefore Y} = X;,Y; =
a2 X2+ X3. From [Y1,Y3] = a2Y; it follows that Y} and Y, define the subgroup

H? = {X),aX2+ X3|a € R}.

1.3. ag4 # 0,a25 = 0. We assume that azqy = 1. In this case the
corresponding operators Y7 = X;,Y2 = @22X9 + a23X3 + X4 do not define a
group. :
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1.4. azs # 0. We choose azs = 1. The operators Yy = X, Yo = 92X, +
23 X3 + a4 Xy + X5 define a group iff agq = 0. We make the change

T=x, Y=am3+t+y
and we get the subgroup

H3 = {X1,aX2+ Xs|a € R}.

2. 12 # 0, a13 = a14 = Q15 = 0. We suppose a2 = 1-,(122 =0.
2.1. a3 = a4 = agzs = 0. Then ay; # 0 and taking ag; = 1,017 = 0 we
obtain H}.

2.2. a3 # 0,a24 = azs = 0. We put az3 = 1. The operators Y; =
a11. X1 + X2,Y2 = a1 X1 + X3 define a group ifl g3 = 0. We make the change

(4.1) T=an+zx, Y=y

and we get the subgroup
H} = {X3,X3).

2.3. ag4 # 0,a25 = 0. We assume az4 = 1. The operators Y; = a;1 X1 +
X2,Ys = a1 X1 + a3 X3 + X, define a group il az; = 0,a23 = ay;. Applying
(4.1) we get the subgroup

H; = {X3,X4).

2.4. azs # 0. We take azs = 1 and the operators ¥; = a1, X1 + X2, Ys =
a21X1 + a23X3 + a4 X4 + X5 define a group ifl ay; = a3 = agy = 0. We have
the subgroup

HS = {X3, X5} .

3. a13 # 0,a14 = ay5 = 0. We suppose ;3 = 1,a3 = 0.

3.1. az2 = az4 = azs = 0. Now az; # 0 and putting az; = 1,a1; = 0 we
obtain 1.2.

3.2. azs # 0,a4 = ags = 0. We choose ayy = 1,a12 = 0 and we got 2.2.
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3.3. agq # 0,a25 = 0. We put azq = 1. The operators Y7 = a1 Xy +
a12 X2+ X3,Ys = a1 X1+ a2 X2+ X, define a group iff (l.u((tu —dg2)+2a12a9; =
0, aga(ay + az2) = 0.

3.3.1. a1 = a1 = 0.
3.3.1.1. a2 = 0. If agy # 0, then we have the subgroup
H = {X3,aX1+ X4|a # 0, @ € R},

and if az; = 0 - the subgroup

HY = {X3,X,}.

3.3.1.2. asz # 0. Using the change

a 1
(4.2) T=-—24a, j=-——a+y
az 22

we find the subgroup Hj.
3.3.2; 11 = Uz2,0412 = 0.
3.3.2.1. a11 = 0. We have 3.3.1.1.

3.3.2.2. a11 # 0. Now we apply (4.2) and il ag; = 0 (resp. ag; # 0), then
we get H} (resp. H? with a #0 ).

3.3.3. 11 = —dayy, a%l + ajg) = 0.
3.3.3.1. a;; = 0. We have 3.3.1.1.

2
3.3.3.2. a12 # 0. We find agy = —gl]— and replacing
12

T=an+ae, Y=y
we obtain the subgroup
HY = {X4,aX2+ Xa|a #£0, @ € R}.
Unifying the last two subgroups we have the subgroup

HE = {X4,aXy+ X3|a € R}.
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3.4. aés # 0. We puf; azs = 1 and the operators Y7 = a1, X1 + @12 X2 +
X3,Y2 = a1 X1 + a22X2 + a4 X4 + X5 define a group iff

a11(a11@24 — a2 + 1) + ajpa2; = 0,
(4.3) apz(anaz +1) = 0,
12094 ’ == 0.

3.‘1.1.‘(&11 =aj = 0.

3.4.1.1. azs = 0. After the change
T=2x, Y=anay+anux+y
we get the subgroup

}Ig = {X3,aX1 + X5 | w e R} 5

3.4.1.2. ag2 # 0. Replacing
| T=ay t+axpr, j=ayur+y
we find the subgroup

H3° = {X3,aX2+ BXs+ Xs|a #0, « € R}.

3.4.2.-@11(124 —ag2+1=0,a12 =0.
3.4.2.1. a;; = 0. We have 3.4.1.2.
3.4.2.2. ay # 0.

3.4.2.2.1. az2 = 0. By the change
T ==z, 'I_—-a—21—~_"l:+J
apny  an

we obtain the subgroup H$ with a = 0.
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3.4.2.2.2. azz # 0. Using the change
_ 1 21 ) _ (DY 1
T=—\|—+42 y=—-———-—a+4y,
a11 (022 Y 11 an Y

we get the subgroup H3 with a # 0.

We oniit the rest of the cases for a;; from (4.3) because they are reduced
to preceding ones.

4. ayy # 0,a15 = 0. Then we assume that ayy = 1,a94 = 0.

4.1. azz = a3 = azs = 0. Now ag; # 0 and putting ag) = 1,ay; = 0 we
obtain 1.3.

4.2. agg # 0,423 = azs = 0. We choose ay; = 1,a12 = 0 and we get 2.3.
4.3. a3 # 0,435 = 0. We put ags = 1,45 = 0 and we get 3.3.

4.4. azs # 0. We suppose azs = 1 and the operators Y = a3 X; +
a12 Xy + a3 X3 + Xy, Y2 = a1 Xy + 22Xz + a23.\3 + X5 define a group iff
a11(2az2 — 1) — ayza9; = 0,

arz(aze —1) =0,
13022 = 9.

4.4.1. ajp] = a2 = 0, A1 = a13a92.

4.4.1.1. azz = 0. We have az; = 0 and replacing
(4.4) T=wm3z+x, y= o3 + Yy
we find the subgroup
H?Y = {X4, X5).
4.4.1.2. az; # 0. Now by the change (\1..1) we get the subgroup

"
Hy' ={XyaXe+ Xs|a#0,a€ R}.
Unilying the last two cases we have the subgroup

H}' = {X4,aX3 + X5

w € R}.
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4.4.2. a12 = 0, agy = %a13, az = %.
4.4.2.1. ay3 = 0. By the change (4.4) we get the subgroup I7}' with

Q
Il
o

4.4.2.2. ay; # 0. Applying (4.4) we obtain the subgroup
H}? = {Xo+2Xs5,aX;1 + X4 | #0, ¢ € R}.

4.4.3. 11 = a12a13, 21 = A13, U2 = 1.
4.4.3.1. a12 = 0. We have a1; = 0 and making the substitution (4.4) we
find the subgroup H}! with a = 1.

4.4.3.2. a1 # 0. Replacing
T=wm3+ 2, Y=apas—a3—2+ ey

we obtain the subgroup HS.

5. als 75 0. We put ays = 1,(L25 =0.
5.1. ag2 = ag3 = azq = 0. Then ag; # 0 and taking agy = 1,417 = 0 we
obtain 1.4.
' 5.2. agp # 0,a23 = azq4 = 0. We choose ayy = 1,a;2 = 0 and we obtain
2.4.

5.3. a3 # 0,424 = 0. We suppose ay3 = 1,113 = 0 and we have 3.4.

5.4. azq # 0. Now we put az4 = 1,413 = 0 and we get 4.4.

Thus the following theorem is stated:

Theorem 3.  The two-parametric subgroups of Hs can be reduced to
one of the subgroups

H% = {XI,X2}a

H? = {X1,aXs+ X3|@ € R},

H3 = {X1,aX,+ Xs|a € R},

03 = {X,, X3},

H3 = {X2, X4},

HS = {X,, X5},

flg = {Xa,aXl +Xy|la#0,a€ R},

HE = {X4,aXs+ X3|a € R},

IIg ={Xs,aX; + Xs| v € R},

H210 ={X3,aXs+8X,+ X5 | #0, a € R},
qu ={Xy,aXs+ Xs5|a € R},

H}? = {X2+2X5,aX1+ Xy|a#0,a € R}.
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5. One-parametric subgroups of I/

An one-parametric subgroup of If5 can be defined by an operator of the

5
Y = E b; X;,
=1

where b; € R. We distinguish the following cases:

form

1. by = b3 = by = bs = 0. Consequently by # 0 and putting by = 1 we
obtain the subgroup
Hi = {X1}.

2. by # 0,b3 = by = bs = 0. Now we suppose by = 1. We make the
change
T=bi+za, y=y

and we get the subgroup
H? = {X,}.

3. b3 # 0,b4 = b5 = 0. We assume b3 = 1.

3.1. by = by = 0. In this case we have the subgroup

Hi’ = {‘Xv";} .

3.2. by # 0,02 = 0. Replacing

E U
b YT TR

~

T =
we get again the subgroup Hj.
3.3. by # 0. By the change
T=0b+bx, y=y
we obtain the subgroup

Hf ={aXs+ X3|a # 0, @« € R}.
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4. by # 0,b5 = 0. We choose by = 1.
4.1. by = by = 0. Applying
(51) T=byt+w, y=y

we find the subgroup
o} = {X,}.

4.2, by # 0,b2 = 0. Replacing (5.1) we get the subgroup

H? = {aX1 4+ X4|a#0,ax € R}.

4.3. by = 0,by # 0.
4.3.1. b3 # 0. We make the substitution
_ 1 _ 1
x = —E;:c, Y= —E;:z.'+y
and we obtain the subgroup Hj.

4.3.2. bg = 0. Using the change

T=ux,

-

1
— -—Ea, + Y

we find the subgroup HZ.
4.4, by # 0,y # 0.
4.4.1. by — babs = 0. By the change

(5.2) T=—+uz, ‘_Ij:-——bl—:l:+y

2

ks

we get again the subgroup H?.
4.4.2. by — bab3 # 0. Replacing (5.2) we obtain the subgroup .

5. b5 75 0. We put b5 =1.
5.1. by = by = 0. After the substitution
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(5.3) =2, Y=bz+bix+y

we find the subgroup
H] = {Xs}.

5.2. by # 0,b2 = 0. Now we make the change

1
= -2, g=bibs+ b3+ bz +y
1

and we get the subgroup
HE = {X; + X5}.

5.3. b1 = 0,()2 # 0.
5.3.1. by = 0. Replacing

T=z, g=bs+y
we obtain the subgroup
HY = {aX;+ X5, |a #0, € R}.

5.3.2. by # 0. Using (5.3) we find the subgroup

H{® = {aX;+ X4+ X5, |} #0, , B € R}.

5.4. by #0,b2 #0. :
5.4.1. by = 0. We make the change

T=by+bx, y=0bz+y

and we get the subgroup H?.
5.4.2. by # 0. By the substitution

T=b+b,y=bs+biz+y

we obtain the subgroup H}°.
Re-numbering some groups we have:

A. V. Borisov
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Theorem 4. The one-parametric subgroups of Hs can be reduced to
one of the subgroups

m} = {Xi}, nE = {X>},
H} = {Xa}, H{ = {Xa},
o} = {Xs}, ¢ ={aX;+ X4, |a# 0, € I},
H = {X1 + X5}, HY = {a«X2+ X3, |a # 0, € R},

HY = {aXy+ X5, |@ # 0,0 € R} H® = {aXz+ X4+ X5, |af £0,0,8€ R

Remark 4. Geometrical interpretations of one-parametrical subgroups
of Hy are given in [2] and [7].
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