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Principal Functions of the Non-Selfadjoint Operator
Generated by System of Differential Equations 1
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In this article, we have defined an operator L by system of differential equations of the
first order in the space L2(0,00; C2). Discussing the principal functions of L, we have proved
that the principal functions of L corresponding to the eigenvalues are in L2(0,00; C2) and the
principal functions corresponding to the spectral singularities arc in another Hilbert space that
contains L2 (0, 00; C2).
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1. Introduction and preleminaries

The spectral analysis of the non-selfadjoint differential operators with
continuous and point spectrum has been investigated by Naimark [9]. He has
proved that some of the poles of the resolvent are not the eigenvalues of the
operator and also shown that they are on the continuous spectrum. In [12] these
points are called spectral singularities. So, in [9], it has been shown that spectral
singularities have a special role in the spectral analysis of an operator. In [7], the
properties of the principal functions corresponding to the spectral singularities
are studied and the effect of the spectral singularities to the spectral expansion is
investigated. Some problems of the spectral analysis of non-selfadjoint operators
with spectral singularities are studied in [1] — [3],[5],[8] .

Let us consider the non-selfadjoint operator L generated in L2(0, 00; C3)
by the system of differential equations

it w2, ) + q1(2) ua(z, A) = A wy(, A)

(1) —i% ug(z, A) + q2(2) ui(x, A) = A ug(x, N) z € [0,00)

1T he first anthor would like to thank Scientific and Technical Research Council of Turkey
for the financial support
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and the boundary condition
(2) , u2(0,A) — h uy(0,A\) =0,

where ¢;, i = 1,2 are complex valued functions, i is a complex number and

L3(0,00; Cy) := {f= f= ( jﬁ; ) /{lf-l(:v)P + |f2(w)|"}d:v < oo} i

By applying the transformation of

y(x, ) = % [w1(z, A) + ua(z, A)], yo2(a, ) = -2—15[11.2(:1:, A) — wi(z, N)]

to the system (1) we can see that it has become the following

3) B2 (2, 3) + 0(z) y(z, ) = Ay(a, ),

where
p=( % 5 ) ven= (00N ) 0w= (20 40

p(z) = S [01(2) + 6@)], o) = & () - ()

The equation (3) is called the canonical Dirac system.
Assume that,

(4) lgi(2)] < ¢ exp(—ev/), €>0, i=1,2

where ¢ > 0 is constant.
This paper is a continuation of [1] and we use the notation therein.
Let us consider the following vector solutions of the equation (1)

—i\z —i.\:roo . N it
egl)(w,/\) ) _ e +c {II“(:L,.’L‘ + t)e dt

| (5) eMW(x,A) = ( egl)(m 2)

. m -
e“'\"’f Iy (z,x + t)e""\‘dt
0

. g ) . -
e [ o(, 2 + t)etMdt
0

. 6(2) T
6 ez, = ( A ) -

ey (z, ) €N 4 N [ (2, 2 + t)eiMdl
0
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where the matrix function

_  Hu(x,t) , Hy(z,t)
H(:L‘,t)— ( }Ili(:v,t) N ]I;:(.’L‘,t) )

has the role of a kernel of the operator transformation in the quantum scattering
theory ([1],[11]).

The solution e(!)(z,)) is analytic with respect to A in lower half-plane
(ImA < 0) and continuous up to the real axis and e(?)(z, A) is analytic in upper
half-plane and continuous up to the real axis ([11]).

It is obvious that under the condition (4), the following inequality hold

(p:
7 H;j(z,t)] < cexp{ —e e , €>0, ¢, 75=1,2
! 2

where ¢ > 0 is a constant.
Let us define the following functions:

Dy(A) = e§2(0,)) — h e{P(0, A)

D_(2) = e(0,A) = h ¢{V(0, 1)

Also, 4(L) and 0,,(L) will denote the eigenvalues and the spectral singularities
of the operator L, respectively.

Theorem 1.1. ([1]).
a)oy(L) = {X: ImA >0, Dy(\)=0}u {A:ImA <0, D_(A)=0,}
b)oss(L) ={A: ImA =0, Di(A)=0}U{\: Im)=0, D_(A)=0}.

Theorem 1.2. ([1]). The operator L has a finite number of eigenvalues

and spectral singularities and each of them is of finite multiplicity, if condition
(4) holds.

Let

— 901(3'7 /\)
#l@A) = ( P2(, ) )

be the solution of the equation (1) subject to the intial conditions

<p1(0,z\) = 1, (pz(O, /\) =h.
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_{ e1(z,N)
Pz, A) = ( (p;(:v,z\,) )

The solution

exists, is unique and an entire function of A ([10]).

2. Principal functions

Let us express the system (1) as

(8) [Jd—da-: + Q) — /\] wax, N)=0,

where

1=(5 0) a0 (2 ) = (2.

We define
©) W [0, A), ¥, 2] = 120, ) 520, 2) - 8520, yP(0, A)

as the Wronskian of

2),,
#en= () wen= ()
2 2 "

which are the solutions of (8) (or of the system (1)). It is obvious from (9) that
(10) W [<p(m,,\), e('-’)(a,-,,\)] =Dy(), W [elz.)), e(‘)(;v,,\)] = D_()).
In the following we use the notations
R = (-00,0), C4 ={A:ImA>0}, C_={A:ImA<0}.

Let /\i",...,/\}' and puy,...,pu, denote the zeros of Dy in C4 and D_ in
C_ (i.e. the eigenvalues of L) with multiplicity m'l",...,m;-" and my,...,m;,
respectively. Similarly, let Aq,...,A\s and gy, ..., 41, be the zeros of Dy and D_
on the real axis (i.e. the spectral singularities of 1) with multiplicitics m, ..., mq,
and nq, ..., 0y, respectively. It is trivial that from (10)

(11) {;i\" [99(% 3, e, A)]},\=,\+ ¥ {‘l(f\" +(/\)}\=,\f ="
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for n = 0,1, ...,mZ’ -1, i=1,2,...,7 and

(12) {a—a/\:);W[(p(a:,)\),e(l)(:v,/\)]}’\q“_ {Z\vD (A)}

forp=0,1,....m; =1, i=1,2,..,0.If n=p=0 we get

Il
o

A=pu;

(13) o(x, AF) = ao(A}) e (a, AN, k=1,2,...,3
and
(14) e, p7) = bo(py) eV, 7)), i=1,2,...,¢.

So ag(Af) # 0 and bo(p;7) #0.

Theorem 2.1. The formulas

1=0

forn=0,1,...m —-1 k=1,2,...,5 and

(16) {%qw,,\)} = 3° ( . ) bici {i\ Wz, ,\)}A%_ :

A=p; 7=0

forp=0,1,. -1, i=1,2,..,€ hold, where the constants ag, ay, ..., a, and

bo, b1, ..., b, depend on X" and p;, respectz'm:ly.

Proof. Let us start with (15). We use mathematical induction. For

= 0 the proof is trivial from (13). Now let us prove (15) for n = 1. It is
obv1ous from (11) that

. 9 2) ok d s
(17) {a’\W [(p(m, A), g (m, ,\)] }.\=,\Z' {d’\ D+(/\)}A=z\t 0
If u(x, A) is a solution of (8), then
d -,
(18) {J5+Q(w)— /\} a—Azz(:lr,A) = u(z, \)

holds. Using (18), we have

; d 17}
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L _at _‘7_(2).} @ (g \F
(20) {Jda: +E =X } {a)\e (2:) A=AF =)
From (13), (19) and (20) we get
d
{J'([? + Q(.’B) - /\2-} f[(.’l?,/\;:-) = 0,

where

A = {mee )} - aoth {50 0]

A=A} A=A}

By (17) we obtain
9 ;
A e(? FY| = § = (2 ) (2 =0.
W [ (e XD, €@ (@, 20)] {a,\W EER (%’/\)]}_h.\t 0
Hence there exist a constant a;(A}) such that
fi(@, ) = ax(A\))eP (e, A,

or

9 oz = e (AF)e® (2. AT +{_f?_(2);
{al\g:(a,,,\)}A A+—a1(Ak)e (2, Af) + ao(A)) e (z,A)

=AL ’\=’\t

Thus (15) holds for n = 1.
Let us assume that for 2 < ng < mf — 2 the equality (15) holds; i.e.

e { gyt )} st i( i )“""“” " ow e }\=,\1‘ '

1=0
Now we prove that (15) holds for no + 1, too. If u(z, A) is a solution of (8), then

/\,, "u(x, \) satisfies

n n—1

. d J J
(22) {J%- + Q(z) — )\} 3,\n"(7 yR) = v (e, A).
Writting (22) for (2, A}) and e@(z,Af), and then using (21), we find

1
{Jc_l(_:l; + Q(z) — ’\-L'-} fno+](.'l.',A2') =0,
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where

61

no+1 o
y 1 ai
-y ( n(,:- )“no+1—i('\f§){WC(”(@',/\)}

i=o A=A}

From (11) we have

al
W [ﬁ.o+1(w,f\25),e(2)(w”\f)] = {a,\n Dameri ["m A), ez, ’\)]},\;\;r =0

Hence there exists a constant a,,o_,.l(/\,t) such that
Jno+1(2, ’\IT) = ano+1(’\z-)€(2)("” ’\I.+) g

This shows that (15) holds for n = ng + 1. In a similar way we can prove
that (16) also holds. -

Theorem 2.2.

(Z3) { aTn

} € L3(0,00;C32), n =0, 'l,...,m,'!' -1, k=1,2,...,7
,\=/\z
il . -,
(24) (L\PSO( A) € L2(0,00;Cz), n=0,1,...m — 1, i =1,2,...,L.
A=p;

Proof. From (6) we have

:‘)ll (2) |
(Zen) - (),
ain + - an_ (2),
A=A {5_"2 (""”\)}'\__\.,_

\n
=N\

7[1(:1, + 0] gz, 2 + t)exp [iNF (2 + t)] dt

(25)= 0 0

(i) exp(iAfa) + [ [i(z + )" Hop(x, x + t)exp [iAf (x + t)] dt
0
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for n =0,1, ...,m;_!' -1, k=1,2,...,j. Using (7) and (25) we obtain

9" ) }
3 (2, A
'{Bx\”cl (2:2) A=A}

(o]
< /(.L + )" | Hyg(x,x + t) exp {—(x + t)TmAf} dt
0

o v
< c/(a. + t)" exp {—(a + t)ImA} } exp {—c\/ 2:1:2-|— t} dt

0

/ [i(z + O))" Hya(w,x + t)exp [u\,‘f(z + t)] dt
0

< cexp (—eV/7) /(:z: + )" exp {—(x + t)ImA} } dt
0

[oe]
(26) < cexp(—e\/E)/t" exp {—t ImA}}dt.
0
Since [ 1n/\L'f' > 0, then we have
oo
(27) /t" exp {—t ImA\}}dl < 0o .
0

From (26) and (27) we get

" (2, }
{01\"61 (@:4) A=\t

k

(28) < (‘XD("-G\/E);

for n =0,1, ...,m,'f.' -1, k=1,2,...,7, where ¢; > 0 is a constant. In a similar
way we can show that

I o), }
(29) l{ e

for n = 0,1, ...,m,’:' -1, k=1,2,...,7, where ¢y > 0 is a constant.

By (25), (28) and (29) we obtain

2
”*
— @A
[{omeen),_,

Lz (0,00;02) 0

< z"exp(—a TmA}) + ez exp(—eV/7)

2
dax

o )
@, A
{ et )},\=,\¢
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2
da < o0,

for n = 0;1,...,m,':' -1, k=1,2,..,5. Using (15) and (30) we arrive to (23).
(24) may be derived analogously. ]

oo 2
" (2) " (2), }
_ LA O TP
of{i{a)\" (= ’\)},\=,\;§ * {3/\"02 ) A=aF
or a
(30) {mne(‘*’)( A)} € 1.2(0,00; C2)
A=NF

(‘)”"I. -1

P! .
$7)‘+ ’ {—‘P :l),A } v { QO( T, )}
90( k ) o\ ( ) ,\=,\z' P \m -1 \=’\t

and

R 9 } am‘»_—l
2, 57), 4 oo, A —— (@, A
o, 17) {a,\‘P( ) N {0,\"1; = )},\%_-

are called the principal functions corresponding to the eigenvalues A = A} |
k=1,2,..,jand A = p;,i=1,2,...,of L, respectively. In the above, ¢(z, Xk*')
and ¢(x, p; ) are eigenfunctions;

a } 01"" -1 '

—@(x, A SN z, A
{ et - { e, )}\_”
AZAp

are the associated functions of ¢(z, A}) and

o } (‘)m'-_-—]
—p(z, A yeey - x,A :
{8A wed) A=uy {3’\’"‘ - )},\=u-‘

are the associated functions of ¢(z,u;") ([6]).
If Afy .oy Aw and pg, ..., py, are spectral singularities of L (i.e. the real zeros
of Dy and D_), then we obtain

(31) {%W[p(m,/\),e(z)(m,/\)l} ={d‘%p+(,\)} =0

A=) A=A

forn=0,1,...,mr—1, k=1,2,...,

(32) {%W[cp(z,/\),e(l)(a:,,\)]} ={d’\p "('\)}\=m=0

A=p;
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forp=0,1,...,n; =1, ¢=1,2,...,v. Using (31) and (32) similarly to the proof
of Theorem 2.1, we have the following remark.

Remark 2.3. The formulas

anr Z n 1]
(33) {—7M%M} =§(,)¢“mu{—4WuA}
2 A=\ g0 VY 2 A=\

forn=0,1,...m,—1, k=1,2,...,«, and

0 3 0
(34) {()Mcp( ,,\)} = Z ( f ).(/p—j(/lj) {0\ eW(z, ,\)}\=m

A=pi j=0

forp=0,1,..,n;,—1, i =1,2,...,v hold.

Lemma 2.4,

dﬂ.
{ \”4,0( )\)} ¢ L3(0,00;C2), n=0,1,...,mp— 1, k=1,2,...,«
A=)k

d}
{ ==l )\)} ¢ Ly(0,00;C2), p=0,1,.c,n; =1, i=1,2,..,v
ON A=pi

Proof. May be casily obtained from (33), (34) and

J UM p(a, U) exp(igl)di

{gweten) = 7
¢ A=N (fx) exp(idgx) + [ (i) Haz(x, t) exp(irgt)dl
(35) Ja
(—ix)Pexp(—ipx) + ]'(—il)”]I“(m,t)oxp(—iu;l.)(lt
I ) J
== (;L‘, /\) = oo !
A=p; J (=it Iy (e, 1) exp(—ipit)dl

(36)

Now let us introduce the Hilbert spaces:

mmmcwm={ﬂf=(2),/u+m“ﬁth+muW%M<m}
0
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H(0,00; Cg, —m) = {g 1g = ( Zl ) , /(1 S {Igl(m)|2 + |g2($)|2} de < oo}
- 0
with -
”f“%l(O,oo;Cg,m) = /(l + '1")2m {lf](li)lz + |f2(m)l2} ll:lf,
0

x

IolBst00amy = [(1+ ) {lon (@) +lga(@)  d,
0
respectively. It is evident that

H(0,00;C3,0) = Ly(0, 00; C3),

H(0,00; C2,m)CxL2(0,00; C3)Cx (0, 00;Cg, —m), m = 1,2,...

Let H'(0,00; C2,m) denote the dual of 17(0, c0; Cg,m), which is isomor-
phic to H(0,00;Cz,—m) ([4]). So for every lunctional I’ € I'(0,00;Cga,m)
there is a function f* belonging to H (0, c0; Ca, —imn) such that

F(f)= /f('z,) [(x) de
0
for all f € H(0,00;Cz,m).

Theorem 2.5.

o
{th(.,)\)}/\ . € H(0,00;C2,—(n+1)), n=0,1,...,mp—1, k=1,2,...,x,
(37) =Ak
oY .
{W(P(")‘)}A € H(0,00;Cz,—(p+1)), p=0,1,.,m;—=1, i=12,..,v.
=ui
(38)

Proof. From (35) we have

(39) | |{%e§"”(w,x)} < [t e, lar

A=)\
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(10) l{ e}

for n=0,1,...,mr—1, k=1,2,...,«c
By the definition of the space H(0, 00; C2, —(n + 1)) and using (39), (40)
we arrive to (37). In a similar way we can show that (38) also holds. n

0
<ot / (" | s, )| dt

)m,,—l
p(2, k), {3/\99(1: /\)},\=,\. {‘)\m“ Tl )\)}\"—"'\k

- {3( A)} {" (-A)}
LR FO LAY N PP U L

are called the principal functions corresponding to the spectral singularities
A=)\, k=1,2,...,aand A = yu;, ¢t =1,2,...,v of L, respectively.
Let us choose mg so that

and

A=

Mo = MAX {M1, ooy Mgy N1y ooy Ny}«
If we take
H,,, = H(0,00;C2,mo+ 1), H_p, = H(0,00;Cz,—(m0o+ 1)),

then
Hmocgé L2(0, 05 C2) Cn.eqH—mo 1)

From Theorem 2.5 we have the following remark.
Remark 2.6.

n
{ ()/\n‘P( /\)},\ X €EH py, n=0,1,...mp—1, k=12..,c
=Nk

0
(., ,\)} €EH_,,, p=0,1,..,n;,—-1, i=1,2,..,v.
{W €,

Spectral expansion in term of the principal functions of L will be exam-
ined in a different work.
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