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We investigate the case when the necessary and suflicient conditions for the L1 ([—1,1])
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1. Introduction and main results

Marcinkiewicz inequalities link up the L7-weighted norm of a polynomial
with a suitable quadrature sum.

Recently (see [14],[15],[2]) some Marcinkiewicz inequalities have been
stated using the so-called generalized Ditzian-Totik weights, which are weight
functions of the following type:

M
(1.1) w(a) = H |z — 7 |TF @ (|2 — %), [2f'< 1y By >ie1,
: k=0

where

“l=mn<n<.<7Ty_1<TM=1,

i :={ 1/2 if ke {0, M}

1 otherwise
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and the functions ®; are either equal to 1, or they are concave moduli of
continuity of the first order (i.e. ®; are semi-additive, nonnegative, contin-
uous and nondecreasing functions on [0,1] with ®;(0) = 0 and 2,(%kL) >
®p(a) + ®4(d),Va,b € [0,1]) verifying the following property:

[{)]
Ve > 0, "( ) ; is a non-increasing function on [0,1]: Iim+ — = O
x—0 Hine
If w is a generalized Ditzian-Totik weight, then we brielly write w € GDT
and denote by {pm(w)} the corresponding system of orthonormal polynomials
having positive leading coefficients.
-1
Ior each m € IN, let A\,(w,2) := [Z'"_ pi(w, 7,)] be the m — th
Christoffel function corresponding to w and 2y := ¥ (w), k = 1,..,m, be the
zeros of p,,(w) (arranged in increasing order). I'urthermore, we denote by 1B,
the set of all algebraic polynomials of degree at most m and by L? the space of
1
all measurable functions such that || f||, := (f_'l [f1P)? < oo.
The following theorem is proved in [1-1].

Theorem. ([14, Theorem 2.7]) Let | < p < o0, uyw € GDT',u € LP
and @(2) := /1 — 22. Then the following statements are equivalent:
i) The weights u, w and ¢ are such that:

(1.2) 2 _eI? and Y2 ¥, p=-2.
Jwe U p—1

ii) For all m €IN and P € IB,,_4

(1.3) "PUHZ <C Z Am(u”, "U’)“’(-"ﬁ')lp

i=1

holds, where C' is a constant independent of m and P.

In the present paper we generalize this result showing how slight modifi-
cations on the system of knots in (1.3) influence the conditions on the weights
u and w.

We explicitly note that the distribution of the knots @; in (1.3) is of arc
cosine lype [21], i.e.

, 1 .
(1.4) zi=cosd;, Vi—Vigg~—, i=0,...,m,
m
where we set g = cosdg = —1, &1 = c0s Yy 40 = 1. Remark that all the sets

of knots we will consider in the sequel, have a similar arc cosine type distribution.
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Tor the sake of simplicity, we restrict our consideration to the simplest
case u,w € GDT having a unique (the same) zero or singularity inside the
interval [—1, 1], i.e.

(1.5(2) := (1 — 2)*(1 + 2)P|z — 7|28, (VI = 2)@a(VI + 2)®s(|z — 7|),
(1.6%(2) := (1 — a:)"(ll + 2)0|e — 7|78 (VT = @) Wy(V1 + 2)¥s(|z — 7).

Then all investigations can be immediately generalized to the more general
Ditzian-Tolik weights (1.1).

As a first problem, we study the construction of Marcinkiewicz inequali-
ties of the type (1.3) involving also some preassigned points (q,...,¢, in [—1,1].

This problem is not trivial, if we require that the number of the coelfi-
cients of the polynomial P is equal to the number of knots in the quadrature
sum. The main difficulty is that the fixed points {¢;} can be “too close” to the
knots {z;}. :

Using an idea from [3], [4], such problem can be overcome replacing the
zeros closest to the fixed points by the latter ones. In this way, the new set of
knots still has an arc cosine distribution (see [3]) and an inequality of the type
(1.3) still holds.

More precisely, if we denote by w.((;) the zero of p,(w) ncarest to (j,
J=L.oyr (e |2¢) = ¢l = minjcicom |2i — ¢G|) and by T = {i : a; #
2:(¢;), 4 =1,...,7}, then we can state the following result.

Theorem 1.1. Letl < p < 00, u,w € (/DT be given by (1.6) and (1.5)
respeclively, uw € LP, p(z) = V1 —a? and (y,...,( € [=1,1] fized. Then for all
m €IN sufficiently large and each P € 1B, _y, there exisls a posilive constant C',
independent of m and P, such that

(1.7) | Pullp < C Z An(WP, )| P(@)P + D Am(u?, ) PG
i€l i=1

holds if and only if

(1.8) 2 eI dnd YOy B
Vo u p—1

We note that (1.2) and (1.8) give the same conditions for the weights u
and w, hence the Marcinkiewicz inequalities (1.3) and (1.7) are equivalent.

Now let us examine the following question: what about the case when
(1.2) is not satisfied? Is it still possible to state a Marcinkiewicz inequality on
the zeros of p(w) in LY = {f : fue LP} ?
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[irst we consider the case 7’:-,3- ¢ L? but 3@ € L?. In this case we
succeed in obtaining a Marcinkiewicz inequality, involving the weight « and the
Zeros iy, ;(w), provided some additional knots are used in the quadrature sum.

The idea of adding nodes to a system of zeros of orthogonal polynomi-
als has been first introduced by Egervary and Turdn [6]. Subsequently these
techniques have been extensively used by many authors in diflerent contexts
(see for instance [25], [24], [11], [13], and the references therein). Recently, this
procedure has been used also in constructing Marcinkiewicz inequalities [15],
[2]). ©

Iollowing the cited papers, we choose the additional knots near the sin-
gularities and/or the zeros of the weights i.e., fixed g, n,» €IN, we define:

i
= = —(1+ 21), i= 1,0,
Yi 1+”+1( +3'1) ¢ y 1
i .
zi = -’Dm+n+—1(1—$m), b= L,
P 4 + ,,—_;'_1 (r—wq) Hr—ay>2441—7 i1y
v T+ g@ap—7) -2y <agq—7° it

where we have denoted by 24 and 2441 the zeros of p,,(w) which are closest to
7 (for m sufficiently large, surely there exists € {1,..,m} such that 2y < 7 <
To41 )'

We will use the following unified notation for the additional points:

Yi ifi=1,.,p
(1.9) t; = Ti—u fie=p+1..,0+rv
Zicp—y Hi=p+v+1,. 0u+v+0.

We explicitly note that the above points depend on m, but the numbers 9, u, v €
IN are independent of m.

Furthermore we remark that the system of knots {@;} U {{;} has an arc
cosine distribution and that other choices for the additional knots are possible
on condition that such distribution is preserved (sece [4]).

Set

(1.10) v(x) :=(1—2a)/(1+a)|a -7, le] <1,
with 7, ¢, v as in (1.9), we establish the following theorem.

Theorem 1.2. Letl < p < oo, w,u,v € GDT be given by (1.5), (1.6),
(1.10) respectively, uw € L? and p(z) := V1 — a2. The following stalements are
equivalent:
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i) The weights w,u,v and ¢ satisfy:

(1.11) Y eI? and ———'w”aeL”’, p = P

VWP uv Tp-1

ii) lor all m €IN (sufficiently large) and for cach P € 1P, 44 pqv—1

m n+pt+v
(1.12)  |[Puflp < C D An(uP, 2| PP+ Y Am(u? 1) P(L)]
=1 i=1

holds, where C is a constant independent of m and P and {t;} are given by
(1.9).

Finally we consider the case 54:’2 ¢ L but Fiw € L7

We observe that this situation is peculiar with respect to the previous
one, thus it is natural dropping, instead of adding, some suitable knots. The
idea of dropping nodes has appeared for the first time in a paper by Horvit and
Szabados [8].

We choose the knots to be dropped as follows. Taking v as in (1.10), i.e.
v(z) = (1 —a)(1 + a)*|z — 7|¥, p,v,n €IN, we remove p zeros of p,,(w) near
—1, 1 zeros near 1 and v zeros “around” 7. These last ones are chosen by turns
on the left and the right of 7, starting from a4, which is the zero closest to 7.
Thus we state a Marcinkiewicz inequality on the following set of nodes

LTS PR md_[.'ﬁ:zi‘:_l.]v $d+1+["f]v sy Ty

that, we remark, has still an arc cosine distribution.

Theorem 1.3.  Let w,u,v € GDT be given by (1.5), (1.6), (1.10)
respectively and @(x) := V1 —22. If1 < p < oo and u/v € LP, lhe following
statements are equivalent:

i) The weights w,u,v and ¢ verify:

(1.13) P e B and N & Lr. pli= P

v /wp u Tp-1

ii) For all m €IN (sufficiently large) and for any P € I = (4 vy =1

d'"[u_-zu] m=—1n

CUIPUE S C | Y MA@ )lPEP+ S An(u?, )| PP
i=p+1 i=d+1+[¥]
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holds, where d is the index of the zero x4 closest to T and C' is a constant
independent of m and P.

Summing up Marcinkiewicz inequalities in L}, involving the zeros of
pm(w), can be constructed also when one of the two conditions in (1.2) is not
verified, but the other one holds. In such cases we can look for three positive
integers 1), jt, v such that the weight v, given by (1.10), satisfies (1.11) or (1.13).
These integers “tell us” how many points we have to add or remove from the
set of knots in (1.3).

We remark that it is not always possible to determine the numbers #, je, v
since they must be integers. For example, taking p = 2, v = 1 and w = ¢ the
first condition in (1.2) is not fulfilled, but the second one holds.

On the other hand, in order that (1.11) is satisfied, the integers p and 7
have to verify the condition

O<p,m<l, p,meIN,

and obviously this is impossible.
Finally, since v is bounded, if Wt%ﬂ; € L7, then 7%3 € L?, which implies

that T‘:U% € L?. On the other hand from @ € L it follows @ € L” and

v w / . o, . F .
also —%‘z € L?. Hence if one condition in (1.2) is relaxed, the other one has to
be reinforced and then at least one of such conditions must be satisfied.

2. An application

Marcinkiewicz inequalities are important tools in several ficlds. One of
these fields is the study of the boundedness of the Lagrange operator in some
functional spaces (see for instance [23], [14], [15]).

In particular, the inequalities (1.7), (1.12) and (1.14) are equivalent to the
boundedness of the corresponding Lagrange operators in some Besov subspaces
of L. Here we illustrate such result just for the case of (1.7), since in the other
cases it is possible to proceed in a similar way.

First of all, let us give some notations and preliminary results.

We denote by C° = C°[—1,1] the space of all continuous functions on
[—1,1], equipped with the norm || f||cc = sup,.|f(x)| and by CP. the class of all
locally continuous functions on [—1,1] (i.e. continuous on each [a,b] C [—1,1]).

Now fix u as in (1.6), but with 0 = 0 and ¥3 = 1, i.e. let

(2.1) u(z) := (1 —2)"(1+2)° Uy (VI = 2)¥s(VT F 2).
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Very important subspaces of L} are the Besov-type spaces defined by means of
the lollowing seminorms

1 Qk t . q m 1
([ [B] 2Y 1y
”v/”“ﬂ’v(ll = 0 ’ /m' >r

- Qk L u,p
sup go(f, ) s

‘ q=00
t>0 v

where 7 > 0 and Qf;',(f, t)u,p is the &k — th weighted modulus of continuity [5]:

Q:;(f’ t)'“y)’ i= sup |I(Aﬁ¢j)ullL"(h,k)
0<h<t

with o(2) := V1 -2, Af_f(2) := Sk o(=1) ( ) Sz + Bo(w) — ihe(x)),

k €N and I := [—1 + 2h%Lk2,1 — 2h%L2).
fl<p<oo,1<g<ooandr>0,bhy usmg the above quasi-norm we
define the Besov norm:

Iz ¢y = IS elly + 11 lupaor
and the corresponding Besov space:
B (w) :={f € L} : I/l sz, () < o0}

Finally for each f € C° and m €IN, given an arbitrary set of knots in [—1,1],
S = {sj,7 = 1,...,m}, the Lagrange polynomial which interpolates [ on the
set of nodes S is defined as

m
(2.2) Lm(sy f"l') — Zlm.,j(s, "".)f(s.'i)’
i=1
where l,, ; are the so-called fundamental Lagrange polynomials given by
m P — 8
(2.3) Imj(S,2)= ] - Q‘ .
=157

In the case § is the set of the zeros of {p,,(w)} we will simply write L,,(w, f)
and Ly, j(w).

Here we consider the Lagrange operator Lyyptutu (X, f) interpolating
at the points X = {ap}7, U{t: )7, where {2 }x, are the zeros of py,(w)

s==]

and {t;}7H'* are the 4 p + v points introduced in (1.9).
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By Theorem we can deduce the following result about the behaviour of
the Lagrange operator Ly yn4u+r(X) in L.
Theorem 2.1.  Let u,w,v be given by (2.1), (1.5) and (1.10) respec-

tively. Then the following statements are equivalent:
i) The weights w,u,v and p(2) := /1 — a2 are such that

(2.4) 2 _eIP and X¥ €L”,
JUP ww
where 1 < p < oo and p' 1= ;25
k
ii) For each m €N, 1 < p < o0 and f € C_ satisfying fol Q%&Edt <
t'p

00, there exists a constant C' independent of m and f, such that

1
1o QoS b,
(2.5) Lot nttn (X, Fullpy < C || full, + T / %‘” ’
mr JO t P

or equivalently

C [ QE(S, 1),
(2.6) I(f = Lontnansu (X, ))ullp < T/ %—p‘lﬁ
mpy J0O t +P

iii) For each m €IN, 1 < ¢ < 00, 1 < p< 00, s> L and f e

P
B, (w)NCR . it results

loc
(2.7) I Lmtntntr (X, OBz () < CNFlBE ()5

or cquivalently for all0 < r < s

' ) w [k ’U)u ! %
(2.8) S = Lmntusr (X, )l BEy(u) < c (/0 [—“’(&3] dt)

s—r 1
m ta+ q

holds, where C' is a constant independent of m and f.

In the case n = p = v = 0 (i.e. » = 1) such theorem has been stated in
[14] for the classical Lagrange operator Ly, (w) while the case =yt = 0, > 0
was studied in [2], where the authors stated only sufficient conditions.

Furthermore we observe that Theorem 2.1., as well as the Marcinkiewicz
inequality (1.12), can be very useful when

u

V%

¢ L? and ——":‘P eLv, p = _p__
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3. Proofs.

Before giving the proofs, let us provide some notations and known results
which will be useful in the sequel.

We denote by C' a positive constant which may take different values in
different formulas and we write C' # C(«,),...), il such a constant is independent
of the parameters a, b, ...

If A, B are two positive quantities depending on some parameters, then
A~ B means C~!B < A < CB, C being independent of these parameters.

Moreover, we denote by AC),. the set of all locally absolutely continuous
functions on [—1, 1], i.e. absolutely continuous on each [e,b] C (-1, 1).

For each w € GDT given by (1.5), w,, denotes the function

1 1 1

wn(z) = (V=2 + =) (VIta+ =) (o -7+ —)" x
! 1 1.

X & (Vi-z+ m)<I>2(\/1 Fa+ E)%(l’" — 7|+ =)

and A,,(w) is the set

C]_ Cz Cg 6‘4
¢ P - u P | 23 14
(3.9 Am(w). [ 1+ T m] u [r+ m,l 3|
where the constants Cj, ¢ = 1,2, 3,4 (independent of m) will be suitably chosen
according the circumstances.

Comparing w and w,, it is simply to recognize that

(3.10) wp(2) ~ w(z), Va € Ap(w).
About the Christoffel functions correspbﬁ\ding to w, the following estimate
(3.] 1) /\m(w’ :L') ~ 'wm.(w)‘Pm("v)

m

holds [1],(12],[18]. Regarding the orthonormal polynomials with respect to w,
we have [1], [21]:

C
(3.12) pm(w,2)| € ==, Vo €[-1,1],
Vv wm(a")‘Pnz(-’v)

(3.13) pm(w,2)| ~ m= 12, e e [1- 1] ,

i m
(3.14) |Pm (w, 2)| ~ 'm"B-H/Z, Vee |—-1,-1+ n_%':l ,
(3.15) |pm(w, 2)| ~ m7/2, voe|r-S r4 Q] ,

i m m
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and, by (1.4), the zeros of p,,(w,x) verify [21]:

1-— T, L(w)

(3.16) T k41 (W) = T k(W) ~ m

Moreover for each 0 € GDT and 1 < p < 0o we have [19] (see also [23]):

(3.17) " haid

S Clim sup [|p,.(w)ou|l,, .
m

For each w € GDT, the following polynomial inequalities hold [12].
o If m €IN, then there exists a polynomial P € IB,, such that

(3.18) |P(2)| ~ wy, ().

o Ifm €IN,0 < a <mand E C [~1, 1] is such that meas(arccos E) < <&
then VP € IB,

(3.19) |1 Pwll, < Cl|PwllLe(-1,1)-E) C # C(m,P)

holds.
o If mm €IN and the points —1 < 2z; < 23 < .. < 2, < 1 are such that VEk,
z = cos O with |Og—y — x| ~ m~1, then for cach | €IN and for every P € 1B,

it results .

(3.20) (E’\ (w?, 2k)|P(ZL)|”)’ < CllPwll Lotz em))»

with C' # C'(m, P).
Regarding the modulus of continuity QF o (S 1) u,p it results [5]

(3:21) Qs up ~ Ko,y
where K. ,(f,t*)up is the following K -functional
Ep(f,t)up = sup  inf{||(f - Dl Lrp-140n2,1-cn2)
0<h<t

(3.22) +* 9Bk ull ooz 1i—cnepy 9%V € ACL.).

For the boundedness of the Hilbert transform

1w,

"7

H(f,z):=lim

=0 Jp—ysc t —
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in L4 with v € GDT and 1 < p < oo, we have the following result [20], [14]:

(3.23) we P, wle LT < |[H(f)ul, < Cllfull,, C #CU).

Finally the following lemma holds.

Lemma. [10] If f is a continuous function in [a, 0] such that

/ b=a W(f,t)Lr[ap)
0

t”"ﬁ dt < o0, wilh 1< p< oo,

then

ba w(fv t)LP[u,b] di
1t '

—k
G28) s [f)]<C @)l + |

€[a,b) 0
holds, where C # C(f) and w(f,t)Le[a,) is the ordinary modulus of continuity,
i.e. w(f»t)Lv[a,b] = SUPg<h<t 1f(-+h) - f(')“Ll'[u,b]'

Proofof Theorem1.1. ,
The crucial fact is the following. ‘Since w.(¢;) is the zero of p,, (w) closest
to(j,j=1,...,r, we have

(3.25) |z — il ~ |2 — ()], Ve € Ap(w), j=1,...,m
Set S = {si}pr; = {¢}Yima U{zitier, T = {i i # 2((5),Vi = 1,..., 7}, with

the s;. arranged in increasing order. Then Va € A,,(w) and k = 1,...,m, the
fundamental Lagrange polynomials I, (.5, ¢) satisfy

hidd m
H |z — s;] o — ;]
(3-26) Ilrﬂ.k(sy -T)l = —_—~ H — Ilm’k('w, n:)l.
=tk |9 = il i=1,i#k |“k_— @il

Hence (1.7) == (1.8) can be proved exactly as in [14, Proof of Th.2.7].
For the proof of (1.8) = (1.7), we note that by (3.26) and (3.19) it
follows

m

IlPu|I£ < CllLm(S, P)"”ip(A,,,(w)) < Ckzl |p(sk)|p||lm,k(s)"”zr'(zl,,.(w))

m m
< C Y IPEPlm (@)l Lo, gy S € D 1P Plllm i(w)ell?
k=1 k=1
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Hence, applying (1.3), (3.11) and (3.25), we obtain

”PU”’) <C [Z Am(uP, @ ;)| P(i)|” + Z/\m('"'p Te (Qt))ll)(( )IP:I

i€

h)MM‘WMW+ZMMMJHUd

€T

Proofof Theorem 1.2.
First we observe that setting

n+u+v

(3.27) w(2):= H (v —t;),
i=1
we obtain
(328) |7l'($)| ~ |’U(’I))|, Va € Am(w)‘
Hence by (3.19), for each Pe 1P,,—1, we have
| Puvlly ~ | Puv|| Loam(w)) ~ IPFUl 1o am(w)) ~ | PTull,
and by (3.11) and (3.10), we get
M09, 25) o A (0P, )0 ()~ A, 20 ()

Then recalling that (1.11) is equivalent to [1.1]:

m
”P'll;'l)”; <C ZAm(quP,mi)IP(:vi)lpv P €1B—1, C 75 Cv(""? 13),
i=1

the conditions in (1.11) are equivalent to:

m
(B20)Prullf < C Y An(w?, @) |(Pr)(we)l?, P €Buy, C # C(m,P).
i=1
Thus, let us prove (1.12) <= (3.29) instead of (1.12) <= (1.11).
Since VP € IBy_1, P € Bnypipsv—i. then (1.12) = (3.29) trivially.

In order to prove the other implication, let P € [P 4n4pu4rv—1 be arbi-
trarily fixed. Dividing P by = we can write:

.P(.’L‘) = Q(.’l))ﬂ’((b‘) + R(iL‘), Q ] ]Pm—ly R € IR]+[L+V—-1
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and cousequently,
(3.30) I1Pully < CUIQmul} + || Rull}).
For the first addendum, we can apply (3.29) with P = Q, obtaining
m
(3.31) Q7| < C > A (P, ) |(Qm)(:)|P-
=1
For the remainder term R, since R(t;) = P(;),i = 1,..,n+ p + v, recalling the

definition of the Lagrange polynomial given in (2.2),

R r
R = Lyynputv(S,R)=wL,, (w, ) + pin(W) Loy (T, ——-)
Pm(w)

holds, where §' = {z;}™, U {t;}7F#** and T = {; }n+u+u

i=1

Hence using (3.29) with P = Lm(w, ~), we obtain

R . T
b (o2 o ot () )

' Py C T
< C Z,\m(u 'E,)IR(’L,)I +C “])m(lU)LTI'HH-u ( P;n(“’))

14
+
P

|l Zully < C(

i=1

Then the last result, (3.31) and (3.30) give

1Pullp < €Y Am(?, 2)(I(Qm)(a)|” + | R(x:)?) +

i=1

: P i
c L, T,—— ) ul <
Hialow) T ( pm("’)) u“p e
P
I)'lll(,‘U)L"-f-p-}-u (]1, ) u

Pm(w)

-

P

m
< O A 2P + C
=1

»

Thus in order to end the proof we have to show just that:

n+p+v }'
( E A (WP, )| P(1; )|P>

(3.32y := “T’m(w)Lﬂ+#+u( e )> u

Well by (3.19) we have

p r
J S C ”pm(w)Ln+u+u (f, ]).,,,v( (I))) (2

LP(Am(w))
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n+upt+v . (4.
= sup / pm(ws IL') [ Z ' W(.I') L ! ([‘) } ‘"‘("l’..).(/('?‘.)d‘q"
Am(w)

“.’/”p"_"l i=1 7l-,(li,)("c - ti) pm('wa l'i)

=€ mp nhaty P(t;) 1 (&) pm(w, )

”y”p,:l =1 pﬂ‘l("” t'.) 7rl(1“.) Anl("“) T — tt‘ U(:v)!/( n:)(l:v

n+utv - )
P(t;) 1
=C su ——\J ”
"-'l"p’p'_"l i=1 pm,(u) l; )77’([ )lg( )
where ¢, is the following polynomial:

(3.33) q,(1) = / T(2)pm(w, 2)O(x) — w(1)p,,(w,1)O(L) u(.’v)y(':z:){l:v
Am(w) x—1 O(x)
with © € IB,, arbitrarily chosen for the moments.

Now taking into account the arc cosine distribution of the knots and
(3.13)-(3.15), it is simple to verify that

1 ~ Pm(ti) , ——1— ~ (wmsom)(li)'.

() mum(t) pm(w, 1;)

So by using these equivalences and the Hélder inequality, we get

v , ntpty 2 — -
Z P(l ) 1 qg(t ) <cC E Uy (L )Som([z)])(’_)\/ (W om )(t;)

pm(w L ) 7I"(t ) im1 m N ('ll,,,’l),,,, )(4:)

q9(t:)

i=1

im1 m (umvm )p,(ti)

n4-ptv p n+n+v X T , ;}T
( Z ( "'Sa’")(t )lp(t )'P) ( Z (Pm(,l) v(’wm(pm)p(t')l(ly(ti)lp)

1=t

1 1

n+ptv p [ntutv o\ o
c ( Z ’\m(up’ tl)lp(tt)lp) ( Z Am ( M)_’ 'i) I'lll(’ )I]))

i=1 i=1 (2 0y )"

having used (3.11) in the last inequality.
Then in order to obtain (3.32), we have to prove that for all g such that

“9"p =1

n+putv =1’
(3.34) ( Z Am ( [__V(“’m%)J ,,,,.) |,,y(t,.)|p') <C

=1 (um Um )

Y

holds.
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By applying (3.20), (3.19) and taking into account the delinition of 78
we have

1
=

ntpt v z

g Lang A V (wm‘Pm) b Ap! ! < VWP
z m e > ti I(Iy([:)' S Gy —
i=1 (um U ) uv "

S C ”I[(7|'I)m(w)gu)——1::)i _*_Ct “1, ( % ) 77']).,"(‘[[))@ ,/‘ we

Finally recalling (3.28) and (3.10), choosing © € IB, such that © ~ % (see
(3.18)) and using (3.12) and (3.23), we get

L' (Am(w)) L' (Am (w))

. /0 ,/—“
N]J(wpm(w)gu) L < Cllrpu(w)g¥——- ”Ll'(\,,.(w))
YO Le (A (w))
< (’Ilyll,-,,/(/‘,,,(w)) < Cliglly =€
and similarly
l[l ( o ) TPm(w)O < ¢ “11 ( g ) VP
0 wUv Lp:(Am(w)) 9 w0 || 1 (4,0 (w))
< (A"”.’/||[,n'(,1,,,(w)) < Cllglly = C,
i.e. (3.34) holds. ]
Proofof Theorem 1.3.
First we set
X = {:v#.,_l, .. .,md_[g_;u_],:rdﬂ_'_[%], .. .,.'t:,,,_.,,} >
K = {kelN:z,€X}
and
n—1 m
(3.35x) = H(z - ;) H @ =zawi) [J(r = wmi) = [ (& =)
i=1 ]_._[V—I] k=0 i=1,i¢g N

iFrom the definition (3.9) of A,,(w) and for m sufficiently large, it follows
(3.36) |7 (2)] ~ v(2), x € Ay (w).

That said, let us prove that (1.13) = (1.1.).
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Let m €IN sufliciently large. We note that by (1.13) it follows (1.2) with
u replaced by u/v. Hence applying (1.3), for all Pe IB,,—1 we have

||” u” <C’ZAm( ~u) | ()P,

where C' is mdepcndcnt of m and P. Now let P € IBy— (v4ptn)—1 arbitrarily

fixed and set P = Pr € IB,_;. From the definition (3.35) of m and the above

inequality
a-[24)

[prsll<c | o (5om) 1PGorop
k=p+1
~ uP
+ Z ’\m (;;,-’L'k) IP(.’L'L.)W(.’L'L-)IP
et 14[3]

follows.
About the left-hand side, by (3.19) and (3.36) we deducg'

Pﬂ_u”? > " 7r'u, b 4
vlip = VILP(Am (w)) —

>C| I’u||,p(Am(w)) 2 C||Pullp.

Furthermore about the right-hand side, by (3.11) and (3.36)
uP Am(uP, ) .
Am | = SC————, 5
follows. So we can conclude
d-[=]

IPulp < ¢ ||Pr2|’ < c Z A (0P, 20| PP
p k=pu+1

m=n

+ E Am(w?, 2p)| P(2p)|P

k=d+1+[¥]

i.e. (1.14) holds.
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Now let us prove that (1.14) = (1.13). First we show that ﬁ@- € Lr.
Writing (1.14) with P = Ly, _(uqp4n) (X, f), J € C°, we obtain

| [2£2)
”Lm—(u-f-u-l-n)(X’ f)ullp <C z Ane(u?, .’l!,‘)lf(.’l},')lp
i=p+1
L
m—n r
O el f@P| < Ol
i=d+1+[%]

i.e. sup,, "Lm—(#-}-u-i-n)(X)”CO—-rLﬁ < 0.

On the other hand we have ”@rﬂ)‘“”p < CllLm—(ugvtn) (X)lco—rp,
with C independent of m [17].

Hence sup,, Ilpm(w)§||p < 00, and then the first condition in (1.13) im-
mediately follows by (3.17).

Now we prove that 5@ e L.

Since the fundamental Lagrange polynomials corresponding to X satisfy

TX) .
Im—(#+v+1)),k(-‘Y’m) = '%)'lm,k(w, "L')a kel

and it is well known that (see for instance [22])

P (w2 .
|l,,,,,~(w!:v)| ~ ')‘m(w,:1:,-)1),,,_1(10,.'1:;)1—7:-(—-#72 , t=1,...,m,
o T ‘

we deduce Vk € K

])m( w, )

llm—(#+u.til-n),k(Xaa’)l "= "\m(w,mk)pm—l(wv :vk)W(wk)m

is true. _
Now recalling that [21] (see also [14])

WMAmezcdi%%,C#CmJL

by (3.11) and (3.36) we obtain

Il1n-(lt+l'+’))'k(X’ w)l Z c (wm‘P)(-Tk‘)'l’(mk)SD('I;vk)

(2

Pm(w, )
m(a)(x — ay)




142 M.G. Russo, W. Themistoclakis
Hence by (3.19) and (3.36) it follows

(W)

/(‘wmip)(l'l.)"(%k)‘P( k) (I N, (l )) .

On the other hand applying (1.14) with P = l,,t_(“_,_,,_,_,,),k(_(\'), by (3.11) we have

< Cllln= vy e (X e

1
L. W ()7 (2,
W eosmy s (XVlly < CNG(aP, ) < L")

mr
Therelore, for each & € K we have
 m—r k) || P (w) “ ol (v "('l)
(wmso)( I:L)U($L)‘P( ) ] n : “ m )‘P ,
(=) mp
i.e. 1
pm(w) ui ('wm‘P)( Zy) o(2) plxr)\ <c.
(-—ar)v U (Tk) m
Then using this last estlma.te and recalling (3.17), we can conclude the proof as
in [14] (for the details see in that paper the proof of Theorem 2.7). a

Proof of Theorem 2.1.
Let us prove that (2.4) = (2.5).
By Theorem 1.2 we have:

n+p+v
Lo tnt it (X, ullh < C [Z Am(u?, )| [ ()P + Z Am (W 1) [ (L )II)]

=1 i=1

Let us examine the addenda on the right-hand side.

Since in our proof we obtain the same results for the zeros {2} as well as
for the additional knots {t;}, denote such points by an unique notation {&:} :=
{wi} U {t;} and, as usual, consider {£;} arranged in increasing order, i.c. set:

Yi ifi=1,...,p
iy fi=p+1,....04d
(3.37) &= Ti—(utq) ife=p+d+1,...,p0+d+v
T (putv) fi=p+d+rv+1,...;,u4+v+m
Zic(ptvdm) Hi=p+v+m+1,...,u+v+m+ 1.

With this notation the previous inequality can be rewritten as follows:

n+p+v+m

(3.38) lILn;+1]+p+u(X, f)u”g S C Z ’\'m(upa £i)|f(£i)|p'

i=1
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By applying (3.24) we have for i = 1,2,...,p0 4+ v+ p+m — 1:

”f”L' [fntr-f-l] /¢l+l_€l w(f I)] r [t"tl""] l,]
1

(£1+l fl)'. 0 [1+

while in the case i = p+ v 4 4+ m we estimate | f(&)] like |f(&i—1)], since we
have

[f(€) < sup |f(x)|<C [

w€[€nE.+1]

@IS s /(@)

z€[€i-1.8i]

Now since the nodes {£;} have an arc cosine distribution, it is sim ple to verify

that
sO(E.)

§iy1 — &~ i=1,2,. ., pu4+v+n+m-—1.

Then we have

e(&)

IF(&)I < [( (f) ) ”f"LP[fnf-H] +] " w———————(f’ t)ll_':Ee"t'“] lt]

/m W(f, f‘p({‘))[l”[&lvt"*“] ll]

T
ll+

1
P 1
— C’ ( l ) r Ple: £ + n
[ (&) I f1lz [€i16it1] AL -
Consequently, by (3.11) it follows:

M, E)FEP < ¢ LENED, ey

) 1 mw ( [ 9[ ] P 1 v
=€ [“p.(fi)”f”ZP[&,fiﬂ] + g (/0 bt ::-(g-fx D i i1} “) ] .

But applying the well-known properties of the ordinary modulus of continuity
w(f,x), we déduce that Vg € ACoc:

W/ () Lrfgiina) < W = 9510(6)) (e, 6140] + w9, (&) e kil

<2|f- g”L"[&.sz] + "p(fi)”.'/,“Ll’[f.'.fi+1]‘
Hence we have

Am(W8, (G < CulCO N upg, 0,
+£ (/m WS — gllLe ipa + (€D (ENNY N Lofes 0] ll) )'
0

m fl+_
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Now taking into account the arc cosine distribution of {;}, we get

w(@) ~ u(&), @)~ (&), Va € [&i, &iva)
and thus we obtain

A7)1(“’)7 £t)|f(£1)|p < C’llflll ]’)«”[fv'»fi-}l]

m t'1+,'*,

./ aL "
+g (/ w ||Of = 9)ull e gip0) + ’ll!/'saullf,v[e,-,g,-,r,]dt) '
0

Finally, using this inequality in (3.38) and applying Minkowski inequality (see
[7], p.148) and (3.21), we obtain the thesis (for the details we refer the reader
to [14, Proof of Th.3.1]).

For the proof of (2.5) = (2.7), as well as for the proofs of (2.5) <=
(2.6) and (2.7) <= (2.8), once again we refer the reader to [14].

In conclusion, let us prove (2.8) = (2.1).

First of all, let us observe that (2.8) implies that

Lottt (X Hullp < N fullp + 1L = Lontnnn (X, f)]“”B,’.’,,,(u.)

1 ; q 1
m Qk s Dup N
<Clflle +C / '—‘p(.f 1) Ll ode) .
0 e

Hence taking the limsup,, ., we get

(3.39) Lttt (X5 Flully < Cliflloc, € # Cm, f).
Then taking into account that [17)

lpm (w)uvll, < Cl SUp || Lontnpetn (X, S|y C # C(m),

o=

by (3.39) and (3.17) we obtain g € L.
Thus it remains to prove the second condition in (2.4). To this end, let
us assume 3{%—‘5 ¢ L?" and show such assumption leads to a contradiction.

Since @ ¢ L” at least one of the following functions docs not belong

to LP":
(1 = )/ 2= fo (VT= ) [ (V= 2)] ™,
1+ m)ﬁ/2+1/4~5“l“/<1>2(\/1 + @) [V (V1 + )77,
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| — 7|P/27\/®g(|a — 7).

Well, let us suppose that
(3.40) le — 7|27 \/®3(|x — 7|) ¢ L”,

the proof works analogously in the other cases.
Since the function ®3 has subalgebraic growth, (3.40) implies

. 1
(3.41) pl2— v+ <0.

Now let 24 be the zero of p,,(w) closest to 7 and let us define the following

function

T — Tqd-1
— 2 € [2g-1,24]
-’l;d —71_1'(1—1

) 1= L — T

fa(z) v € [xg,m]

Tg— T
0 clsewhere

where we recall 7 is the first additional knot near .
Then let us consider a function Iy ; such that F(J) Siy Ty 3(aq) = 1,

Fyj(®) =0 Vo ¢leg-1,m1,[ and sup,epq,qy|Fu j(2)| < C’
By applying (2.8) with f := Fy; we have

1 Faully + N[0 = Lngntun (X, -I'ﬂtl.;i)]““B,’i'q(u)

1
C m q,(rd,g, [)u,p N
(1 Fa,jull, + me—r (/0 [ ts+; j

Furthermore by (3.21) and (3.22) we deduce Q& (Fy;, 1), < C’l"||l"(") oFullp,
hence taking the integers j and k such that £ = j 4+ 1 and j > s, hy standard

calculation, we obtain

M Lmtntpetn (X, Fa)ully <

IA

| 2SI 0. ¢ ') 171
1

i' q
1 Eagully + —oel fi < [ t"(’“""l/")dl.)

<
< 1 Fazull, + —jT_—,IIféW“ ull,
< ”Fd.ju”P ”fd‘Pu“P < C’\m(“'p, 'Ld)

Now let us consider the fundamental Lagrange polynomial corresponding to x4:
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() (w, )
m(xa)p, (w, xq) (@ — 2q)’

Intntptvd (X, 2) i=

where 7(x) is given by (3.27).
Obviously, byt ptu,d(X,2) = Lyt (X, Fuj, 2), hence by the above
estimate and (3.11)

1
1 Um(2q)oh (2,
(342)  mtnswsrd(Xully € CAR(P, ) ~ 2mEa)PR(E)
mpe
14holds.
On the other hand, it is well known that

Pm(w, )
(W, 2d)(z — 2q)

Pm(w, )
T -y

~ "\m(wv ) pm-1(w,2q)

Thus, taking into account that |p,_i(w,zq)| > C ﬁ%‘% with ' # C(m,d)
(see [21]), by the definition of Ly 44 p4i,a(X) and by (3.11) and (3.28), we deduce

Vw1n(-'l"d)‘r"'?n(‘”d) Pm(w)uv” .
’)

muy(2q) T ¥
In conclusion by (3.42) and (3.43) we obtain

vV wm(md)‘Pm(wd) (‘P(‘”tl)) # < C#C(m)

P um(a’.d)vm(m:l) m

(3.43) 1t ptwnd (X )il >

pm(w)uv
. — a:d

and the thesis can be obtained by this estimate reasoning ab absurdo as in [14]
(see the proof of Theorem 2.7). .

Acknowledgements: Very special thanks are due to Prof. G. Mas-
troianni for his suggestions and remarks.
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