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The problem of controlling the temperature distribution of a heated body @ ¢ R™
by the temperature ¢ of the medium surrounding €2 is considered. The aim is to choose ¢
(subject to certain constraints) in such a way that the temperature distribution of € at time
t = T be as close as possible (with respect to the Holder C**(2) — norm (0 < € < 1)) to a
given function. The question of existence of optimal controls is studied and the bang-bang
principle is proved.
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Introduction

A large class of constrained optimal control problems are characterized
with the so called “bang-bang” property, i.e. the optimal control function at-
tains its extreme values almost everywhere. These problems vary widely with
respect to the type of the equation describing the process, the type of the control
‘and its constraints, the type of the cost functional etc. The literature on this
topic is abundant (cf., e.g. [B], [L], [G]], [GS], [GW], [HW] and the references
there).

This paper is devoted to the problem of controlling the temperature dis-
tribution of a heated body £ C R" by the heat flow through its boundary 9.
It is motivated by the paper [GW], where the authors considered an optimal
control problem whose cost functional was the deviation of the obtained tem-
perature distribution u(z,7") at fixed moment 7" > 0 from the desired one z(z)

1 The first author I. Iordanov has been partially supported by the Ministry of Education and
Science by Contract No. MM-612/96, and the second author Ts. Tsachev - partially supported
by the Ministry of Education and Science by Contract No. MM-807/98
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in the supremum norm (the norm in C'(R) of u(+,T') — 2(+)) — a fact emphasized
by them as the main distinction between their paper and previous publications
“on the topic.

The function u(x,1) is the solution of the following boundary value prob-
lem (BVP)

(1;_1; —Au=0 in Qx(0,7)

du " ™
%-i-ﬁu:ga on X =090x(0,7),3 = const >0
u(z,0) on £,

du L ) . .
where —— is the conormal derivative on 9Q corresponding to the uniformly
v
elliptic operator of second order

Au = En: i( i5( ')ﬂ-‘)q. (2)
- ij=1 ;I ;- LS

The set of admissible controls is

{¢ € Leo(D)MllPllLe(s) < 1}

(i.e. in this case the “bang-bang” principle means that the optimal control @
satisfies |@| = 1 a.e. X).

A crucial role in [GW] plays the Fourier method (of separating the vari-
ables) for solving the BVP and the analyticity of the coeflicients. Entirely
changing the technique used by K. Glasholl and N.Weck and following their
idea, we extend the result of [GW] in the following directions:

— the cocfficients of A depend on all variables 2, ¢, so the Fourier method
no longer applies;

— the cost functional is defined by a stronger norm, namely the one of an
appropriate Besov space. In view of the Sobolev embedding theorem for cvery
¢ € (0,1) we can choose a Besov space in such a way that its norm be stronger
than the Hélder C%(Q)-norm (see Remark 1.3 and Corollary 1.4).

Unfortunately we were not able to drop the analyticity assumption on the
coeflicients and for the time being we do not know whether it can be replaced
by a weaker one. This problem has found a partial solution in [SW], where the
coeflicients are C*°, but are not time-dependent. Of course, a property close
to the “bang-bang” principle can easily be established under C™ (or even C* )
smoothness assumption on the coefficients (cf. Theorem 1.5).
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In this paper we use an adaptation of the technique developed in [LM2],
Ch. IV, but using interpolation spaces based on L,,p # 2. Our approach was an-
nounced in [IT], where a weaker result was presented — the deviation in the cost
functional is in the H1/ 1(Q)-norm. The approach consists in using the results
in the smooth case (cf. e.g. [G1], [G2]) and then doing transposition and sub-
sequent interpolation. We mention that the choice of appropriate interpolation
spaces is important part of the implementation of the just mentioned technique.
Crucial for our treatment are our results in §2 for parabolic BVP with time-
dependent operator and nonsmooth data. A number of silmilar results have
been obtained recently. In [R] semilinear parabolic problems in R™ x [0,7] are
considered using Besov spaces. In [KY], again in R™ X [0, T], even more compli-
cated interpolation spaces (based on Morrey spaces instead on L, spaces) are
used for considering Navier—Stokes and semilincar heat equations with distri-
butions as initial data. In [C] linear as well as nonlinear parabolic BVP with
nonsmooth data are considered. However the obtained solutions do not possess
the smoothness required for our analysis.

The paper is organized as follows:

In §1 the necessary notations are introduced and the main results are
formulated. Some preliminary facts for parabolic BVP and interpolation spaces
are collected in §2. There we recall some properties of the Besov spaces and
following the ideas from [LM2] we prove an existence and uniqueness theorem
for a parabolic BVP with nonsmooth data. The principal result needed in our
subsequent analysis is Proposition 2.17 stating that the trace on Qp of the
initial-BVP is in a suitable Besov space (rather then just in C°(Q) as proved
in [GW]) and the corresponding dual result. The proofs of the main results are
given in §3.

1. Basic notations and main results

Let © be a bounded domain in R™ with smooth boundary I' = 9Q, T
be a positive real number, @ = Q@ x (0,7") and £ = I' x (0,7'). We denote
Q, =Q x {t} for t € [0,T].

0

Let L be the differential operator L = —()— — A, where Au = Z ,———
oz

ot i,5=1

L Ou
(“,'J'(.'L',t)"('.)r'i) —a(z,t)u. Here we assume that «;j(z,t) = aji(x,t) for i,j =
n
1,2,...,n and that the operator A is elliptic, i.c. that Z aij(x, 1)6€ > c.|€)?
4,j=1
(¢ =const > 0) holds true for every £ € R™ and for every (x,t) € Q.
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Let B be the differential operator defined by Bu = -gg + B(x, t)u, where

- . 0 =
B(x,t) is a smooth positive function defined on ¥ and vl E a;j(x,t) .
t, =1

5 is the conormal (with respect to I') derivative (v = (v1(x), vo(2),

Oz
-y ¥u(2)) is the unit outer normal with respect to € in the points of T').
Remark 1.1. The coefficients of the operators A and B will be called
data. In order to apply the theory developed in [LM2], [G1] and [G2] we shall
assume that the data are C, although C*— regularity is sufficient. Actually
only in the proof of Theorem 1.2 we can not dispense with analyticity assumption
for the data and for I' = 9§ as we mentioned in the introduction.
We state next our optimal control problem. Let BR(Q), p,p > 1, be the

usual Besov space (see §2). Let z(2) € BS(Q). Let u(z,t; ) be the so]utlon to
the following BVP:

cos(v, ;)

Lu=0 in Q
Bu=¢ on ¥
u(2,0)=0 on Q,

where ¢ € U = {p € Loo(X) | || £ 1 a.e. on ©}. We consider the problems

(P) minimize||u(-, T'; ¢) — z(')”BL’(Q) on U
and
(P") minimize||u(-, T;¢) — z(-)||co. () on U.

The main results of this paper are:
Theorem 1.2. (“bang-bang” principle) Let p > max{3,n 4 1}
and p € (;— 1- 1—)) hold. Let 2(-) ¢ {u(-,T;¢) | ¢ € U}. Then if the data and

I' = 9Q are analytic, each solution ¢ of the problem (P) satisfies |¢(x,t)| = 1
.a.e. on X.

Remark 1.3. The Sobolev embedding theorem implies that the B5(Q)-
norm is stronger than the C%¢()- norm, ¢ = p — 2. Hence, given ¢ € (0,1), we
can choose a sufficiently large p and p € (2 =1 1 p), such that the Besov norm
in consideration is stronger than the C%*(Q)- norm.

Corollary 1.4. Lete € (0,1) and 2(.) & {u(.,T; )|l € U}. Then if

the data and I' = OQ are analytic, each solution ¢ of the problem (P') satisfies
|o(z,t)| =1 a.e. on X.
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Theorem 1.5. (restncted “bang—bang” principle) Lelp > max{3,
n+1} and p€e (;- 1-— —) hold. Let 2(-) ¢ {u(-,T;¢) | ¢ € U}. Then if

the data and T' = 9 are C®, for each solution @ of the problem (P) the set
{(2,1) € ¥'| |@(2,t)| < 1} has no internal points.

§2. Preliminaries: Interpolation theory, Besov spaces and the
mixed problem for a parabolic operator of second order

Following [G1] and [G2] we recall the definitions and some basic facts of
the theory of the Besov spaces.

Let N be the set of all natural numbers. For r,s € N U {0} and p €
(1,400), the Sobolev space W,"*(RZ x R}) is defined as the set of all functions
from L,(R™!) such that

ﬂeL(R"“) 0<i<rj=1 n

6:1:5 P ) Sy =1,0.0,
and

]

%GLP(Rn+1), 0<1<s,

which is a Banach space with the norm

J.

n r a'
ur— (an,nL,,Q:Zua’,‘IV’ )

=1 =1

This space can also be defined as the closure of C{°(R™!) with respect to
the same norm. The so called Besov spaces 1B,"(R"*!), p € (1,4+), » > 0,
s > 0, form a continuous scale of Banach spaces (for their definition see, e.g.,
[G1], p.192, Definition 9.2. or [G2], p.334 and p.348). These spaces (which
are different from Wp*(R™*!) for r,s € N) are stable with respect to real
interpolation (cf.,e.g. [BL], Ch.III, VI). In what follows, unless otherwise stated,
we shall use the notation (X,Y)s instead of (X,Y)y, for real interpolation
between the spaces X and Y, always assuming that ¢ =

We shall need only some of the spaces B3>°(R"!), where s € [—1,2].
According to Theorem 9.1. on p.193 in [G1] we have

Proposition 2.1. [t is true that
B’(,1—0)2r,(1—0)r(Rn+1) = (I/VI‘)Zr,1.(Rn+1 ), LP(R11+1 ))0
forr €N, 0 €(0,1) and p € [1,+00).
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The folloing theorem will be essential for our purposes.
|

Theorem 2.2. ([G1], p.195, Th. 9.3) Ifp€ (1,+00), # € (0,1) and
S0, &y are posilive reals, then

(Bzao,so(Rn-i-l )’ B;sl 31 (Rn+1 ) )0 = ljgs"’so(Rn"—l )’

where sg = (1 — 6)sg + 03;.
Following [G1], p.196, we give the [ollowing

Definition 2.3. Tor s <0, p € (1,+0oc) and § + =1,
Bza,a(Rn+l) = (B‘-J-l'zs,—s(Rn-f-l ))w,
where “+” denotes the topological dual. Analogously,

5,8 n - —-28,—38 n x N
W (R™) = (W27 (R"))" for (—s) € N U {0).

Let S(R™*1) be the well known Schwartz space, '(R™*1) he its dual and
F: 8" — §' denote the Fourier transform. Let the linear operator A: S’ — &' be
defined by

Af=FH+7+ Y ¢hiFfy,
(=1

where 7 and & = (&1,...,&,) are the dual variables of ¢ and @ = (xy,...,2,)
respectively.

Lemma 2.4. The operator A: W;**(R! x R}) — W2~ 2""Y (R x R})
is an isomorphism for every p € (1,+4+00) and s = 0,1 and 2.

Proof. It is based on the Mihlin theorem for the Ly,—multipliers (cf.,
e.g. the result of Stein given in [Tay], ch.XI, §1, theorem 1.5). Using it one can
easily prove that the functions

& §&f &} £.¢
T+ +72 1+&+E0  1+724€60  1+e0+4]

n
as well as (14 72+ E{‘,‘)%(l +ir + [€]*)7" are L,~multipliers. It is easy to
s=1
deduce from here, that A: Wy (R™1) — W2I(R™1) is continuous. Using
n
again the Mihlin theorem one can show that the functions {j‘(l + 724 z {;)‘3‘

s=1
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n
for k = 0,1,2 and 7.(14 72 + Z{:)“% also are Lp~multipliers and deduce

s=1
from here that A: I/V‘,m R — I/V?'l Rty is onto. Ilence, according to
! o2 2,1 1 g
the Banach open mapping theorem A: W, *(R"*!') — W, (R*) is an iso-
morphism. Checking that A: W2'(R"!) — L,(R"*!) is an isomorphism is
even easier (sce also [G1], p.194). Since A does not depend on p, we have that
AWl o, L4 1 = 1 s also an isomorphism, and hence, its transposed
P P p P ’ 1 3 I

operator *A: L, — I'V,,—z"1 is an isomorphism. Because A = ‘A over the space
S, which is dense in the considered spaces, the lemma is proved. ]

Lemma 2.4 yields the following extension of Theorem 2.2.

Lemma 2.5. Let 8,39,31 € (0,1) and p € (1,400). Then
(B2o(RE x RY), By~ (R2 x R} ))o = B20*o(R2 x R}),

where sg = (1 — 0)sg — 0s;.
Proof. Because of Lemma 2.4, Proposition 2.1 and Definition 2.3 the
mapping
A: B2TESHY(RE x Ry) — B29*(R: X R})

is an isomorphism for s € (—1,1). Hence
A—-I(Bgao,-m, B;-Zsl 181 )0 — (A—I'IJ;ES(MSU’ 1\—11}')—231,—31 ’)0 —
- (Bg+280.1+80,33—281.1—81 )0 - I}ﬁ+284>,|+80 = A—lBgsniﬂn’

where the equality before the last is derived from Theorem 2.2. ]

Remark 2.6. The symmetric Besov spaces (denoted by I (R"™) have
analogous properties (cf.,e.g. [G1], p.196, Clorollary 9.1 and its particular case
Po=p1 = =q =pE€ (1,+00)).

Definition 2.7. (cf.[G2], p.349, Def. 7.1). Let Q be a domain in
R”, I be an open interval in R} and Q = Q x I. Tor s > 0 the space B3**(Q)
is defined as

{veP(@lBue B R+, 0=uy},

where u| denotes restriction on Q.

2 ; :
The space Bp"*(Q), s > 0, is a Banach space with respect to the norm

||v||B§,,..(Q)= inf ”””H?“"‘(R"“)'
v=u|Q #
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It follows from here that the operator “restriction on Q”:
7Q: B} (R™!) — B2*(Q)

is continuous.
Tet Bp**(Q), s > 0, be the closure of C{°(Q) in the norm of B*(Q).

Definition 2.8. For s > 0 we define

B;y**(Q) = (BX*(Q))",

| =

+—=1,

==

)

~

where “+” denotes the topological dual.
Following [LM1] (cf. Ch.I, Lemma 12.2) next we obtain results analogous
to Theorem 2.2 and Lemma 2.5.

Lemma 2.9.  There exists an extension operalor P from ) to R™t!
with the properties:

P € C(W;’lﬂ(Q)’ W’;l,z(Rn'f'])),
P € LWy 7H(Q), Wy (R™H),
rQPu = u for each u € W, >71(Q),

where rq is the restriction on Q and L(X,Y) denotes the set of all linear bounded
operators from X to Y.

Sketch of Proof. Using the partition of unity, the problem
is reduced to two different cases: extension from halfspace (which is treated in
[LM1], Ch.I, Lemma 12.2) and extension from a corner between two hyperplanes
(cf., e.g.,[LM2], Ch.IV, §2, p.15).

Thus, in view of the definition of B2**(Q)), s € (—1,2), we obtain the
necessary retraction and coretraction which do not depend on s. Using them,
a standard result from the theory of interpolation spaces ([BL], §6.4) and the
already proved interpolation results for B2**(R"*!), we obtain the following
theorem.

Theorem 2.10. Let so,81 € (—1,2) and 8 € (0,1). Then
(By™*o(Q), By (Q))o = By*(Q),

where sg = (1 — 0)sp + 0s;.

Remark 2.11. Analogous result is valid for the symmetric Besov spaces
B;(R) (cf.[LM3]). The spaces By*°(X), including those with negative r and s,
are defined similarly to the respective spaces over Q. The difference here is,
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that, since ¥ is an n—dimensional compact manifold, local cards has to be used
(cf.[G2], p.349). A result analogous to Theorem 2.10 is true for the spaces
Bp?(X). It is obtained by analogous to Lemma 2.9 result (cf. [LM2], Ch.IV,
Lemma 14.2, p.79).

The above described scale of spaces will he essential in the proof of an
existence theorem for the mixed problem for the parabolic operator from §1
with nonregular initial and boundary data. We follow the scheme developed in
[LM2], Ch.IV.

We shall use the following

Theorem 2.12. ([G2], Th. 7.3, p.350). Letn, denote the unit outer
normal to @ in the points of ¥ and the mapping v — {fi.},{g;} be defined by

0*u du

Jr = k|, 19 = B o

Then it maps continuously the space st (Q), s € (0,2], (respectively W,?S’S(Q)
for s =1,2), on a subspace of

II By @ x [ BY (@,

(t=0o0rT).

k<2s—1 i<s—1
1
ar _ Py 28—k-3 . . .
where —=—=———PL p. =2s—-j- ;1;), which subspace is defined by

38 8
the respective compatzbllzt y conditions:

dfi _ dkg; 3
(i) — v —a—TonE)Qt,t-OTzf +J<8—~§—

(ii) integral compatibility conditions, ij' Z +7

8 — — (sce lhe following
2p
remark).

Remark 2.13. We shall need the traces for k = 0,1 and j = 0. Thercfore
even for & =1 and s = 1 (the maximal value we shall use) under the condition
p>3
only (i) has to be satisfied. In the principal case we shall be interested in (namely

s = 5(1 4+ =), see below), neither (i) nor (ii) has to be satisfied.
Theorem 9.13 on p.379 in [G2] for ¢ = 0 gives us the following basic
result, which corresponds to (13.8) in [LM2], Ch.IV.
Theorem 2.14. The mapping
ue {fio, 9}
defined by



158 LV. Iordanov, Ts. Tsachev

Lu=f in Q
Bu=¢ on N
=1 on
is an isomorphism belween lfV,?’l(Q) and a subspace of
Ly(Q) x ByP(£) x B1°(Q),
where o« = 23 = 1 — 11—) and po = 2(1 — 7'—,), which subspace is defined by the
compalibility condition

o(x,0) = (ByY)(z,0),2 € 0.
Bearing in mind the conditions of Theorem 9.13 on p.379 in [G2], we

point out that under the condition p > 3 (imposed in Remark 2.13) the number
0+1-3-31+%)=30- 2) is not integer. As far as the compatibility

P
condition is concerned, it is only one, since the inequality
' h + 1 2 i 3

12 2p

has unique nonnegative integer solution (namely h = 0); it is casily scen that
the condition is exactly the one given in Theorem 2.14.
In order to obtain result, corresponding to (13.9) in [LM2], Ch.IV, we
shall use the so called adjoint isomorphism (cf.[LM2], CL.IV, §7). Let g €
1 1 : :
Ly(Q), =+ == 1, and v be the solution of the problem
r 1

—@—szg in Q@

ot
Bv=0 on ¥
v(z,T)=0 on Q.
According to Theorem 2.14 we have v € II’V:,"(Q). The space
X@={veW}@I B o)y =0,0lg, =0}

equipped with the norm
Ivllx@ = lvllwz gy + 1270l (@)

7] . . .
where L* = — = — A) is a Banach space. Since L*: X(Q) — L, (Q) is contin-
uous (”L*’“”LP,(Q) < llvllx(@)) and is onto (existence theorem), according to the
Banach open mapping theorem it is an isomorphism between X(Q)and L,(Q).

Using the above described adjoint isomorphism by transposition (cf.
(LM2], Ch.1V, §8.1, p.44) we obtain the following proposition.
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Proposition 2.15. If & € X*(Q), lhe lopological dual of X(Q), and
(v, ) denotes the duality between L,(Q) and 1,(Q), then there cxisls a unique
element u € L,(Q) such that

—3_;) — Av) = ®(v) for cach v € X(Q).

(’ll., -

Next we choose (formally) ®(v) = f(v) 4 o(Bv) + p(v(z,T)), where f €
(T/V;,'l(Q))*, pE (B;'_,'ﬁ():)))"‘ and 9 € (B (Q2))*, where & = 28 =1+ }),ﬁu = Iz)
and “+” denotes the topological dual.

Remark 2.16. We point out that [, and ¢ may not be distributions,
but the function u € L,(Q) still can be interpreted as a solution to the boundary
value problem from Theorem 2.14 (cf. [LM2], pp.45-146). The case f = 0 will
be suflicient for our purposes and in what follows we shall confine ourselevs to
it. T'he initial and the boundary condition could be interpreted by generalized
traces, as it is done in [LM2], ch.IV, §10, but we shall not need it. The solution
of the BVP from Theorem 2.14 will be understood in the sense of Proposition
2.15.

In §3 two existence results (with zero initial and zero boundary condition
respectively) under different regularity assumptions will be needed. The first
case is with f =0 and ¢ = 0. Let G be the lincar operator mapping the set of
the boundary data ¢ into the set of solutions to the problem

%ﬁ —Au=0 in @
(2.1) b -
= (P on ad

u=0 on .

According to Theorem 2.14 and Proposition 2.15 if B,‘}"ﬁ (¥) o denotes
the subspace of B,‘,"ﬂ(Z‘), defined by the compatibility condition ¢(x,0) = 0 on
o,

G:ByP(m) — Wl (Q)

R.C.

G: (BEP(2)) — Ly(Q)

and

is a linear bounded operator, where « =238 =1 — —, a=28=1+ 1 and “x”
/ p

denotes the topological dual. By interpolation we obtain that ¢ is a linear
bounded operator from

(2:2) (BeP(®)| (B ()

It
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to (W2(Q), Lp(@))e = BS~317%(Q). In addition u = G(¢) is a solution to
(2.1) in the sense of proposition 2.15, namely

‘ (u, _-‘3—{ — Av) = ¢(Bv) for each v € X(Q).

Now we look for 8, sich that L,(X) be included in the space (2. 2). This
will be satisfied if the space (103,‘,"[’(2) (Bo"ﬂ(“ 1o = (B;,"’"’B(“ ])"’”(‘“)); »

P’ P

contains L,(X), which is equivalent to (B"" —A(e), ]31), (E))o,p: C Ly (X). The-
orem 2.10 and Remark 2.11 yield that the last inclusion is true if (1 —6)(—a) +
0.c' >0, i.c.

o 1.1,
(2.-3') 5(1 — ;) < f(<1).

The trace on 7 of the respective solution to (2.1) belongs to B,'f(Q)
p=2(1-0- p) (Theorem 2.12). Accordmg., to the embedding theorems, this
trace will be a Holder function if p > 2 oy e il

n+2
(2.4) 1-— W > 0(> ()).

Conditions (2.3) and (2.4) are compatible if
(2.5) p>n+1

Remark 2.13 and (2.5) can be unified in the following condition for p:

(2.6) p > max{3,n+ 1}.

We proceed with the last result we shall need in §3. If u is the solution
to the BVP

%% —Au=0 in Q
(2.7) Bu=0 on ¥
u=1P on S,
_ . 5 n+2 1 1
where ¥ € (Bp(Q))*, 2(?—9), NS (2 ] %—), 1‘;+ 7 Lp>

max{3,n + 1}, then the following condition is s,msﬁcd

(2.8) the trace u|g belongs to L,(Z).
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n+ 2
2p

(For p > n+1 and 6 € (%,1

n 1
€ (;’ 17))
Let G be the linear operator mapping the set of the initial data 1 into the
set of solutions to Problem (2.7). According to Theorem 2.14 and Proposition
2.15,

- 2
_}1' qo 2,1 e
G BR@| , — Wy @w=

n 1 1
we have — < — and p=2(— -6
) we have > < and p (p’ )

and 2
G: (B (2))" — Lp(Q), 0 = >
is a linear bounded operator, where, as usual, “+” denotes the topological dual.
By interpolation we obtain that

G: (BR(Q), (BR())")5,, — BX'"'7°(Q), de(0,1)

is linear bounded operator, mapping the initial data v (¢ € (B""(Q) (BE(2)*); -

into the set u of solutions to (2.7) in the sense of Proposition 2.15 (u € 112(1 ~0,1-0

(@))- .
Next we look for @ € (0,1) such that

(BR(Q)* C (BR(Q), (BL(2))*)g,p-
The above inclusion will be satisfied if
(BY(Q)" € (B, (BP@)) g,y = (B;™ (), BE();,

ie. il B2(Q) D B(1 (= q°)+0q°(Q) The last inclusion will be true if p <

—qo + 0(q + @) = —= + 20, i.eif P + < 6(< 1). (Slnce P < I—I-, we have
p,1 1 1 1
2+ 2p’+ = (1+ )<1)

The tlace on E of the obtained solution belongs to B"’ (%), ;L = 21/ =

2 —20 -~ I_ The condition (2.8) is equivalent to p > 0, i.e. to § < —(1 + )

1
Hence, choosing 8 € (p pe —(1 + p)) we see that (2.8) is true.
Now we summarize the obtained results in the following

Proposition 2.17. Under the assumptions for the domain Q and for
the operators A and B made in §1 and under the condition (2.6) imposed on p
we have:
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where w € W2'(Q) is the solution to the following BVP

Lu=yg in Q,g€ L,(Q)
(3.2) Bu=0 on ¥
w(2,0)=0 on €.

Integrating by parts we obtain
K(u(z,T)) = lim/ w.Lude dt = !,in:) / (w.Lu — w.L™w)da dt =
Qs o

(3.3) = llm[/ w(z, T — 8).w(z, T — §)da — w(L t).Bu(z, t)da dl] =

h\

= gml/u(m T - é)w(x,T — é)du.
Now let p € (0,7) be fixed and let u € I*V,f"(()_) satisfly Bu = 0 on ¥\ X, and
u(2,0) = 0 on Q. Then
n_ ) @=-T+o)u(z,t) for T—-—p<t<T
""(“’t)"{ 0 for 0<t<T—p

belongs to W'“(Q) and is the solution to (3.2) with appropriate g € L,(Q).
Hence, using (3.3) we obtain

k(p.u(x,T)) = lim / wo(a, 1" — &)w(x, T — 8)d,
§—0 Jo
i.e. 5
K(uw(x,T)) = lim Q———/ w(x, T — §)aw(a, T — )de,
6—0 0 Q
which is the same as (3.3).

Finally, let ¢, (2,t) be C* on ¥ for each natural n, ¢, =0 on L\ 2 Z1/ns

1}3_1'1()1( ¢n = ¢ in the L,—norm and v, be the solution to (2.1), corresponding to
¢n. By continuity argument we have lim v, (x,T) = v(2,T) in B)(Q). Hence,
n—od

using (3.3) we obtain

K(o(x,T)) = llm K(vp(2,T)) = lim lim / v (2, T — 8)w(x,T — 8)dx

n—00 §—(

n—0co §—0

= lim lim/ w(z,t).on(z,t)dE = lim /w(m,t).<pn(m,1)dE
26 n—oo ¥ 554

= / w(x,t).p(x,1)dS.
z
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_ Proposition 3.2. If w € Ly(Q) is the solulion of (3.1) for k €
(BE(Q))* and w =0 in @, then k = 0. '

Proof. Let z; € W,?I(Q) and z9 € ]32(l =)= o(Q) (where -;:(1 = l) <
y

0<1- %-I;—)—z, cf. §2) be the solutions to
Lzi=g in Q,9€ Ly(Q) Lz =0 in Q@
Bz; =0 on X and Bzy=¢ on X,p€ Ly(X)
z1(2,0)=0 on Q Z(2,0)=0 on Q

2(1-0),1-0

respectively. Let z = 2y + 22. Then 2 € B, (Q) is the solution to

Lz=g in Q,g9€ Ly(Q)
Bz=¢ on X,p€ L,(X)
2(z,0)=0 on £

and depends continuously on g € Ly(Q)and ¢ € Lp(“‘) because of the analogous
properties of z; and 2.

Now let £(z) € C%() be arbitrary. Let ®(z,t) € C%(R™1) satisfy
{t = 0} Usupp® = 0 and ®(z,T) = £(z) on Q. Let xa(t) € C*°[0,T] satisfy

lon[0,T - ;;] and x, =0on [T - ;,T] for n € N. Let v, be the solution

Xn
to
Lv, = xXn.L® in Q
Bv, = xn.B® on X
va(2,0)=0 on Q
for every n € N. Since ﬂlingoxn.LQ =L® in L,(Q) and lim Y,,.B® = B®

— n—00
in L,(X), by continuity argument we obtain lim v,(z,T) = ®(«,T) = £(2) in
n—~oo

BB(Q). Using the same argument as in the proof of Proposition 3.1 we obtain
k(€(2)) = lim (va(2,T)) = lim / w.Bv, =0
n—o0 N—00 E

Since C2(€) is dense in Bp(f), we have & = 0.
Before proving Theorems 1.2 and 1.4 we give the existence result.
Proposition 3.3. The problem (P) is solvable, i.e. there is ¢ € U such
that
llu-, T58) = 2l ppa) = min [[u( T5 ) = 2()ll ppia)-
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The proof is based on standard weak compactness and week lower semi-
continuity argument (using Theorem 7 on p.671 in [GW], the fact that Lo (X) C
L,(X) for p > 1 and Propositions 2.17 and 3.1).

We shall need the following two results.

Lemma 3.4. ([M]). Let w € C®(Q x[0,7)) be a solution of L*w = 0.

1 .
If w|., = | = 0 for some nonvoid open subset v C X, then w = 0 in the

points (x,t) € Q which can be connected wilh a point of v by a horizontal line
(a line on which t =const).

Lemma 3.5. ([Tan]). Letw € C*°(Q x [0,T)) satisfy L*w = 0 and
Bw = 0. If all data and O are analytic, then w|y, is analytic too.

Proof of Theorem 1.2. Let ¥y C ¥ have positive measure. We
shall prove that

(3.4) {u(-, T;9)|p € Loo(X),suppep C 7}

is dense in BH(Q). Assuming the contrary, we can find x € (BY(Q))*, k # 0,
such that n(u(:c T;¢)) = 0 for each ¢ € Lu.(¥) which satisfies SUpPY C 7.
According to Proposition 3.1

0 = k(u(z,T;p)) = Lw(m,t).cp(m,t)dl‘ = /w(a:,t).<p(w,t)rl$,

-
where w € L,(Q) is the solution of (3.1). Hence wl|, = 0. Since w|y, is analytic
(Lenima 3.5) we have w|y, = 0. Since Bw = 0 on X, %_u_: = 0. Hlence w =0in

@ (Lemma 3.4). By Proposition 3.2 we get £ = 0 which “contradicts the choice
of k.

Now let us assume that a solution ¢ of (P) (which exists by Proposition
3.3) is not “bang-bang”, i.e. there are some § > 0 and v C ¥ of positive measure
such that |@] < 1— 6 on 9. Let ¢ € Loo(X) be such that supper C 7 and

. 1 .
lu(-, T5¢+ ¢1) — Z(')"Bg(n) < §||“(',T;‘P) = Z(')”B},’(n)

(the set (3.4) being dense in B2(Q)). Let 5 € (0, “——"——) We have

P1llLoc ()
(-, T3 + ner) = 2l gy < (1= MG T3 8) = 2Ol gy +

+nllu(-, T5¢+ 1) — z(')”ag(d) < lu-, 15 @) = z()ll raay-
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Since @ -y € U, this contradicts the optimality of ¢.

n 1
Corollary 3.6. Letp > max{3,n+ 1} and p € (;—I, 1- I_') hold. Let
) )

z2(+) ¢ {u(-,t; @)l € U}. Then if the data and I' = 9Q are analylic, problem
(P) has unique solution.

Proof. Only the uniqueness has to be proved. It can be derived directly
from the “bang—bang” principle by assuming the contrary.

Proof of Corollaryl.4. Given ¢ € (0,1) we choose p >
(n+ D)/(L=¢),p = ¢+ n/p and we have B,(Q) C C%() by the Sobolev
embedding theorem. Since (C%5(2))* C (BH(R))*, the same argument as in
Proposition 3.3 yields existence of solution to the problem (P'). By Proposition
3.1 the set (3.4) is dense in B5(Q) and because B5() is dense in C%%(), we
conclude that (3.4) is dense in C%¢(Q). I'rom here on, the proof is the same as
the prool of Theorem 1.2.

Proofof Theorem L5. (sce the proof of Theorem 8 on p.672
in [GW]). Since 2(-) ¢ {u(-,T;¢)|l¢ € U}, there is a nonzero r € (BH(N2))*
separating {u(-,T;¢)|¢ € U} and the open ball with centre z(-) and radius
p = miy [le(-, T5 ) — z()llgpy > 0, i.e. there is a real [ such that

k(u(,T59)) <!l forcach €U

and r(Z(+)) > I for each 3(-) € BH(Q) satisfying ||3(-) — z(‘)”B,’i(Q) < p. Let @ be
a solution of (P). Since [|u(:,T; ) — z(-')”B’,-‘.(Q) = p, we have s(u(-,T;9)) > 1.
Hence
w(u(-, T;9)) = sup s(u(-, T;9)).
el

By Proposition 3.1 we obtain

/w(a:,t).tﬁ(a:,t)dE: su])/ w(a,t).(x,t)dx,
p)] welU JY

where w is the solution of (3.1). Let ¥ C X he the set of zeros of w(x,t)|y. It
is clear that |@(2,t)| = 1 a.e. on X \ 7. If 4 has internal points, as in the proof
of Theorem 1.2, but using only Lemma 3.4 and the reverse uniquencss theorem
(cf. [I], Ch.VI, §7), we obtain w = 0. By Proposition 3.2 we have £ = 0 which
is a contradiction. '

Remark 3.7. Since C%5(2), ¢ > 0, is dense in () and has stronger
norm, Theorem 3 on p.667 in [GW] is a corollary of Theorem 1.2.
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