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In this paper we study the number and properties of the solutions of the equation
etgy = u(u — 1)(u — A),u(0) = 0,u(1) = p, A € (0,1), depending on the values of € > 0 and
p# > 0. It is found that all solutions are either incrcasing or have only onc critical value, a
maximum. The positive quadrant of the (e, s¢)-plane is cut by bifurcation curves into regions
with: a) one solution only (of the first type); b) one solution of the first type and even number
of solutions of the second type (at least two); c) no solutions of the first type and one solution
of the second type; d) no solutions of the first type and three or more (odd number) solutions
of the second type. The geometry of the regions is investigated in details.
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0. Introduction

Smoller and Wasserman [5] investigated the existence and nonuniquencss
of steady state solutions of the parabolic equation

(S) Uy = Ugy — [(10),
with homogenecous boundary conditions:
w(—L,t) = u(L,t)=0,

where f(u) is a cubic polynomial. This parabolic boundary value problem is
known as the Nagumo equation and finds applications in the investigation of
the FitzHugh - Nagumo model of nerve excitation. It is used in the modelling
of myelinated nerve axons [1], [2] and in other applications.
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With a proper change of variables this problem becomes equivalent to
the following one: :
Up = gy — f(u),
u(0,t) = u(1,t) = 0, for e > 0.

The equation of the steady state solutions is then:

o ElUgy: = f("')’
(55) u(0) = u(1) = 0.

Smoller and Wasserman [5] showed the existence of a bifurcation value of the
parameter L. In terms of ¢ their result can be translated so: The trivial solution
u = 0 exists for all . There is an 5 such that for ¢ > ¢} there are no other
steady state solutions; for ¢ < e and ¢ = ¢j there exist respectively two and
one nontrivial steady state solutions.

Since the work of Smoller and Wasserman [5]; a number of papers have
been devoted to the qualitative investigation of the solutions of the homogeneous
problem (SS). To the best of our knowledge, however, the steady states of the
nonhomogeneous problem have not been cousidered.

In this paper we investigate the steady state solutions of the parabolic
equation (S) with nonhomogeneous boundary conditions, thus getting the prob-
lem:

Elgy = f('"')v
(§55) u(0,t) = 0,
w(l,t) = >0,

varying ¢ and p. We break the problem into two distinct cases by looking for
solutions with zero or one critical points since no other case is possible.

We use a modification (based on inverse functions) of the “time-map”
method utilized by Smoller and Wasserman to find explicit solutions of the
steady state equation. Although the method is not new (see [4] and [3]), our
results are. We investigate the bifurcations of solutions of equations (1a), (1b)
and (1c) (hereafter referred to as equation (1)) in a two - dimensional parameter
space (¢, ¢) while, in this context, in [5] their projection on the one-dimensional
parameter space g = 0 is investigated. Thus, our results cannot be predicted
from those in [5]. Really, the trivial and non-trivial solutions found by Smoller
and Wasserman can be viewed as a nondecreasing solution and solutions with
a maximum of (1) in the case g = 0. If the distribution of solutions of the
first and the second type were to remain similar for all g > 0, there would be
simply two regions so that in the first one (1) would have three solutions (one
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increasing and two with a maximum) while in the second one there would be
only one solution, the nondecreasing one.

Our results show that this is not the case.

We find a variety of situations: a) a region with only one solution with
a maximum; b) a region with three or more (odd number) solutions with a
maximum; ¢) a region with one nondecreasing solution and two or more (even
number) solutions with a maximum; d) ‘a region with only one nondecreasing
solution. The union of these regions constitutes the whole positive quadrant of
the (&, p)-plane. As is seen, the cases a) and b) are newly emerged phenomena
for large enough positive p: regions in which nondecreasing solutions do not
exist.

Therefore, our results are not a trivial generalization of the results in [5].

As we consider the steady states of the Nagumo equation, one could
expect that the following presentation may have significant applications in nerve
conduction theory or other fields as well. A further task is the stability analysis
of these steady states and possible applications of it but this will be the the
subject of a separate paper.

It is worthy of note that we not only establish the number of solutions in
the different cases but also classify the solutions according to their monotonicity
propertics and point out explicitly the bifurcation curves.

The structure of this paper is as follows. In §1 we give the problem a
tractable form. In §2 we find the regions of existence of nondecreasing solutions.
Section 3 is similarly devoted to solutions with a maximum. All considerations
in these two sections are done in the case 0 < A < 1. In §4 it is shown that
no solutions with more than one critical points exist. The rather short §5 is
devoted to the case 1 > A\ > % Sections 6 and 7 are conclusive.

1. Statement of the problem

We shall consider the following problem: Given values of A € (0,1),¢ > 0
and g > 0, how many solutions does the following boundary value problem

(1) Elge = u(u — 1)(u — \) = f(u),
(1b) u(0) = 0,
(1c) _ w(l)=p >0,

have? Does the number of solutions depend on the values of ¢, ;¢ and how?
Iquation (1) is equivalent to the following system:
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ev' = f(u),

(2a) W =uv,
u(0) =0,
(2) u(l) = p.

For a given value vg, the system (2a) subject to the initial conditions

) u(0) = 0,
(2¢) 2(0) = vo,

has a unique solution. Each solution of (1), if it exists, is a solution of (2a),
(2c¢) for a properly chosen vg. We pose the problem in the following way: Given
A, &, i, what is the number of different values vo, for which the solution of (2a),
(2c) is also a solution of (2a), (2b)? Obviously, il the solution of (2a), (2¢) does
not exist, this number is zero.

We shall first find the form of the solutions of (2a), (2¢) and later we will
select out of these the ones satisfying (1).

If u(z) is a solution of (2a), (2¢), it cannot be (lccl'casmg on the whole
interval [0,1], since p > 0. There must be a subinterval of [0,1] on which u(2) is
mounotonously increasing. We can classily the solutions of (2a), (2¢) m-.«:ording
to the number of their intervals of monotonicity.

We Tirst consider the case 0 < \ < % as il is more complicated.

2. Nondecreasing solutions: case 0 < A < 1

2.1. Necessary and sufficient conditions for uniqueness

Assume that (2a), (2c) has a nondecreasing solution i.e. such that w/(z) =
v(x) > 0,2 € (0,1).

We shall call these solutions of type 1.

Then vp > 0 and since v(x) = 0 only at isolated values of & (uniqueness
arguments), u(z) is invertible in [0, 1]. We can define a(u) and then (2a),(2c) is
equivalent to

_do _ J(u)
du =~ v’
dz _ 1
du~ v’
'U(O)—’UO,
z(0) = 0,

which can be solved in the following way:
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v = \/gF(u) + vg,

(3) T = / - T('U(Z)’u)v
0 I‘(w) + v2

F("")=-‘/ouf(‘ll')d'u=u2 [%— g--;—)‘)u-i-%].

Taking the inverse of Y (v, u), if vp is fixed, we obtain:

where

u(z) = T-1(vd,2)

v(z) = \/E-F(T_] (1.!(2,, @)+ v?,.

(4)

As we see from (3), all the nondecreasing solutions of (1) are strictly increas-
ing and formulae (4) give an expression for the solution of (2a), (2¢) in the
monotonous case considered. Obviously, (4) will also give the solution of (1) if
and only if

(5) | T(vd,pu) = 1.

Before attempting to clarify when (5) will hold, let us note that /() has critical
points at © = 0 (minimum), © = A (maximum), v = 1 (minimum) and that I'(u)
has three roots. Because 0 < A < %, the roots of [ are: u; = 0 (a double root),
uz € (A, 1),ug > 1.

Theorem 1. Ifu < ug orp > 1, then (5) has a unique solulion vy (and

therefore (1) has a unique monotonously increasing solution). If 1 > p > ug,
then (5) (and therefore, (1)) has a solution if and only if

2
T(_EF(/‘)’”) > 1.

If il exists, the solution is unique.

Proof. Y(vd, u) is defined on D, = (0,00) X [0,u] U(—217(1),00) x
[1,00) UW C R?, where W = {(v,u) : Z21"(u) < v < co}. It is a decreasing
function of v (this justifies the uniqueness) and tends to zero when v — oo.
Obviously, T(vZ, 1) = 1 has a solution iff

lim Y(v&,p) > 1,
Ug—»n
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where
0, if p < uy;

2 .
n = —EF(J,), >l

2
=< L(p), 1€ (2, 1),

This makes the second statement of the thecorem clear.

Also, since lim T(v2,1t) = 0o (as 0 is a double root of I and 1
v2—0,-2F(1)

is a double root of ' — I’(1)), then in these cases there always exists a unique
solution of (5). n

Further we have to clarify on what conditions Y(—=2F(p),pt) > 1 can
hold.

Consider T as a function of ¢ too: T = Y(e,v?, u) with domain D3 =
(0,00) x Dy C R3.

Theorem 2. Given p € (ug, 1), there exists €y (p1) such thal equation
(1) has @ unique monotonously increasing solulion for all e > ¢(pt) and no such
solulion olherwise. Besides, the bifurcalion curve (sq1(p), i) is defined by

dw

(6) e1(p) = 2/(/0“ 7=

(w) = I(pe)
Proof. It follows from Theorem 1 that

(7) Y(e,vg, 1) = |

lhas a unique solution v iff

e [+ dw
3 — —_— = >
(8) \/;/0 F(w)— I'(p) ~

Obviously, if e;(p) satisfies (6), then (8) will be satisfied iff ¢ > (). For each
such ¢ equation (7) will have a unique positive solution wvp. ™

Thus the existence of nondecreasing solutions has been completely inves-
tigated.

Remark 1. In comparison with the results of Smoller and Wasserman
[5] for the one parameter problem, one observes a new phenomenon. Tor p = 0
the solution of type 1 exists for ¢ > 0 and this is still true for all g < u,.
However, for pt € (u2,1) no solutions of type 1 are present in the region

N ={(e,p):0< e <ei(p)p€ (ug,1)},
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where other type solutions are present (as scen shortly). Further, lor o > 1,
solutions of type 1 exist again for all € > 0.

2.2. The geometry of the region A’

Now we can describe in more details the region in the (&, )-planc in
which a unique solution of type 1 of (1) does not exist by using the following
result of Smoller and Wasserman [1].

Theorem [SW]. The function

dw

0= J VT

defined for p € [ug, 1] has a unique critical point, a minimum.

In [1] the statement of the theorem looks somewhat diflerent from the
above but the difference is only formal. (Really, v is p in [1] and 1 = a(p)
defined there takes values between ug and 1.)

Therefore, the bifurcation curve (gy(), st) has a unique critical point, a
maximun, if g € (ug,1). When g — uy or o — 1, then gq(p) — 0.

3. Solutions with a maximum (of type 2): the case 0 < A < i

3.1.. Existence and nonuniqueness theorems

Consider now the case when u/(2) has exactly one zero in (0,1) at which
it changes sign, i.e., u(x) has one critical point x. € (0,1),u. = u(w.), v, =
v(2«) = 0. Solutions of that type will be referred to as type 2 solulions.

Then u(x) is invertible on [0, z.) and [x,, 1] separately and we can define
the inverses x;(u) on [0,u,) = I} and @2(u) on [, w] = I. On these intervals
(2a), (2c) is equivalent to:

dv;  f(u) dvy  [(u)
E— = i— E—— = ’
ldu ) vy l(l'u. vy
axy ary 1
¢ =1 = N L N %
) du vy’ u€ b du vy’ u € I
v1(0) = v, vo(ux) = v(us) = 0,
z1(0) = 0, () = Xy,

‘The equivalence is in the sense that cvery solution of (2a), (2¢) u, v on
[0, 2.) and on [2., 1] defines uniquely solutions u:;,v;,i = 1,2 of (9) on Iy and Iy,
and vice versa.

These two uncoupled systems (9) can be solved explicitly:
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vy(u) = sign(vo)4/ %F(u) + v,

(10a) o1(u) = sign(un) [ == = V(e 08, 0),
0 %F(w) + 03
ifwe b - }
vo(u) = —Sigll(ilo)\/:(F(‘lt) = I'(uy)),
(106) ) dw

2o(u) = 2. + sign(vo) /u‘ 5 ,
“ \/—;( F(w) — I'(uy))

if w € I,. The sign of vg is established in Lemma 1 below.

By taking the inverse functions u(x), @ € [0,2*] and u(x), v € [x*,1],
we get the solution of (2a)-(2b), when it has a unique critical point x, if such a
solution exists.

Lemma 1. If a solution of type 2 cxists then u, is the unique solution

0, 2 .

(11) —F(u) = -2,
such that ‘

(12) 1> uy > max(p, uy) > A,
and

(13) 0<wp< ,/—%m).

Proof. 0 = v(w.) = 2F(u.) + v3. This is possible only if v3 < —2F(1)
(since 1 is an absolute minimum of I") and only for w. € (u2,ugz). The case vy < 0
is not possible since then u, < 0 which contradicts the previous conclusion. Also,
v # 0, since T(<,0,u) is not defined and this implies w, # uy or uy. Also, u,
being positive, must be greater than p and such that f(u,) < 0. The latter
implies that w. < 1 and the validity of (13) follows. The uniqueness of wu,
follows from the monotonicity of I on the interval [ug, 1]. n

Corollary 1. If a solution of type 2 cuisls, il is one with a maximum.

Corollary 2. If p > 1, no solulion of lype 2 exists, no maiter what
€ >0 is.

Now, let us go back to the solution of (1).

Formulae (10a), (10b) give a solution of (1) iff 3(x) = 1, i.e. (since,
according to Lemma 1, sign vo > 0) ifl for given ¢ and g there exists of satisfying
(11) and (13) such that
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, > i dw the dw 2
(14) W(uw,p) = +2 : - = \/j

(s o (F(w) - F(u.)) wo AV (FP(w) = F(u)) £

Remark 2. Since u, has to obey (12), the domain of ¥ is {u €
(max(st, uz), 1), 1 € [0, 1)}.

Again, the problem is, for how many values of v satislying (13) equation
(14) is fulfilled.

According to Corollary 2, we have to consider only the case 0 < p < 1.

Theorem 3. Let 0 < pu < 1. There exists a positive ez(jt) < oo such
that equation (1) has at least one solution of lype 2 iff ¢ < eo(p). Besides, the
bifurcation curve (eo(p), 1) is defined by

(15) ea() = 2

[lninu. €[max(uz,u),1] q—»,(u* ’ /‘)]2

and g5(pt) — 0 when p — 1.

Proof. If p < uy, then the minimum in (15) has to be taken for u, €
(ug,1). Since ¥(uy, u) — co when u, — uy and when u, — 1, then the minimum
in (15) does exist in (ug,1) and is greater than 7, = W\—)ﬂ—l)) > 0. Also,
if uy < p <1, the minimum is taken for u. € [y, 1], exists there and satisfics the
same estimnate. Therefore 0 < e2(p) < 1/m2. Il e > ea(p), then W(u,, p) > /2/¢
for all possible values of v2 satisfying (L}) and (11), i.e., (14) cannot hold.
If ¢ < g5(p), then min ‘Il(u*,p) < V/2/e. But U(u,,pu) grows infinitely when
Use — ll.2 or 1, i.e., when v2 tends to 0 or —51°(1). Therefore, there is at least
one v3 such that (14) and (11) hold and waIme (1) has at least one solution
of type 2if 4 < 1 and € < €5(p). Moreover, when g — 1, the denominator tends
to co and therefore e5(p) — 0. n

Let us denote the region where solutions of type 2 exist by K.
K={(e,p):0 < e < ey(p)}

Theorem 4. N C K.
Proof. One can write ¥ as

dw i ux dw
VFw) = F(u))  Ju (F(w) = F(u))

Obviously, we have to show that if 1 € [uz, 1], then eq9(p) > &( ).

(16)  W(uaypr) = [
0
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I'or this purpose, observe that
_celp), -1
Y(p,p) = [——17%,
ie.,
2

——— = min Y(u,,u) < .
e2(1)  ue€lw1] (s ) ci(p)

. ov
Lemma 2. If1> p > ug, then limue—p —(tu, pt) = 400, lim ue=1
us>pn 0“* us <1

a—q, Uy, ft) = 400 and ik is bounded in every subinterval of (s, 1).
D K /

du,
Proof. We shall omit the * sign for simplicity. Since I is a. fourth order
polynomial,

1 ' , '
F(w)=F(w) = (u=w)l= (w945 (=)' ()= 5 (0=0) /" (u)+ o (w=0)? ()],
Using this representation and the substitution » = /u — w, we get:
dv ]

Vi g V=g
v =2 [ s [

where 1 2 g 1 4 pn 1 6 pr1r
n(u,v) = —f(u) + 5v°f'(u) - g¢ [ (W) + ov° [ ().
Then
av _1 ‘ -1
S0 = [R5 + (o) - Fu)
+/ﬁ f’(u) _ %”2f”('“') + (l_iv«lfm(,u)dv
(1) 0 [n(, 0)]?
/\/u-u f'(u) — %,szn(“) o %v"j”’(u)
+ 5 dv.
0 [, o))

When 1 > p > ug, F(u) # 0. Therefore the first term on the right-hand side is
bounded when u — u. Moreover, n(u,v) = ﬂ%}ﬂﬂ #0,u € (ug,1),v €
[0,V/u], as is easy to see. It follows that the two integrals are bounded when
w — p and that 9¥/0u is bounded in every subinterval of (g, 1). It also follows
that the behavior of 9¥/9u when u — y is determined by the second term
which tends to +o0.

When u = 1 the integrals are divergent at their lower limit and since
f'(1) > 0, they diverge to +co0. Hence
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Corollary 3. For any p, ¥ (u,p),u € (p,1) has a finite number of
extrema on the interval (max(p, uz),1) (remember Remark 2).

Indeed, if g > ug, ¥ is an increasing function in the intervals (s, + 6)
and (1-4,1) for some §. Besides, d¥/du is bounded in [pe+8,1—8] and therefore
V¥ can have only a finite number of extrema. The same type of arguments holds
for p1 € [0, ug).

Lemma 3. There exists i such thal if 1 > p > fi, then %’,‘%(u,u) >0
Jor all v € [p,1).
Proof. Since —7,(1,0) = f'(1) > 0, there exists g sulliciently close to
1 such that for all u € [uo, 1),
/m ’l]:‘(‘ll,, v)

—— s
0 (v n(u, )z

It follows from (17) that in this case

ov Ve (e, v)
%(u,,u) >/0

———dwv.
(v 1(u,v))2

As shown in Lemma 2, the integral on the right is positive if « is close enough
to 1. Therefore there exists fi such that if « > ji, then %(u, ) > 0. ]
In the following statement A is the closure of A.

lv > 0.

Theczrem 5. There is an even number of solutions of type 2 (at least
two) in K\N with the exception of some curves, defined below by (19), on which
there may be an odd number of solutions (al lcast three) of type 2.

Prool. We first consider the case st € [0,uy]. As was noted in the proof
of Theorem 3, il 0 < 0 < wg, U(tw,pt) — 0o when uy, — up or 1. Therefore
[\ll(n,,,u)]_1 — 0 at both ends of the interval [us, 1] and since ¥ is continuous
in (u2,1), 2[¥ (., 1)]"2 takes all the values hetween 0 and €a(pt) at least twice,
i.e. for each p and ¢ € [0,e2(p)] there are at least two solutions of type 2.

When p > up, ¥(p, ) is well defined and if e;(p) < e9(pt) (i.c., if for
a given pu there is an ¢ such that (e,u) € K\ V), then ming, gf,1] Wt ) <
W(st, ). Therefore in such a case there exists at least one interval J = [u!,u?]
such that W(uy,p) = U(ug,p) = W(p,p) and W(u, 1) < W(p,p),nw € J, ic.,

2(1) 2 2[¥(u, )] ™% > &4 (p1),u € J,
and
2AU(w, 1) = eq(p), i =1,2.
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Therefore, for each ¢ € (e1(p),c2(pe)) there exist at least two values of
w € J such that 2[¥(u,p)]™? = ¢, i.e., there are at least 2 solutions of type 2.

That the number of possible solutions is finite, is guaranteed by the fact
that W(u,,-) can only have a finite number of extrema (Corollary 3).

For a given p and ¢ let uf, k= 1,...,m, be all the values of u, satisfying
(14). Suppose that m is odd. Obviously, it follows that € is such that for some

d
U, ,

e = 2(w(ut, )],
(ui7/") =0,

o o
Faz (i) # 0.

Using the Implicit Function Theorem, we can solve the second equation of (18)
for u? and define the bifurcation curves

- ov
(19) e'(w) = 2 (ui(w), 7%, 5—(ui(p)ip) = 0.
On these curves (1) can possibly have an odd number of solutions. n

Theorem 6. There is an odd number of solutions of lype 2 in N with
the exception of some curves defined below by (20) on which there may be an
even number (at least 2) of solutions of type 2.

Proof. Lemma 2 shows that W(u.,-) is an increasing function in a
neighborhood of p and of 1 if p € (u2,1). There are the following possibilities:

1) ¥(u, p) is increasing for all u, € (uz,t). Then (14) can have only one
solution and therefore (1) has one solution of type 2.

2) ¥(us,pu) has at least one local minimum. Then (14) may have three
or more (odd number) solutions for ¢ in certain ranges. Figure 1 illustrates
some possible cases (see next pages).

There may be an even number of solutions for some ¢ only if \/Z/_e is the
value at a maximum or minimum of ¥(u,, yt). Therefore, given u, for all but a
finite number of ¢ € [0,e1(p)], equation (1) has an odd number of solutions. An
even number of solutions (at least 2) is possible for ¢(yt) satisfying the equations

e() = 2[¥(us, p)] 7,

where
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T

*v
Ou 2 (’lt,..,;t) # 0.

Using the Implicit Function Theorem we can solve for wu,(st) and define
the bifurcation curves

o 0V
(20) e(u) = 2[ (wa(w), 175 Z—(wa(p), ) = 0
on which (1) may have an even number of solutions. L

The following result establishes the existence of another bifurcation curve
situated in N.

Theorem 7. For each pu € (ug,1) there ewists eo(p) < €1(jt) such that
Equation (1) has a unique solution of type 2 iff 0 < ¢ < go(p).

Proof. Let p € (uz,1). As was already noted, ¥(u.,p) has a finite
number of extrema. Let iy, ..., %, be the maximums and let ¥(ii,,) > ¥(&;),i =
1,..,p. Since ¥(u,u) grows infinitely when u — 1, there exists @(yu) such
that W(a(p)) = ‘Il(um) and ¥ is increasing in [u(,u),l] It follows that for
all £ < 2[W(a(p), u)]"? = eo(n), equation (1) has a unique solution of type 2. m

Let £ = {(e,p):0< e <eop),ug<p<1}..

Now the obvious question is: can (1) actually have more than one solution
of type 2 in N?

The answer is “yes” and is supplied by the following theorem/

Theorem 8. N\ L #0.

Proof. Obviously, we have to prove that there exists y € (ug,1) such
that W(u,,p) has at least one minimum in (y,1). As we know,

U(Uyyp) — 00 when g — uy and u, — p.

1-—

Therefore if 2 and u, are close enough to uy and ug > @ = , then

4 dw
W (2 pt >2/ —_—— > Y(a, p),
(a1} > 2 | ) = ) (1)
which gives the proof since ¥(u,,pu) — oo, u, — 1. L]
3.2. On the geometry of the regions K,V and £
Theorem 9. If u € [0, us), e2(p) is an increasing function of pu.
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-2

Prool. g2(p) = Q[minu.e[uhl] W(Tt*,[l)] .

Irom the representation (16) of ¥ it is clear that when s increases, W
decreases. Therefore e2(g) increases. u

Theorem 10. There exist nonemply ncighborhoods of uy : I, = (w2, pur:)
and of 1: Iy = (pn,1) such that if p € Iy, then go(p) > si(pe) (i.c., the case
it € (ug, 1) in the proof of Theorem 5 is not a fiction !) and if 1t € Iy, then
e2(1) = e1(p) (K and N merge from some poinl on).

Proof. The existence of I} was, in fact, alrcady established in Theorem
8 since we proved there that for u > wuy close cnough to wz, ¥(p, 1) > min ¥,
The existence of I follows from Lemma 3 which means that for all ;i € (ji,1),
W(ux,¢) is an increasing function, i.e., W(p, ) = min ¥(u,,pu), i.c. e1(p) =
e2(pe). ]

Figure 2 (see next pages) provides a schematic picture of the regions
K,N and L predicted by these theoretical results.

4. Solutions with more than one critical point

Let us consider now the possibility of existence of a solution of (1) having
more than one critical point at which v changes sign, i.e., #(x) has at least one
minimum and one maximum, denoted by w(2nin) = Umin, %W Tmax) = Umax;
v(mmin) = 'U(-'vmax) =0.

But since 9

v2(u) — v = Z1(u),
<
it follows A
=3
T, T _ 2
F(uuuu) = F(tpax) = —51’0’
and therefore g < Umin < 1 and uya, > 1.
But then: "
u (mmin) = [(in) <0
and
"e,.. —
u (a'max) = f(umax) >0,
which is impossible.
Therefore (1) can have no solutions with more than one critical point.

5. Thecase1>z\2%

In the case A > 1, F(u) has no real roots other than « = 0 and when
A = 1,uy = uz = 1. Going through the same type of arguments as in Section
1.2.1, we sce that (1.1) has a unique solution of type 1 for all values of ¢ and .

Also, since F'(u) > 0 for all u, (11) can never be true. Therefore, there
are no solutions of type 2if 1 > \ > %
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a) b) ")

Figure 1:

Suppose. that for a given u, ¥ has the follo“.riug features: a) 2 extrema. Then
for ¢ € (;ﬁ;,fy) there are 3 solutions of type 2; for ¢ = J, -stl; there are 2
2 1

solutions of type 2; for ¢ € (0, f;) U (f;,el(;:.)) 1 solution; b) 2 extrema. The
2 1

situation is similar but there is only one interval for ¢ with 1 solution of type 2;
c) 4 extrema. There are 5 solutions of type 2 for ¢ € (f;, '-I?f); 3 solutions for
(]

ce (fg’ fg) U («-’?3-,—2;-), 1 solution for € € (0, ;,gg')
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unique solution of type 1

3 or more (odd number)
of type 2 sohhs.

unique solution of type 2
2 or more (even number) type 2 solns

+ 1 type 1 solution

Figure 2:

Positioning of the regions K = {¢ < ea(pt)}, N = {e <er(p)}, £ = {e < co(p)}.
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6. Summary of the results

To summarise, we have the following results in the (&, ) - planc (look at
Figure 2):

a) Outside of region K there is a unique solution of (1) which is of type
(

b) In region K there is an odd number of solutions of (1) as follows:

b1l) In K \ NV there are three or more (odd number of) solutions: one
solution of type 1 and two or more (even number) solutions of type 2.

b2) In '\ £ there are no solutions of type 1 and three or more (odd
number) solutions of type 2.

b3) In £ there is a unique solution of type 2.

b4) On the curves defined by (19) in K \ & the number of solutions of
type 2 is even and on the curves defined by (20) in A the number of solutions
of type 2 is odd because on them two solutions merge into one.

If we take p = 0, we get the case of Smoller and Wasserman [5] in which
it is only possible to have either one solution of type 1 (for ¢ > £§) or three
solutions (one of type 1 and two of type 2, for € < £f).

But, for example, if we take p close enough to ug and g > ug, then for
€ < ep(se) there is one solution (of type 2), for co(t) < € < €1(p) there are three
or more (odd number) solutions of type 2, for e1(p) < € < €a2(st) there is one
solution of type 1 and two or more (even number) solutions of type 2, and for
€2(t) < € there is one solution of type 1.

Or, if we take u close enough to 1, i < 1, then for € < e3(t) there is a
unique solution of type 2 and for e3(p) < ¢ there is a unique solution of type 1.

In conclusion, if we vary u, we get a much richer bifurcation structure.

7. Some remarks

We have designed a numerical procedure to calculate numerical approx-
imations of the multiple steady states of equation (S) with nonhomogeneous
boundary conditions which will be described clsewhere. A very interesting and
hard problem to be solved in relation to our results is that of the stability of each
of the steady states. It is very interesting to know whether it is possible to have
more than one stable steady state or which one, the type 1 or type 2 solution is
stable in case that both are present. We think that solving these problems will
have a significant effect on the theory of nerve excitation in particular or, at
least, will supply a very interesting example of a stability problem with multiple
steady states in general.
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