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In the present paper we study the existence of solutions to some boundary value
problems for noncoercitive semilinear elliptic equations. A variational inequalities approach
allows us to obtain in the same way results for cases that usually are treated separately by
various methods.
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*

The present work treats the solvability of some boundary value problems
for noncoercitive semilinear elliptic equations. Since the paper of Landesman
and Lazer [1] treating the Dirichlet problem for equations of the form

Lu + g(z,u) = f(z),

where L is selfadjoined elliptic operator of second order with one dimensional
kernel, numereous publications sharpening and extendig this result have ap-
peared. Sufficient, and in some cases necessary conditions connect the behaviour
of the nonlinear term g(z,u) at infinity, the functions in the kernel of L and the
right-hand side f. Such conditions are often called Landesman-Laser type con-
ditions, or even a Landesman-Laser principle [2]. An extensive study of related
topics is the article [3] (in particular sections III and IV). Most of the consid-
erations are carried out by splitting argument and in the particular case when
0 is the first eigenvalue of L, it is usually supposed that L is selfadjoint or at
least monotone. This however leaves out the case of the Dirichlet problem for
general second order elliptic equations, this last case being treated separately,
usually by means of sub- and supersolutions.
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In the present paper we consider an abstract linear operator L from a
subspace V of L%(Q) into its dual, subject to'restrictions that hold for a num-
ber of elliptic problems (conditions L1 — L3 below). The main existence result
(Theorem 2) is for bounded nonlinearities g(z,u) under the assumptions that
zero is the first eigenvalue of L and that the right-hand side (in the dual of V)
satisfies appropriate condition of Landesman—Lazer type. This includes non-
monotone operators with first eigenvalue zero and in particular non selfadjoined
second order equations with non-smooth coefficients. The proof is based on the
fact that variational inequalities for pseudomonotone operators arrising from
the equations under consideration have solution in appropriate convex sets. As-
suming that no such solution is a solution to the original equation, we arrive
at a contradiction with the imposed Landesman-Lazer type conditions. This
approach is in part inspired by [4, Th. 2.3] and is used in our previous work
[5). Theorem 1 represents a surjectivity results for linear operators ot the type
considered with trivial kernel and a nonlinear term that has at most sublinear
growth. It arrises naturally as a part of the proof of Theorem 2 but seems of
interest by itself. Then Theorem 3 is a sharpening for monotone operators of
the results thus obtained, related to the results in [3].

Let V be a Hilbert space with a norm || - ||v that is everywhere dense in
L?(2) for some bounded region @ C R™ and with a compact inclusion. Identi-
fying L?(Q) with its dual, we get

(1) V C LXQ) C Vv,

where V* is the dual of V. In the applications we take for V' a closed subspace
of H™(R2), such that HJ*(Q) C V. We denote by (-,-) the pairing between the
spaces V and V*. :
Let
L:V-sV*

be a continuous linear operator satisfying the following properties:
L1. A Garding type inequality

(Lu,u) 2 allully — collullZaq),

where a, co = const; a > 0. L1 implies that the operator L, as well as its adjoint
L* : V — V* have kernels of equal finite dimension.

L2. The operator L + A is invertible for every A > 0.

L3.

meas{w(z) =0} =0  Vw € ker L\ {0}.
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For the function g(2,u) we suppose that it is defined on @ X R and
satisfies the Karatheodory condition, i.e. it is measurable with respect to a for
every u and is continuous with respect to u for almost all 2 € Q. Furthermore
in the sequal we use some or all of the following hypotheses:

H1.

ug(z,u) > —c(@)lul - d(z),

where ¢ € L3(@), d € L}(Q), c(2) 2 0, d(=) > 0;

H2.

lg(,u)| < vlul + b(x)

for some function b € L?(Q);

H3. g(z,u)/u — 0 for |u| — oo for almost all & € Q; or even the next
stronger hypothesis:

H*

lg(z, u)] < b(=)

for some function b € L?(Q) which implies all of them.

Let
g" () = limsupg(z,u), g*(z)=liminfg(2,u),
u—+00 = u—+oo
g (z) =limsupg(z,u), g ()= liminf g(z, u).
U—+—00 - Y—=—00
As usually, v+ = max{u,0} and u~ = —min{u,0} for arbitrary function u

and by {u > 0} and {u < 0} we denote the sets {z € Q : u(z) > 0} and
{z € Q: u(x) < 0} respectively.

Theorem 1. Let L1, L2 and H1 - H3 hold. Furthermore, let ker I, =
{0}. Then the equation

(2) Lu+g(z,u) = f
has a solution for every f € V*.~

Proof. Let
Br={u€V :|ul < R}.

It is obvious that Bp is convex and closed in V.
Under the assumptions L1 and H2 the operator

Au = Lu + g(z,u)
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is pseudomonotone on V. Indeed,
Au= Lu+ cu — cu + g(z,u)

and the operator L + c is monotone for ¢ sufficiently large positive. On the
other hand H2 implies that —cu + g(x,u) is a continuous operator from L?(Q)
into L2(2) and from the compact imbedding V C L%(Q), it follows that it is
a compact operator from V into V*, hence it is pseudomonotone. Now A is
pseudomonotone as a sum of a monotone and a pseudomonotone operator [6,

Ch 2, Remark 2.12].
The variational inequality

(3) (Au,v —u) > (f,v— u) Vv € Br

has a solution for every f € V* and every fixed R > 0. Indeed, H1 implies for
every fixed R > 0

(Au,u) = (Lu,u)+/ﬂg(z,u)u

> allull? - collullZs - /n e(z)lul - /n d(z)
> allull? - collull2s — llellzllullz2 — lldllzs
and obviously,
(Au,u) - 400
ully

for ||lu|]ly — oo, u € Br. Hence the operator A is coercitive on Br for every
fixed R > 0. Now we can apply the well known existence results for variational
inequalities (cf. [6, Ch. 2, Th. 8.2]) whence it follows that for every R fixed
there exists a solution ur € BR to the variational inequality (3), i.e.

(Aup,v — ugr) > (f,v — uR) Vv € Bp,

or equvalently
(Aur — fy,v—uR) >0 Vv € Bp

holds. As it is well known the last inequality can be interpreted in term of
subdifferentials of convex functions (cf. [6, Ch. 2, 8.5, 8.6]), i.e.

—(A'UR - f) € aIBn(“R)’
where

_ [ +oo for |jullpa > R
’B“("’"{ 0 for [lull; <R
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is the indicator function of Br and & denotes the subdiferential with respect to
V. Using the inclusions (1) (cf. also [7, Prop. 5.7]) it is readily seen that

0Ipp(u) = {Au: X >0}
whence it follows that
—(Lur + g(2,uRr) — f) = ARur

for some Ag > 0, or
(4) Lup + Agur + g(z,ur) = f.

If Ag = 0, then upg is a solution to the equation (2). This is obviously the case
whenever ||ug||zz < R. So, let us suppose that for no R the function ug is a
solution to the equation (2). This means that for every R there exist ug with
llur|lzz = R and Ag > 0, such that (4) holds. Now it follows that

(Lur,uR) + ArR? < - /n 9(z, ur)urdz + (f,uR) .
Now from L1 and H2 it follows that
allurll}y — coR? + ArR? < |lc||z2R + C + || fllv-llurllv,
and since || f|lve||lurllv < el|fl|3. + (4¢)7||ur||? we obtain
(a = e)llurlly, + (Ar — c0)R? < Ce(R +1)
for every R > 0 for some constant C.. Hence for ¢ < a it follows
(AR —co)R2 < C(R+1)

for every R > 0 and
lim}:up(x\a —¢9) L0.

This‘mea.ns that the set of AR is bounded, i.e.

(5) 0<Ar<C VR > 0.
Now we get

(6) (a—e)llurll} < C(R*+ R+1)
for a suitable constant C. Let now

u
wR=—R.

R
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We have
(7 [lwrllzz = 1

and from (6) now it follows that
(8) lwrlly < C

for some constant C'. From (5), (8) and the compactness of the inclusion V C
L%(R) it follows that we can choose a sequence R, — oo, such that for the
corresponding sequences A, = Ap, and w, = wg, we have

(9) A —A>0

(10) w, = w weakly in V

(11) wy, — W strogly in L?(Q)

(12) wy(z) — w(z) almost everywhere in (2.

Without any loss of generality, we can also suppose that there is a k € L?(Q)
such that
|lw,(2)] < k(x) almost everywhere in Q.

From the equation (4) it follows that for every v € V we have
wy,v)+ A, [ wvdz + | ———vdz = — (f,v).
ﬂ n RV Ry

From (9) - (11) it follows

(14) (Lw,,v) — (Lw,v)
(15) z\,,/ w,vdz -+7\'/ wvdz
0 Q
16 | L gy =0
( ) Ru ’ ¢
From H2 it follows
g(z,u,) v|us| + b b
TR, |l R R lulzs + LG "LQ S

On the other hand H3 implies that

9(z, R,w,(2))

Bt o
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for almost all x € Q. Indeed, for z such that w(z) # 0 we have

g(w, vau(a')) _ g(a:, Ruwu(x)) DN
R, T Rywy(2) wy(z) = 0

and on the set w(z) = 0 we have

g(z, Ryw,(x))
R,

M) _

S 7Iwu(z)| + R 0'

This implies that :
g("l"’ ul’(z)) —_ 0
R,

weakly in L%(Q) (cf. [6, Ch. 1, Lemma 1.3], i.e.
(17) / andx =0
Q R,
holds for every v. Now (13) - (16) and (17) imply
(Lw-i--Xw,v):O Vv €V,
i.e. _
Lw+ Aw = 0.

Since (7) and (11) imply ||w||zz = 1 and X > 0, from L2 it follows that X = 0,
i.e.

(18) w € ker L\ {0}
and this contradicts the assumption that ker L = {0}.

Theorem 2. Let L1 - L3 and H* hold. Let f € V* be such that for
every w € ker L\ {0} there exists a W € ker L* satisfying

(19) / wWdz > 0
Q
and
(20) (f,W) < / ("W - F* W™ )dz + / ("W — T W )da.
{w>0} — {w<o0}

Then the equation
Lu+ g(z,u) = f

has a solution.
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Proof. We repeat verbatim all the arguments in the proof of Theorem
1 until obtaining (18). Now for every W € ker L* we have

(fLW)= AR, (w,,W) + / g(z,u,)Wdx.
Q
Let us now take for W this corresponding to w element in ker L* satisfying (19)
and (20). From (19) and (11) it follows that (w,, W) > 0 for all sufficiently
large v, whence
liminf A, R, (w,, W) > 0.
V=00
Furthermore, H* implies
9(z, )W 2 —b(z)|W(z)| € L'(Q)
whence by Fatou’s lemma
liminf/ g9(z,u,)Wdz > / lim inf g(z, u,)Wdz.
v—00 0 0 V=00

These last inequalities imply

liminf (f,W) = lijninf {z\,,R,, (w,, W) + / g(z,uy)Wdz}
V=00 —+00 [e]

A\

lim inf A\, R, (w,, W) + lim inf/ g9(z,u,)Wdz
V=00 V=00 ﬂ

v

liminf [ g(z,u,)Wdz.
Q

v—00
We obtain on the set {W > 0}
liminf g(z, w,)W = Wliminf g(z, u,) = W{g" X(w>0} + 9™ X{w<0}}
and on the set {W > 0}

liminf g(z, u, )W = —W lim inf(—g(2,u,)) = —W(-limsup g(z, u,))
V=00 v—00 Vv—+00

= Wlmsupg(z,u,) = WA{T" X (w>0} + T X{w<o0} }»

where x denotes the charactristic function of the corresponding set. By virtue
of L3 the last two inequalities give

lim inf g(2, w.)W = X(w>0}[W¥ gt = W7t + x(u<o)(W¥g™ - W77]
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almost everywhere in © and finally

(LW)Z/ [W* t-w- ‘+1+/ Wty —W~ 7]

w> {w<0}

which contradicts the hypothesis (20) of the theorem.

Remark 1. Let dimker L = 1. Then dim ker L* = 1 also. Let w and W
be two elements in ker L and ker L* respectively, such that

/ wWdz > 0.
Q

Then the condition (20) takes the form

| / T W — g~ W~ )dx+/ THWH — gt W) < (f, W)
{w>0} w<0} -

< / (gtWt —gtw)dz + (Wt =g~ W™ )dz.
{w>0} — {w<0}
In the particular case
gt = lim g(u)

u—+Foco

the condition becomes

g"/ Wda:+g+/ Wdz < (f,W) < g"'/ Wdz +g~ Wdz.
{w>0} {w<0} {w>0} {w<0}

If there is a function W € ker L*, such that

/ Wdz > / Wdz,
{w>0} {w<0}

then it is enough to have gt > g~ in order to ensure the existence for some

fev=

Remark 2. Let L be a second order elliptic operator. As it is well known,
under appropriate regularity assumptions, the eigenfunctions corresponding to
the first eigenvalue of the Dirichlet problem for L and L* have constant sign in
Q. If we denote them by w and W respectively and take both positive, then
(19) is automaticaly satisfied and (20) becomes

[awaz<(r,w)< [ gwas.
Q o Ja
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Similar arguments apply to some Neuman problems, when the kernels consist
of constant functions only.

Remark 3. Let L be a monotone operator, i.e. (Lu,u) > 0Vu € V.
Then
ker L = ker L*
and for a function W corresponding to w € KerL\{0} we can choose w itself.
In this case (19) is satisfied and (20) becomes

(21) (fyw) < / gtwdz + / 7 wdx Vw € ker L\{0}.
{w>0} "~ {w<o0}

Remark 4. The condition H* was used only to assure the hypothesis of
the Fatou’s lemma. In particular cases it can be replaced by less stringent con-
ditions. For instance in the case of monotone operator L we have the following
result.

Theorem 3. Let the monotone operator L be such that L1 holds. Let
g(z,u) satisfy HL and H2. Then for every f € V*, such that (21) holds the
equation

Lu+ g(z,u) = f
has at least one solution.

Proof. The proof is identical with that of Theorem 1 until obtaining
(14) - (16). Now H1 and H2 imply (cf. [3, (3.24)])

ug(z,u)+ clul +d—clu] - d
|ug(z,u)+ clu| + d| — cju| - d

ug(z,u)

> ullg(z, u)| - 2¢]u] - d

1
> =g willg(z,u)] - b(e) — 2elul - d
> $|g(z,u)l’-éc|u|—d,

where 7’ < v and d € L'(R2). Now from (4) it follows

(Luy,uw,) + A, R2 + —1-,/ lg(z,u,)|?dz - 2/ cluy|dx — / d(z)dx
7 Ja Q Q

< (Luy,u,) + A\ R2 + / uyg(z,u,)dz = (f,u,)
Q
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and since (Luy,w,) > 0 and A, > 0 we get

1 .

p /n lg(2, w)da < | fllvellully + 2llellzagylluvllz ) + lldllz @)-
Dividing with R? gives

lldll 1 (g2
R,

1 2, )2 1
L[l gy < (Cllflve + 2ellae + )0

7o R
for v — oo so instead of (17) we now have

9(z,u,)
R,

L2

This again gives B
Lw+ Aw =0.

Now ||w||z2 = 1 and the fact that L is monotone imply X = 0and w € ker L\{0}.
The proof continues as in [3]. In more details, Proposition I1.4 implies that under
the assumptions H1 and H2 we have

liminf [ w,g(z,u,)dz > / gtwdz + / 7 wdx
v=o0 JQ {w>0} {w<0}
the right-hand side being a number in (—00, +00]. From (4) we obtain

(Lu,,,w,,)+,\,,R,,/ w?,dm-{-/w,,g(x,u,)d:c: (f,wy)
Q Q

whence dropping the nonnegative terms we obtain

() = limind (/) 2 Himint | wg(e, w)de

> / gt wdz + 7 wdz,
{w>0} {w<0}

in contrary to the asummptions (21).
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