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Presented by P. Kenderov

A wavelet counterpart to Wahba’s spline smoothing technique is developed for the case
of fitting less regular curves. Our approach is a realization of the smoothness penalty method
of Tikhonov regularization of ill-posed inverse stochastic problems within a wavelet setting.
The penalized cost functional to be minimized is Peetre’s K-functional between Besov spaces.
The regularity of the curve is discussed in terms of the size of its seminorm in homogeneous
Besov spaces 1'3,‘,, with a relatively small value of the smoothness index s > 0. Penalized La-
estimation with Besov-type constraints, considered in the literature, is included as a partial
case. The optimal solution of the penalization problem is in the form of a wavelet expansion
whose coefficients are obtained by appropriate level- and/or space-dependent shrinking of the
empirical wavelet coefficients. Thanks to the use of wavelets, both density and regression esti-
mation can be treated in a somehow unified way. In the case of regression-function estimation,
an enhanced version of cross validation (generalized full cross validation) is implemented for
the choice of the smoothing parameter. Numerical examples illustrate the advantage of our
procedures in comparison to more standard wavelet methods when the regularity is small and
sample sizes are moderate. The approach is very flexible and allows for a diversity of exten-
sions. Some first extensions can be found in Section 7, among which are the iterative individual
shrinking estimator and the self-similar fractal estimator. The other extensions considered are
grouped in Appendix: B, which is in a sense the most advanced part of the paper, and can

be considered as an outline of a plan for further research. For conciseness of presentation,
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only the univariate case is considered in detail, but all statements and their proofs do admit

multidimensional generalization.

Mathematics Subject Classification: Primary 42C15, 46E35, 62G05, 65D10; Secondary
26A30, 26D10, 35K10, 35K30, 39B12, 41A63, 42C20, 46N30, 47B10, 47D06, 49M45, 62J07,
65K10, 65R30, 65U05

Key Words and Phrases: penalized nonparametric regression and density estimation,
consistency of estimation and cross validation, asymptotic-minimax rate of estimation, atomic
decomposition of Besov spaces by orthonormal wavelets, K-functional Tikhonov regularization
of ill-posed inverse stochastic problems, iterative individual shrinking of empirical wavelet

coefficients, self-similar fractal estimator.

1. Introduction

This paper consists of three parts: main body, Appendix A and Appendix
B. References to parts of the appendices are denoted in the text by 42 or 47:83,B8

and so on. ‘
Our purpose is to suggest a wavelet-based approach that parallels spline

smoothing techniques, as described by Wahba [117], and to apply it for esti-
mating spatially inhomogeneous curves. Our method is thus an extension of
the smoothness penalty approach to wavelets. The penalized cost functional to
be minimized is Peetre’s K-functional between Besov spaces. Its minimizer is
in the form of a wavelet expansion with coefficients obtained by level- and/or
space-dependent shrinking of the empirical wavelet coefficients. In the case of
nonparametric regression, an enhanced version of cross validation (generalized
full cross validation) is implemented. Measuring the estimation rates and the
regula.rity of the curve in Besov spaces allows for optimizing the cross-validation
criterion not only with respect to the penalizing smoothing parameter, but also
with respect to the smoothness index of the Besov space. This brings about

control over fractional-order derivatives! of the curve and makes the new esti-
mator superior to Wahba’s smoothing natural spline estimator when estimating

less regular curves. To quote Hall and Patil [69]: ”we do not suggest that wavelet
methods should supplant existing techniques for estimating very smooth curves,
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but we do agree that they have ready application to problems where curves
change relatively sharply. ‘Thus, they complement existing methodology for
nonparametric curve cstimation, rather than replace it”. In the specific context
of the smoothness penalty approach there are two additional advantages of the
utilization of wavelets. (a) While the optimization problem in Wahba’s approach
is intrinsically non-parametric (consisting of a large number of boundary-value
problems for differential equations plus subsequent comparison of the boundary
values), its analogue in the wavelet setting is parametricA?. (b) While the penal-
ized smoothing spline technique is designed specifically for regression-function
estimation, its wavelet analogue allows treating both non-parametric regression
and density estimation in a somehow unified way. More precisely, we shall be

considering the following regression and density models.

The regression model is: Y; = f(z;) + &, ¢ = 1,2,...,n, where z; =
a1 + (az — a1)i/n, [a1,az) being the definition interval. For the i.i.d. errors €

we assume E¢; = 0, Fe? = 62.

In the case of density estimation, the sample consists of n i.i.d. observa-

tions X;, ¢ = 1,2,...,n with unknown density f(z).

It is outside the scope of the paper to compare the merits of our solutions
of these problems with the many alternative wavelet-based approaches (we can
easily list at least ten alternatives) since this would require performing a very
long simulation study and spacious discussion. This is why only one, well-known,
method - the soft thresholding - was singled out for the sake of graphical com-
parison. The numerical simulations and graphical results presented in the sequel
illustrate the advantages of the shrinking over the thresholding procedure when
regularity is low and sample sizes are moderate. We should underscore though
that our primary goal in the present paper is not demonstration of the superi- -
ority of the fits we get in comparison to soft threskolding and other standard
wavelet methods. The main merits of our approach at this stage can rather be
summarized as follows. (a) This approach offers an excellent trade-off between
good estimation and simplicity of the estimator. (b) While satisfactory practical

estimation with wavclet estimators (in particular, soft- and hard-thresholded)



260 L. Dechevsky, J. Ramsay, S. Penev

which are asymptotic-minimax within the asymptopia” paradigm (see Donoho,
Johnstone, Kerkyacharian and Picard [58]) can in general be only achieved for
large sample sizes (n =~ 10%), the penalization approach considered here yields
comparable quality of the fit already for moderate samples (n =~ 103), under vir-
tually no additional assumptions compared to soft thresholding provided that
the Besov smoothness index is being also optimized in the cross-validation cri-
terion. (c) The present approach is very flexible and can be extended simply
and elegantly in diverse directions, thus allowing enriching and upgrading the
features of the model, the expected ultimate reward being to get good fits for
sample sizes as low as n ~ 10? and, for some specific estimation problems,
even less. Some of these extensions are briefly addressed in appropriate places

(notably, Section 7, 43, Appendix B).

In the sequel only the univariate case is considered in detail for concise-
ness of presentation. However, all the main results can be generalized to the
multivariate case. We shall make more detailed comments about this general-
ization in appropriate places later in the text.B2!

Finally, a few more words on the organization of the paper. Sections 2
and 3 are introductory. Section 4 gives a brief exposition of our concept of K-
functional Tikhonov regularization and explains why the K-functional approach
is of fundamental importance for deterministic and nondeterministic smoothing
and, in particular, for nonparametric penalized wavelet estimation. In Sections
5 and 6 a model case (the case of Hilbert spaces) is presented, and a model pro-
cedure for estimating the regularization parameter - cross validation - is studied
in detail. In Section 7 numerical examples are discussed, together with some im-
mediate extensions of the K-functional model. Appendix A contains the proofs,
as well as ”second reading” remarks to the text in the main body. Appendix B
is essentially a list of further extensions and generalizations which can be con-
sidered as a program for further research on the topic of K-functional penalized
estimation. In a sense, Appendix B is the most important and advanced part
of this paper.

2. Thresholdi.ng
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The study of slatistical applications of wavelets received its initial boost
in 1992-1994 with the development of an elegant general asymptotic-minimax
theory in a series of papers by Donoho, Johnstone, Kerkyacharian and Picard.
In this theory thresholding of the empirical wavelet coefficients emerged as a
key tool for smoothing and denoising. The loss functional with respect to which
the estimation rates were measured was an Ly,-norm. That essentially meant
that only the function was being consistently estimated but not its derivatives. )
One reason for this was that in many cases the initially proposed "universal”
threshold turned out to be locally too high or too low and did not allow for an
optimal trade-off between bias and variance locally along the curve. Since then,
Donoho and Johnstone have proposed several more refined threshold strategies
for Gaussian white noise l(nota.bly the SURE shrink, WaveJS and oracle in-
equalities) that allow for better adaptivity (and have had important impact on
the development of the currently most advanced adaptive thresholding strate-
gies NeighBlock and NeighCoeff (see [28,29])). Further methodological advance
in the asymptotic thcory was achieved, in both density and regression estima-
tion context, with the introduction of level-dependent thresholds by Donoho
and Johnstone [57] for the case of nonparametric regression and by Delyon and
Juditsky [53] for both the regression-function and density estimation problem.
This refinement contributed to bringing down the additional log-factor appear-
ing in the asymptotic rates when estimating sufficiently regular curves using
wavelets. The loss functional in which these rates were estimated by Delyon
and Juditsky was a Besov (quasi-)norm with possibly positive smoothness in-
dex. This meant that also derivatives of the function up to a certain order were
being consistently estimated. Moreover, the estimation rates for the derivatives
were also asymptotically optimal within the "asymptopia” pa.radigm of [58]. De-
spite these improvements, for practical purposes wavelet-based estimation still
remained an essentially large-sample technique. This was part of the price to
pay for making these estimators almost minimax in a broad range of function

spaces simultaneously, as suggested in the "asymptopia”44.

Recently, several thresholding approaches have been proposed to generate
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wavelet estimators with improved performance on moderate samples. Variants
of Bayesian approach have been suggested by several authors ([116,1,30]). An-
other approach was Nason’s (see [92]). He considered the integrated square error

of the thresholded estimator as a function of the threshold and tried to find its
minimum. One problem there appeared to be that the cross-validation criterion

depended non-smoothly on the threshold value and had numerous local extrema,.
This made it very diflicult, if possible at all, to develop advanced rigorous theory
for this estimator. A further refinement of the level-dependent approach of De-
lyon and Juditsky was suggested in the so-called block-thresholding procedure
by Hall, Kerkyacharian and Picard [68] in 1995 (followed by (70,89,25,28,29]),
which helped to bring down the log-factor in the rates and to further improve
the estimation of derivatives by combining wavelet coefficients into groups and
using information about each one to assist in assessing its neighbours.

Yet, even after all these efforts, threshoi_ded wavelet estimators still have
their problems, especially when the sample éizes are small to moderate, the
noise-to-signal ratio is relatively large, the white noise is not Gaussian, and
the estimated function is not very smooth. The only realistic opportunity to
systematically get good fits for small samples seems to be to introduce in the
model all available additional information about essential features of the curve.
Together with Bayesian approach, the variational approach seems to be the nat-
ural choice in such upgrading. However, optimization with respect to thresholq
values generally leads to non-linear, non-smooth, non-convex, multi-extrema]
problems with high computational complexity. An additional problem whep
estimating functions with low regularity and fractals is that thresholding meth-
ods tend to oversmooth the curve because they are well adapted for functiong
which gather their value on relatively few, relatively large wavelet coefficientg
only. Continuous fractals and functions with jumps do not generally fall into
this class: they gather their value relatively uniformly from many wavelet coef.
ficients on infinitely many levels and the vector of their wavelet coefficients doeg
not necessarily look sparse. Due to these facts, for such types of functions g
non-threshold shrinking procedure is appropriate. An alternative approach to
thresholding, leading to smooth optimization criteria for determining the regy.-
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larization parameter, was proposed by Amato and Vuza [3] and, independently,
by Antoniadis [9]. Their methods were implicitly based on a technique for ex-
plicit computation of K-functionals between IHilbert spaces, developed carlier
by Dechevski [41] and Dechevsky [42,43]. Although of non-threshold type, the
pa.liznneter settings in the methods of Amato and Vuza, and Antoniadis, made
these methods appropriate for estimating very smooth and relatively spatially
homogencous functions only. On the contrary, in the context of spatially inho-
mogeneous functions with low regularity our penalized non-threshold shrinking
wavelet estimator and its various extensions are at their best, and we recommend

them as a valuable complement to existing thresholding techniques.

8. Splines, wavelets, function spaces

By the end of the 1960s the penalized smoothing-spline (or spline-smo-
othing) technique had already evolved into a very general penalization approach
for solving deterministic smoothing problems (see [7]). Its statistical applica-
tions - to nbn-parametric regression - began approkima.tely at that time. They
were based on an intuitively appealing technique for selection of the penalizing
(or smoothing) parameter: cross validation (notably ordinary and generalized)
(see [117]). For the smoothing version of Schoenberg’s problem ([117], formula
(0.0.3)) there are examples where the performance of Wahba’s natural-spline
smoothing estimator is spectacular, even for sample sizes as small as 100 or so.
However, getting such a good fit is only likely for sufficiently smooth functions,
since the penalization term contains a homogeneous Sobolev semi-norm with
integer smoothness index. Even if the curve is very smooth, it should not be
too spatially inhomogeneous because the cross-validation criterion can only be
optimized with respect to a single global smoothing parameter. It is for more
spatially inhomogeneous and/or less regular curves that wavelet methods show

their strength, in both regression and density estimation problems.

Let f(z), = € R! be a locally integrable function. Its wavelet expansion
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(o]
(1) F(@) =Y aiorpion(@) + D D Binwin()
kez j=jo k€Z

where jo € Z, {@jox and ¥ji,j = jo,Jjo+ 1,jo+2,v. ..; k € Z} form an orthonor-
mal basis of Ly(R). Here pji(x) = 2//2p(20x — k), ¢jn(x) = 29/2p(200 — k), j
describes the resolution level. For better spatial and level localization, ¢ and
are assumed to be compactly supported. Convergence of the series in (1) is in
the (quasi-)norm topology ([16], Section 3.10) of Besov spaces. The Besov scale
B;q(R“) (resp. B;q(ll")) of inhomogeneous (resp. homogeneous) Besov spaces,
0<p<Lo0,0<q<00,s€ R,is the typical class of translation-invariant func-
tion spaces in which spatial inhomogeneity can be described. (For equivalent
definitions of Besov spaces and their properties we refer to [16,111-113].) In sta-
tistical context, Besov spaces have been introduced by Donoho for the purposes
of asymptotic-minimax theory of wavelet estimators (see [58] for an overview).
This approach is founded on a relatively recent discovery (Sickel [106]) of a re-
markable family of equivalent (quasi-)norms in Besov spaces in terms of wavelet
coefficients. In brief, the idea is as follows. In addition to the already made
assumptions about ¢, 1, suppose that for » > 0 the linear span of ¢(. — k),
k € Z, contains all algebraic polynomials P with deg P < [r] and ¢ € B

Then @jok, ¥k, k € Z, j = jo,jo+1,..., form a Riesz basis simultancously for
all By (R),0<p<00,0<¢q< o0, max(0,1/p— 1) < s < r. Therefore, for the
above range of parameters considered, if f € Bp,(R), then the series in (1) is

always convergent in the (quasi-)norm topology of the space and

o0
(2) Juvg(s B) = [l i Iy + 2 (FF+C/D=WD | g ), )i/
J=jo
is an equivalent norm in B}, (R). Here the notation

3 Il o llp= (3 leiol?) 725 11 Bi. llo= (3 1Bul?)!/?

kezZ kezZ
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has been used. Henceforward, we shall always make the aforementioned assump-
tion that the analyzing wavelet has smoothness index r > s. For the purposes
of Section 6 we also need to suppose that the wavelet basis is obtained via
multiresolution analysis (see [36]) and in Subsection 6.2 an additional explicit
assumption is required that the first [r] moments of v vanish. In Section 6 it
is also implicitly assumed that ¢ and 3 have bounded variation \/ ¢, \/ ¥, but

this is true even for the Haar wavelet.
All notations related to wavelets and Besov spaces are the same as in

[53].45

For simplicity, we shall always be working with wavelets obtained via
multiresolution analysis on the whole R (or R%), and will be assuming that the
support of the function in consideration is compact on its domain 2, because in
this way we are working with spaces which are simultaneously closed subspaces
of the function space over 2, and of the function space over R%. Because of
their closedness, these subspaces enjoy all the essential properties of the entire
function spaces. This trick is done only for simplicity of presentation; it is
quite straightforward to extend our constructions to periodic functions in one
and several dimensions by considering periodic wavelets and (when the sample
size is a power of two) periodic orthogonal discrete wavelet transform (ODWT)
(see, e.g., [57] and the references therein). It is also easy to further extend our
considerations also for the finite interval (see [31,33]), as well as for a finite
hyperrectangle in d dimensions. Moreover, it is even possible to extend our
constructions, as described in more detail in B20:B21 {5 function classes on
Lipschitz-graph domains Q2 in d dimensions, by utilizing wavelets generated via
multiresolution analysis on 2, as proposed by Cohen, Dahmen and DeVore [32]

in their wavelet-based approach to deriving Whitney-type extension theorems.

4. The K-functional

The K-functional has been introduced by Peetre [94] in 1963 as a tool for
measuring smoothness in abstract spaces. Since then, it has had a rich variety

of important applications, for example: interpolation of opera.tbrs and interpo-
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with moduli of smoothness ([24,80,39,41,42]); general characterization of best
approximation ([97]), and many others. For the purposes of these applications
it has also been generalized in several aspects. Here we consider one of these
generalizations - the K,-functional between two (quasi-semi-)normed spaces A,
B:

(4) Kt f;4,B) = inf (lall}+¢./1b]|5)"/%,0 <t < 00,0 < p < 00

(with max-modification for p = o), f € A+ B (the sum of A and B as linear
vector spaces)”6.

Taking in consideration the clear resemblance between Wahba’s statis-
tical spline-smoothing model and the deterministic model of the K-functional,
it is amazing that, ever since the 1960s, two distinct and very complementary
theories related to the two models have been developed, without almost any
methodological interconnection. In the last several years a number of interest-
ing papers on penalized L;-estimation have appeared, some of them considering
also Besov penalties (see [55,54,19,13,72,9,4]), but, to the best of our knowledge,
so far the only one who has essentially exploited the analogy between Wahba’s
model and the K-functional has been Cox [35], Theorems 3.3,4. In a sequence
of papers (see also [49,50]), we intend to pursue a study of the applications of
the theory of the K-functional to statistical estimation.

To illustrate the conceptual power of the K-functional, and for further
use, let us discuss the "smoothing paradigm” in a general K-functional setting,.
Our consideration will be an extension, generalization and further development
of the approaches of Anselone and Laurent [7] and Cox [35]. Let A, B be quasi-
Banach spaces with B «— A (i.e., B C A and there exists ¢ < oo such that
[16]|4 < c.||b]|B for any b € B). If for any @ € A+ B = A there exists b* = b*(a)
so that K,(t, a; A, B) = minsen(|la—bl|5+t°||bl|3)/* = (|la—b*||%+1]|6%]|5) /~,
then the K-functional measures the quality of the approximation of a by b € B
for a preassigned (through the t-value) trade-off between fidelity of the data and
smoothness of the solution. The embedding B < A ensures that the presence of
the penalization term has smoothing effect. This general smoothing model can
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be further enhanced by considering a homogeneous version of B. Assume that
the quasi-norm in B is of the particular form ||b]|5 = (||b]|%+ ||Tb||”Bl)1/”, where
T is a densely defined on A, linear, possibly unbounded, closed operator from A
to the quasi-Banach space B;. Then, by the closedness of T', B is quasi-Banach;
clearly, B — A and ||.|| is the graph quasi-norm of T. The homogeneous

version of B is the quasi-(semi-)normed complete space B with ||.||3 = ||T"||5,-

Smoothing with respect to K,(t,a; A, B) is generally not identical but always
equivalent to smoothing via K,(¢,a; A, B) in the senée that

(5) K,(t,.; A, B) < K,(t,.; A, B) + min(1,¢).]|.||l4, 0 < ¢ < o0,

with equivalence constants independent of the smoothing parameter t.A7 In
Wahba’s model B and B are an inhomogeneous and a homogeneous Sobolev
B = B

space; in our wavelet model B = B; -

- A = BZ,, where the rela-
tion between (w,u,o0) and (p,q,s) must be such that: (a) for the selected r
(see Section 3) (2,3) hold for both triples; (b) B — A. Hence, by embedding
theorems for Besov spaces (see [16,111]), the range of the two triples can be
shown to ezactly coincide with their respective range in [53], Theorem 1.4 For
a fixed preassigned value of ¢, the role of the parameters =, p,u,q,0,s in the
K -functional model is essentially the same as in [53]. In particular, the esti-

mated function is assumed to be in Bp,. The loss functional is the quasi-norm

in BZ,. If, however, the problem is inverse, i.e., t has to be estimated in order
to recover f, then the meaning of 7,p,u,q,0,s is different and these parame-
ters may eventually also be subject to estimation. To explain their meaning in
this case, let us recall the general inhomogeneous K-functional model. Accord-
ing to it, the estimated f belongs to X - an intermediate quasi-Banach space
between A and B (see [16]). In our case B «— A, therefore, B — X — A.
For our purposes it suffices to assume that X = (A4,B)s, or X = (A, B)g)s
0<8<1,0< T < o0,ie, X is an interpolation space obtained by the real
method of Lions and Peetre, or by the complex method of Calderon, Krein
and Lions, respectively. We shall concentrate on the real method which is the
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one directly related to the K'-functional. Assume, additionally, that B is dense
on A. (All the above assumptions, including the latter one, are fulfilled for

Sobolev and Besov spaces.) Because of B — A, by saturation (cf. 47) argu-

ment, ||fllx = |Ifll(a8), < Iflla+ s (7K, (t, f; A, B))"dt/t]*/", for any,
henceforward fixed, C : 0 < C < oo. Because B is dense in A, for any
€ > 0 one can choose f, € B so that ||f — f|la < €. It can be seen that
K(t, fe; A, B) < min(1,t).||f||B. Because of the latter, the Generalized First
Mean-value Theorem, valid for improper integrals (see [64], Section 487) can be
applied, which yields

I{P({, fi A, B)

C
CIZN [ - min(r, 0y G

(6) fellx < [|fella +
The integral is finite and its value does not exceed [(1 — 8)87]~/" for any C :
0 < C < 0. (The case T = oo is analogous, but simpler.) Here { =%.:0 < <
C < o is the target value of the smoothing parameter subject to estimation in
the statistical smoothness-penalty models. In these models € = ¢(n) = o(1) as
n — oo, where n is the sample size. The density of B on A ensures that the
problem for penalized estimation of f is correctly posed in the sense of Tikhonov.
For our particular model, however, we need further enhancement. Assuming X
to be fixed, let A’, B’ be quasi-Banach spaces, such that B — B’ — X — A’ —
A. For X = (A, B)g,r one can choose A’ = (A, B)gy r, B' = (A, B)s,,r, Where
0 <6 <6< 8 <1. By the Reiteration theorem (see [16]), X = (4', B")qr ,,
where ¢’ = ;ol—';% € (0,1). This means that (6) can be applied again, this
time with A, B, @ and ¢ replaced by A’, B/, ¢’ and #, respectively. Therefore,
estimation of f., hence, of f, can be improved by estimating ¢ not only for
A and B (6p = 0,6, = 1), but also for A’, B’ corresponding to any 6,6, :
0< 6 <0 <6 <1. By (5), the above considerations are also valid, mutatis
mutandis, for the homogeneous version, too.

Returning to the interpretation of the Besov indices (7, u,o) and (p, g, 3),

we now see that penalized estimation via K,(%, f; Bg,, Bj,) is specialized for
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fe_B;fq,, where s’ = (1 — 8)o + 8s, 517 = 1—;£+%, ;11-; = ¥+%,0< <1,
q' = 7 € (0,00]. In particular, if 7 = p, then o and s are always a lower and an
upper bound for the exact s’, respectively.49:410,411 The methods for penalized

L; estimation with Besov penalty (see, e.g., [9,4]) deal with the case 7 = u = 2.

5. Exact solution for thecase r=u=p=q¢=p=2,0=0

In this and next section we shall be considering the Hilbert case 7 = u =
p = q = 2 where comparison can be made with the spline-smoothing model.
o is fixed to 0, that is, we shall be estimating the function itself, but not-its

derivatives. Besides ¢, only one additional continuous parameter - s - will be

optimized most of the time. For the general case about =,p,u,q,0o,s, see B®,
The estimator has the form

(1" f(2) =" @jor-piok(@) + D 3 Birvir(z),
keZ j=do k€Z

with a reasonable choice of the resolution levels jo and j;, variants of which will
be discussed below.
The Hilbert case is of special importance, because then the estimator

(1) is linear in the data for any fixed ¢ in the K-functional. For the Hilbert
case, a very general formula for the explicit computation of the K,-functional
between any semi-Hilbert spaces was obtained in [41-43], where some determin-
istic applications to the theory of real and complex interpolation spaces and
to approximation theory were considered. For our purposes here it suffices to
invoke only a partial case of these general results4!3, as follows. The spaces A
and B in the definition of the K -functional are any two Hilbert spaces such
that AN B is dense in A and B, and the cardinality of B does not exceed that
of A. Let L be any, henceforward fixed, isometric‘opera.tor acting from AN B to
A, with (La, La)4 =.(a,a)3, a € AN B, where (.,.)4 and (.,.)p are the scalar
products in A, B, respectively. Then ([43], Theorem 2.1, (i,ii)), L is a densely
defined, possibly unbounded, closed linear (DDPUCL) operator on A; L* (the
Hilbert adjoint of L) is also a DDPUCL operator with (L*)* = L; L*L is a
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densely defined, possibly unbounded, positive definite self-adjoint linear opera-
tor on A. Moreover ([43], Corollary 2.1 and Remark 2.6), K3(t,a; A, B) = Sa,
where S is the extension onto A + B of the densely defined continuous sublinear
functional S : AN B — Ry, defined by

2\

_a'—(/ L dera,aa)”’, acanB
= SP(LOL)1+t2A AG, Q) A ) )

where &), is a spectral function of L*L (that is, £, is a spectral resolution of the
identity operator I on AN B, generated by L*L), Sp(L*L) C Ry is the spectrum

of L*L. :
An intermediate step to obtaining the above integral representation for

K;(t,a; A, B) is the computation of the optimal * € B on which minyep in the
definition of the K,-functional is attained ([43], formula (5.2.13)):

o
b* = (I + 2L°L)~" =/ I T
I+ ) la soizer) TT 0 A

where the integration is in the sense of the abstract Stieltjes integral with respect
to the spectral measure d€).

In the case when ||b||z = (||b]|% + ||Tb]|%)!/?, where T is defined in
Section 4, a homogeneous semi-Hilbert version B of the Hilbert space B can
be considered, as discussed in Section 4. Then, the formulae about Sa and b*
continue to hold ([43], Theorems 3.1.1 and 3.1.1a) also for K3(t,a; A, B), with
L = T. For the homogeneous case, L*L is positive semi-definite (0 € Sp(L*L)).
The case when A = BY;, B = B3,, B = B, 0 < 0 < s < r, with the
equivalent wavelet-coefficient norms (2,3), starting from level jo, is a very simple

partial case of the above general consideration. For example, let us consider
the homogeneous model. In the present context, the operator L = T is self-
“adjoint itself: L = L*, therefore, L*L = L? and it suffices to study the spectral
properties of L. The spectrum Sp(L) of L is discrete; every A € Sp(L) is
an eigenvalue; the eigenvalues are: Ao = 0, A; = 27, j = jo,jo+ 1,...

The respective eigenspaces are the subspaces in the multiresolution analysis
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generated by ¢ and 9 (with the usual notations Vj;1 = V;@®W;): the eigenspace
of Ao is Vj,, that of A; is Wj, j = jo,jo + 1,... . The formula about b* now
implies the following :

Lemma 1. 413414 Lot 5 > 0 be fized, t > 0 be fivred and the quality of
fit be measured by the K-functional K(t, f; Bg,z,f?g,z). Then, the I -functional
is attained for the minimizing estimator (1°) with coefficients

Bik ' . .

(7) : Gjok = &jok’ kez, ﬁjk = m-;, J =Josy.-erJ1.

The empirical wavelet coefficients are:
1 - 1
Gjor = - > ik(X:), Bik = - D wir(Xa)
=1 =1

in the density estimation case, and

az — ay
n

>~ @iok(@i)wi Bik = S ; =l S vi(zi)vi

=1 =1

Qjok =
\

in the case of regression.

Formula (7) tells us that the resulting estimator (1’) is of level-dependent
non-threshold shrinkage type. _

The parametrization of the nonparametric problem achieved by.the ato-
mic decomposition via orthogonal wavelets makes it very easy to give a direct
proof of Lemma 1 (see Appendix A). This simple proof of (7) has been obtained,
independently from the earlier results of Dechevski [41] and Dechevsky [42,43],
by Amato and Vuza [3] and Antoniadis [9]. To the best of our knowledge, the
non-threshold shrinking model (7) has not been explored in the case of density
estimation. In the casc of regression-function estimation, Amato and Vuza [3-6]
and Antoniadis [9] seem to be the first to propose concrete statistical procedures
for the estimation of the regularization parameter ¢? for (7) (see also [2]). The
methods of Antoniadis and of Amato and Vuza are both specialized for work
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with sample sizes which are a power of two, when ODWT can be applied. In
both methods the value of j; is fixed on the maximal possible value in the ODWT
model: j; = log, n— L. As we shall see, this turns out to be one major weakness
of both of these methods when estimating continuous functions with fractal
graphs and spatially inhomogeneous functions with relatively low regularity, in
particular, piecewise smooth functions with discontinuities. We suggest that
in all cases (i.e., when estimating fractal functions, functions with jumps, and
even smooth functions, for both the regression and density estimation models)
71 should be a controlled parameter and that 2" = o(n) should hold. The
choice 29" =< n can be acceptable for very smooth functions only. For such
very smooth functions, however, thresholding techniques seem to offer quite a
competitive alternative to (7) for consistent estimation of the function together
with its derivatives. Thus, the methods of Antoniadis and of Amato and Vuza,
which are not well adapted for work with small values of the smoothness index s,
essentially miss the most important range of s for which non-threshold shrinking
methods outperform threshold ones.

Considerations related to asymptotic minimax optimality theory (sce
[563]) suggest (Cn)/(2s+1) < 200 < 2(Cn)'/(25+1) where C = C(L) is defined
via (16) and (21) in [53] for density and for regression-function estimation, re-
spectively. (The reader is cautioned that there is a misprint in formula (16) in
[53].) Here L is an upper bound for the Bj,-norm of the estimated function f.
Again by (16) and (21) in the same paper, n/lnn < 2* < 2n/Inn.

Remark 1 .4!5 The proofs of the theorems in Section 6 (see Appendix
A) show that the cross-validation method for estimating ¢ is consistent, for a
broad range of s, including small values, under relaxed assumptions: 2/t = o(n)
(for both the regression and density case); 2 = O(1) or jo — 0, jo < ji for
the regression case, 2770 = O(n_ml'*_") in the density case. If no additional

information about the function is available, we recommend the choice 27! x Iy

because the estimator performs well for both smooth and piecewise smooth
functions with isolated points of singularity. The type of 1-d singularity may
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be, e.g., a "horn” or a "cusp” (discontinuity of the first derivative, which in
the case of a cusp point is unbounded in a neighbourhood of this point), a
"jump” (the left-hand and right-hand limits of the function are different at this
point), or a "chirp” (the function does not have a left-hand and/or a right
hand limit and its variation is unbounded in a neighbourhood of this point). If
additional information is available that f is smooth, then choices of the type, say,
21 = la are acceptable. If further additional information is available that f
is not very spatially inhomogeneous and s is ’large’ (at least s > 1 but typically
8> 1), then 2! < n is also an admissible choice. If, on the contrary, it is known
additionally that s < 1/2 and that the function is a 'monstrous’ one (e.g., has
a countable set of discontinuities with at least one density point), then choices
291 = o(2:) should be considered. The option to control the performance of
the estimator by varying j; (that is, by applying a non-threshold shrinking
approach via (7) in combination with a levelwise ’kill-or-keep’ thresholding) is
one realization of a simple partial case of the general idea about composite

shrinking/thresholding estimators, considered in B3,

6. Cross validation in L,

Besides asymptotic-minimax methods, there is also a variety of other
methods for estimation of the smoothing parameter(s) in penalized estimation
(e.g., the method of [9], SURE and James-Stein estimation for Gaussian white
noise, etc.) but one of the oldest and most general methods, working also for
non-Gaussian white noise, available also in the case of density estimation, is
cross validation. Its theory poses serious challenges and asymptotic results hold
sometimes in a weaker sense than in asymptotic minimax theory, but its perfor-
mance on moderate samples is good most of the time. This method copes well
even with correlated noise, at least when the correlation matrix is band-limited
or its entries tend to vanish relatively fast away from the main diagonal. That
is why, of all methods for determining the smoothness parameter in the gen-
eral setting of (6), here we would like to consider in detail cross validation as

a model example. In principle, cross-validation procedures can be formulated



274 ‘ L. Dechevsky, J. Ramsay, S. Penev

for non-Hilbertian loss functions, too, but the resulting optimization problems
are easier to analyze in the Hilbert setting. For this reason, it is desirable to
study the Hilbert case in quite a detail, before looking at more general situa-
tions. This is going to be the direction of our research in this section, where we
concentrate on work with the non-threshold shrinking estimator (7), adapted
for the Hilbert case. Ior the generalization of (7) to the general quasi-Banach
case, see Appendix B, formulae (B4-B6). Section 6 contains a more detailed
and updated discussion of some earlier results (see [49]), as well as new results
on consistency of the estimator and existence and asymptotic behaviour of the
smoothing parameter. Subsection 6.1 includes also a comparison of our method
for the regression case with the approach of Amato and Vuza [3,5,6] and the

approach of [9].

Cross validation (CV) is performed in a different way for regression es-
timation and for density estimation. The reason for the difference is that in
the latter case there are no output observations Y;, i = 1,2,...,n that could
be utilized to evaluate the predictive power of the model. Another important
difference is that in the latter case MISE(v)= E [(f,(z) — f(2))%dz is being
directly estimated, while in the former one the estimation is of a quadrature
formula approximating MISE(v). However, there is an important common fea-
ture between the two models: the dependence of the CV-criteria for both models
is analytic in v = ¢? on the compact [0,C] for any C' : 0 < C < oco. This is an
essential difference between the shrinking and the thresholded wavelet estimator
(cf. [79]). Because of it, existence and asymptotic behaviour of the v-minimizer
of the CV-functional for the shrinking estimator can be studied in quite a detail.
In general, consistency of the cross-validation procedure in L3 does not automat-
ically imply consistency of the resulting estimator fo in Ly; for this to happen,
the v-minimizer must have a specific asymptotic behaviour: v — 0 as n — oo,
at least when jo = O(1). If this is not fulfilled, the resulting estimator f, cannot
be consistent in L3, because 8;r would not be consistently estimated. For an ar-
bitrary wavelet-based estimator, consistent estimation of the coefficients in the
wavelet expansion of f is only a very weak necessary condition for consistency of
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the estimator itself: it is not sufficient for the estimator’s consistency even in the

weak topology on L;. We show that the shrinking wavelet estimator f,, enjoys

a remarkable property: when jo = O(1), consistent estimation of the wavelet

coefficients is for it not only necessary, but also sufficient for consistency of fo
in Le and even in By, 0 < 0 < s. The range of o depends on s and the choice
of jo and j].

The wavelet setting permits also explicit characterization of all functions
for which there is no v-minimizer of the CV-criterion for arbitrarily large n. It
turns out that any such function must be in Vj - the closure of the linear span
of pjk, k € Z, for some j € Z : j < jo.

We shall be utilizing the homogeneous K-functional K3(v/v, f; L2, BS,)
throughout, with f € B$,, 0 < s’ < s. Under these conditions, By — Bj; —
Ly + B3, (see also Section 4). For jo we shall be considering two cases: jo = O(1)
and jo — oco. In the proofs we shall be giving the details for the second case. In
the first case the proof is analogous, but simpler. To obtain quantitative results
about the second case we shall be considering only those f € Bj, for which the

index s is sharp, that is, f ¢ B3 for any s > s’. Note that, for any compactly

supported f € B33 \ C* for some sg, there exists s’ > so such that f € Bj,
and s’ is sharp.41® The case f € C* is possible to incorporate, of course, but
in K -functional context it is not very interesting.

For the purposes of estimation in regression problems, when f has low

regularity (0 < s’ < 1/2), we discuss in subsection 6.1 the importance of the

concept of A-spaces and average moduli of smoothness B12b),
Throughout the section we implicitly assume that f is compactly sup-
ported, as discussed in the end of Section 3.

6.1. Regression-function estimation

Cross validation is usually numerically intensive unless there are some up-
dating formulae that allow to calculate the ”leaving-out-one” predictions on the
basis of the ”full” predictions only. In this respect, very helpful is the ”leaving-
out-one” lemma (Lemma 4.2.1 of [117]) which allows deriving such updating
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formulae. This lemma’s conclusion can only be achieved under the so-called
” compatibility condition” (sec also [60]). Although the compatibility condition
is easy to derive for projection-type estimators, it might be difficult to prove in
other situations. In fact, it very often fails to hold. This is also the case with
our estimator (1’). Remedy from this situation is to pretend that the compat-
ibility condition ”almost holds” and work further by bearing into consequence
the imprecision that occurs due to the approximation error. This approach to
cross-validation in wavelet regression has been adopted, in threshold setting,
by Jansen, Malfait and Bultheel [79]. Similar is the situation with the cross-
validation method of Nason [92] which is based on an ingenious exploitation of
the symmetries existing only when = is a power of two. This method essentially
relies on the brute force of the adopted ”leave-out-half” strategy. At present, it
is hard to say what price, in terms of, say, asymptotic rates, is being paid for
leaving out half of the sample in this context, because this estimator has hardly
any theory developed for it, partly due to its non-smooth optimization crite-
rion. (We discuss Nason’s estimator in more detail in 520.) A similar approach
to overcoming the failure of the compatibilty condition is that of Amato and
Vuza [5,6]. Since for the estimator (1) with (7) the compatibility condition is
violated, they have chosen to work directly with a wavelet analogue of formula
(4.3.1) in [117] for n = 2V and, by doing so, have essentially adopted the same
approach as of [79], but in the setting of (7). On its part, the method of [9)],
which is not of cross-validation type, completely avoids the compatibility prob-
lem. One big price to be paid for this is that the estimator depends explicitly
on the noise variance. To deal with this problem, Antoniadis incorporates an
estimator of the noise variance within the definition of his estimator, but this
comes at the price of spoiling the performance of the estimator on less regular
functions. This is one of several reasons why this estimator is only appropriate
for estimating smooth functions.

Here we suggest to follow another possibility which leads to a stringent
solution of the compatibility problem within the cross-validation setting, namely,
to modify the cross-validation criterion itself by replacing it with the so-called
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full cross-validation criterion (FCV) (see [60]).

Denote

fo(2) = ZaJok‘PJok(“’) + Z ZﬂJk e 22,,¢Jk(3)»

Jj=Jo

IO Za,ok(-‘)%ok(x)+ Z Zﬂ"("‘)1+ 22,_,1/),1:( ),

J=jo

L ag as —
Qip(—i) = 2V, Bir(—iy = Yik(z)Ys
k(i) I=IE.I#1 — %k( DYt Bik(—i) l_%:# (n—l)(1+t2221-’) ik(z1)Ye.

(For the sake of convenient comparison with our main reference source [117] here,
the notation y; := Y; will be used henceforward.) Then, the typical ordinary
cross-validation (OCV) functional to be minimized with respect to ¢t = v is
given by ([117], p. 47): :

® Vo(v) = Z[y- @)

t—l

Computational reduction in minimizing (8) is achieved if the ”compatibility

condition”
9 F(=i)(0) = Faw(®i3 U1y -+ > %im1, G(=i) (V) Yit15 - - > Un))
holds, where
§i = Fo(2i)y G=y(®) = FEN(2) = Famrw(®is 110+ s Bicts i1 - - -2 Wn)-

It is easy to show that, under the above condition, the OCV-functional
can be expressed in terms of the ordinary residuals:

(10)  Vo(v) = Z[Jt f.,(:c.)]z/(l— n(”))2 u(")" dy; (-’L’n Yis-+-rYn)

'—1
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To explain our notation, let us note that because of the linearity of our es-
timator, we can write y(v) = H(v)y, y(v) = [§1(v), 52(v),...,#a(v)], ¥ =
[¥1,92,...,¥n]" with certain n x n matrix H(v) (called influence matriz (see
[117]). In that case, %’;L“’(x,-;yl,. .-y ¥n) would indeed be the (7,!)-th element of
the matrix H(v).

Unfortunately, for a shrinking-type estimator like (1°), the compa.tibility
condition is violated and a formula like (10) does not hold precisely. Simple

observation shows that (10) still can be considered as approximately true, ie.,

hii(v) can still be calculated as hy(v) = %5:—(1:.-; Y1,---»Yn), but the error of this
approximation has yet to be evaluated. We opt for another alternative here by
changing the cross-validation criterion itself. Note that standard cross-validation
is defined entirely with respect to samples of size n — 1. One can adjust it for
samples of size n as suggested in [23]. In the approach of [23], the value of y; is
replaced by §;(v) instead of leaving it out in defining the prediction of the i-th
design point. The resulting functional is called the FCV (full cross-validation)

functional:

a1 FCV(o) = 2 3 i - (o)

=1
with ¢;(v) = f,.,.,(z.-; Y1y+ s Yi-1, %i(v), Yi+15 - - -, Yn)- Then it turns out that un-
der the condition of linearity only, one gets in terms of the ordinary residuals:
: 1 - £ 2 2 8fu
(12) FCV(”) = "; Z[yi - fv(mi)] '(1 + hii(”)) ) hil(v) = a_y‘(zi; Y1y..4, yn)
=1

An easy calculation gives the following value for hy(v):

_ J1
(1) () = 223 ein=pnn(z) + 303 Tz k@),

and the matrix H(v) is symmetric positive semi-definite.
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As it is often done in the cross-validation approach, OCV is replaced
by generalized cross validation (GCV) (see [117], Section 4.3). The reason for
this is that the generalized version has desirable invariance properties that do
not generally hold for OCV. Numerically, going over from the ordinary to the
generalized version means that one replaces the values of hj;(v), i =1,2,...,n
in (10) by one value only: h(v) = 1%, hii(v) = L tr H(v). Also, proofs
related to consistency of the cross-validation procedure are easier to derive for
generalized, rather than ordinary cross-validation. Following the same idea, we
introduce generalized FCV (GFCV) by replacing hii(v), ¢ = 1,2,...,n in (12)
with A(v).

It is informative here to compare our approach to that of Amato and
Vuza [5], who have tried to develop a straightforward analogue of the cross-
validation procedure, as suggested by Wahba [117]. Because the compatibility
condition fails for OCV when the shrinking is via (7), an analogue of our formula
(12) and of formula (4.2.13) in [117] does not hold precisely. However, one can:
hope, in the spirit of [79], that for OCV such an analogous formula holds at
least approximately. Under this assumption, following Wahba, it is possible to
consider a generalized version of the approximate formula for OCV by replacing
hi; with k. Following this line of reasoning for the case n = 2V, and making
use of the discrete wavelet transform, Amato and Vuza have proposed a method
which they call generalized cross validation (GCV). In the sequel we shall refer
to their method as quasi-GCV (or QGCYV, for short) because it is not an exact
generalization of OCV.

In the rest of this subsection we shall study the properties of GFCV and
shall compare them to the respective properties of the existing non-threshold
shrinking techniques QGCV of Amato and Vuza and WAVREG of [9].

We are in a position to show that GFCV is a consistent method in the
traditional sense. To formulate precisely our results, let us introduce the mean
square error ER(v) = E% > (fo(zi) = f(2:))? (the unknown quantity we are
interested in controlling) and compare it to E(GFCV(v)) = EL ¥ {y: —

1=1
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fu(2)}*(1 + 1(v))% Purther, let us define p(v) = L tr H'(v)H(v) = L tr H(v)2.
It can be seen that u(v) > h(v)? holds. (A(v) and u(v) are also functions of n but
this dependence has been suppressed in the notation.) We denote asymptotic
equivalence by '~’.

Theorem 1 . (Sufficient condition for existence of the v-minimizer.)
Let 0 < 8 < 8 <8< 1, 8 < 1. Assume thlat the penalized model is via
K2(\/%, f; La, Byy) and that [ € B3N\ B2 . Assume also that jo < j1, j1 — oo
with 2" = O(%;). If jo = O(1) and f ¢ V; for any j < jo, or if jo — oo,

f ¢ V; for any j € Z, the index s' is sharp and 27° = o(nmin(m”—*%?)),
then, for sufficiently lurge n there exist o : E(GFCV(%)) = min, E(GFCV (v)),
v* : ER(v*) = min, FR(v), and 0 < 9 < C, 0 < v* < C, where C < oo depends
on f and ¢ only.

The problem about existence of the minimizer has not been explored for
QGCYV and WAVREG and Theorem 1 has no analogue in the theory developed

for these estimators.
Asymptotic optimality of the minimizer of the smoothing parameter is

established by the following

Theorem 2 . (Consistency of GFCV - c¢f. also [{9].) Assume that
0 < 8’ < s < r, the penalized model is via Ko(\/v, f; L2, B3;) and f € B;;.
Assume also that jo < j1, j1 — o0 and 2' = o(n) holds. Then, for any v > 0,

E(GFCV(v)) ~ ER(v)+ 62 holds, §2 being the error variance. If b and v* exist

R(v

for sufficiently large n, then g >y N\ 1, asn — oo,

Note that the asymptotic optimality of the minimizer ¥ of GFCV is
achieved without knowing the value of § or the type of the white noise. The
respective result in [5], p.486, is also for unknown §, and is valid for s > 1/2.
The respective results in [9] (Corollary 3.2 for the case of known noise variance
6% and Theorem 3.3 for the general case (6§ unknown)) are weaker: they describe

the behaviour of WAVREG’s v-minimizer only by measuring the relative error

with respect to the asymptotic minimax rate n~ T+ instead of the relative error



Penalized Wavelet Estimation ... 281
with respect to the true value of the estimated quantity.

Theorem 3 . (Consistency of for in B, 0< 0 < 8 <s<r.) Assume
that the conditions of Theorem 1 hold, without the sharpness conditions on &'
Then, if jo = O(1) and if v = v, is bounded, the condition v — 0 as n — oo

is necessary for E||f, — f ”2135', — 0 to hold; moreover, in both cases jo = O(1)

and jo — oo, if 271 = o(n’“i“(%'l’rl?c)) holds, then v — 0 is also a sufficient

condition for E||f, — fllng2 — 0. In particular, if ' is sharp, then: the above

necessity claim is true for v = vX; if 211 = o(n“‘i“(%'f-k‘ﬁ_v)) holds, too, the above
sufficiency claim is also true for v = v},.
" Theorem 3 has no analogue for QGCV and WAVREG. One important

reason for this is that in those two techniques 7; is fixed at 2/t < n. It should be
noted, though, that if v — 0 and if the rate of v tending to zero is known, the
restriction on j; in Theorem 3 can be relaxed and, if the rate is high enough,

21 < n becomes an adiissible choice, too.

Theorem 4 . (Asymptotic behaviour of v* and ¥.) Under the premises
of Theorem 1, v* — 0 and © — 0 as n — oo.

Theorem 4 has no analoguc for WAVREG. For QGCV, Amato and Vuza
study only the case about 9, for jp and j; fixed at 0 and log, n — 1, respectively,
where n is a power of two. The restriction on s is s > 1/2 (the range where
QGCYV has been shown to be consistent), and s’ is set equal to s. Under these
assumptions Amato and Vuza [6] find also the sharp quantitative rates for 9. In
our case, for GFCV, the sharp quantitative rates for v* — 0 and ¥ — 0 can be
found in terms of s’, s, jo and j; for any jo < ji, j1 — 00, and any s’ and s,
such that 0 < 8’ < s < r. One of the interesting extensions of this topic is to
analyze for which pairs (jo,j1) the expected rate for v* and ¥ is the asymptotic

5 " —oal '
minimax one, i.e., n=22'/(1+2¢') (gee also B14),

Corollary 1 . (Consistency of f; in B, 0< o < 8’ <8< r.)). Under
the premises of Theorem 1, MISE(%) = E||f; - flI}, — 0 holds as n — oo.
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If, additionally, 29 = o(n™" ¢ 1355)) is fulfilled, then also E||f; — fllzg — 0
holds.

The respective result for WAVREG ([9], Theorem 3.2) is valid in a weaker
sense: convergence is in probability, for ¢ = 0 only, under stronger restrictions
on the white noise. In [6] an analogue of Corollary 1 is proved for QGCV when
jo=0and 2 = n—1, by a detailed study of the convergence rate for ¥ in their
model. An analogous study for GFCV B4 additionally allows to determine for
which pairs (jo,j1) the rate of E||f, — f||2}35,2 — 0 (withv=Eborv=Ev*)is
asymptotically minimax-optimal.

Remark 2. If f € V; for some j < jo, then {v}} and {¥,} can
have more than one density point in [0,00). It is also possible for the infima
of GFCV(v) and ER(v) to get attained for v — oo for infinitely many n. In
all these cases the estimator f, with the cross-validated choice of v can still
be consistent in Bj,. It is important that for the inhomogeneous model (see
Sections 4, 5) asymptotic behaviour v — 0 is guaranteed (for sharp s’) in all
cases except f =0 a.e.

Remark 3. Let us summarize the results of the comparison of GFCV,
QGCV and WAVREG, all of them based on non-threshold shrinking via (7).
(a) In the theory of QGCV and WAVREG it is assumed that s’ = s; the consid-
erations in our Section 4 show that s’ = s is in fact only a limiting case, while
the true relation between s’ and s is 0 < o < s’ < s. Therefore, in order to
apply penalized shrinking, the true index s’ of the estimated function does not
have to be known exactly, but only approximately, which is, of course, a very
important improvement of the penalization model. This also suggests that the
formulations and proofs of all theorems in the theory of QGCV and WAVREG
need to be modified so as to hold in the general case s’ < s. Moreover, we believe
that some of the key results in [9] can be improved considerably even in the case
s’ = s. (b) The three methods yield comparable results for smooth functions
(s > 1). The high order of vanishing moments of the coiflets used in WAVREG
reduces the bias considerably when s » 1, but the variance term is generally
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larger than that of GFCV (with 27 = o(n)) and comparable to that of QGCV,
which makes the use of coiflets efficient only for very small noise variance and
very spatially homogeneous smooth curves. The performance of WAVREG on
very smooth but spatially inhomogeneous curves can be visibly improved if 7, is
reduced from its present value log, n — 1 to o(log, 1) because this would reduce

the contribution of the variance term to the overall error of the method. In its
present version proposed in [9], the distance between jo and j; is simply too

large for a single smoothing parameter to handle for moderate sample size and
a spatially inhomogeneous curve, even if the curve is very smooth. For the case
of non-smooth functions (s < 1, especially s < 1/2) GFCV is an easy winner
over QGCV and both GFCV and QGCYV are easy winners over WAVREG. The
most important (though not the only) reason for the domination of GFCV in
this range of the smoothness index is quite simple: for QGCV and WAVREG
271 x n while for GFCV 291 = o(n) holds (see also Remark 4 below). If QGCV
and WAVREG be modified so that 22 = o(n) then these estimators, espe-
cially QGCV, would become more competitive for small s. Let us support this
claim by a more detailed comparison between GFCV and each of QGCV and
WAVREG. In order to compare GFCV and QGCV, assume for a moment the
(very unfavourable for GFCV) setting j; = log, n — 1 and jo = 0. Assume also
that n = 2V and ODWT is applied for both GFCV and QGCV. Under these
very favourable for QGCV conditions, it is easy to compute

h(v)= —(1+ 2(:) T o5 f1=logan—1,
J=

QGCV,(v) = GFCV,(v).

1
(1 - h(v)?)?
Taking in consideration that the asymptotic behaviour of the v-minimizer for
both criteria is v — 0 as n — 0, and that, clearly, h(v) — 1 as v — 0, it is seen
that, with the increase of n, QGCV; becomes increasingly numerically unstable
and the problem for optimization of v becomes increasingly ill-conditioned. It
is also seen that when s decreases the instability problems with QGCV become
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ever more severe, which means that the smaller s, the worse the performance
of QGCYV, is, compared to that of GFCV,. By replacing the sequence {27} in
QGCYV by another increasing sequence {a;} (which is an additional justification
for calling this method quasi-GCV), Amato and Vuza have reduced the instabil-

ity problems, because for an appropriate choice of a; QGCV remains bounded
as n — co. However, cven in this form, h(v) > 0 remains bounded away from
zero as n — oo which means that the variability of QGCV is asymptotically
bigger than that of GFCV. Returning to the present setting for j; (2 x n
for QGCV, 21 = o(n) for GFCV) leads to total domination of GFCV. If we
now improve QGCV by resetting 7, in its definition to be such that 2/t = o(n)

holds, then h(v) — 0 as n — oo, and the two methods become asymptotically
equivalent. However, the variability of QGCYV is still larger than that of GFCV
(cf. also [60]), and, when s is small, GFCV performs better than the improved
QGCYV for moderate samples. If s is large, the performance of GFCV and the
improved QGCYV is very similar already for moderate sample sizes. These theo-
retical observations were confirined by our numerical studies. With the increase
of the noise variance the superiority of GFCV becomes more visible. GFCV
is also more robust against outliers in the data. Summing up, GFCV can be
considered as a stabilized version of the improved QGCV. Compared to the
original version of QGCV, GI'CV is visibly superior not only for moderate, but
also for relatively large sample sizes. In brief, we feel safer, both theoretically
and computationally, when applying the FCV (GFCV) approach rather than
the OCV (GCV) type approach. In fact, due to the above-mentioned reasons,

we recommend it for Wahba’s spline-smoothing model, too.

Comparing GFCV to WAVREG, we note that, in contrast to most wave-
let estimation methods, no estimator of the noise variance is involved in the
definition of our estimator. This is a very essential advantage: the definition
of the estimator does not depend on the structure and parameters of the noise.

On the contrary, WAVREG is a typical estimator involving noise variance. The

explicit dependence of WAVREG (via the estimator A, ([9], p.323)) on the noise
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variance is eliminated by passing on to A, ([9], p-323), but only at the price of
additional worsening of the performance of WAVREG for non-smooth functions.
There is also an important error in Lemma 3.1 of [8,9]. We shall be discussing

the consequences of this error in more detail in the end of this subsection.
In the proof of Theorem 2 the following lemma is of crucial importance.4!7

Lemma 2 . (cf. [{9].) Assume that for the estimator (1°) jo < ji,
Jjo = O(1) and 27* = o(n) hold as n — co. Then, for any v > 0,
h(v)? _

(14) ll_lﬁ’m = 0.

Remark 4. An analogue of (14) is crucial for the consistency of
Ly-cross validation for any estimator - spline- or wavelet-based, thresholded or
shrinking. Essentially, in (14) two invariants of H(v) are compared. They are
two distinct Schatten - von Neumann S.-norms of the linear compact finite-rank
operators with matrices H(v) = H, (v), n € N (see [51]). It is the choice of the
La-metric that determines the two S,-norms to be the Hilbert-Schmidt norm
(7 = 2) and the Fredholm (or nuclear) norm (y = 1) (for other metrics, see 51).
Our proof is essentially different from the ”classical” approach to proving (14)
for the spline-smoothing model (see [117], pp. 57-58, for a short outline). The
latter can only be applied under additional restrictive assumptions about the
s-values of H(v) ([114], p. 204, conditions (i) and (ii); [35], p. 701, Remark after
Theorem 2.4; [117], pp. 57-59). The same is true for the "classical” approach to
proving (14) adopted in wavelet context in [79] for thresholding via cross valida-
tion. The nature of the thresholding procedure requires that in this case - unlike
ours - H(v) also depends on the estimated function f via the sample y. In this
case the additional restrictions on the s-numbers of H(v) result in an essential
restriction on the regularity of the estimated f, formulated in Assumption 1 of
[79]. This assumption virtually excludes from consideration continuous f with
fractal graphs and also very spatially inhomogeneous f € C*. The wavelet ver-
sion of the Riemann-Lebesgue Lemma also implies that Assumption 1 fails for
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piecewise smooth f with discontinuities. The "classical” approach ignores the
key fact on which our proof relies: 27 = o(n). In the "classical” setting there is
no parameter j; to control, or it is ignored, which in our case is equivalent to
the implicit assumption 27t = O(n). Under the latter condition on j;, we would
also need restrictive assumptions on the s-numbers in order to prove (14). The
above consideration shows that it is the frequency localization which is crucial
here: it is the one that provides the controllable parameter j;. As a conse-
quence, the new approach to proving (14) can in principle be adapted to relax
the restrictions on the s-numbers of H(v) by a controlled truncation of the high-
est frequencies also for a rather wide subclass of spline-smoothing estimators,
thereby improving their performance for less regular curves. Summing up: the
non-threshold shrinking wavelet estimator. with 291 = o(n) is expected to per-
form better than smoothing-spline and threshold-wavelet estimators, and also
better than non-threshold shrinking estimators based on (7) for which 27 x n,
when the estimated f has low regularity. In this aspect, its main advantage to
standard smoothing splines is the simultaneous spatial and frequency localiza-
tion; its main advantage to thresholded-wavelet estimators is that its influence
matrix H does not depend on f or the sample y. One of its main advantages to
non-threshold estimators based on (7) with fixed j; : 2/t < n is essentially the
same as with the classical smoothing-spline technique, namely, with GFCV j,
is also a controlled parameter and is set at a lower value, with 2/t = o(n) (see
also Remark 3 (b)).

Remark 5. In Theorem 2 we considered the case of fixed s. This was
done mainly for simplicity of the exposition. In practice, one would consider

minimizing the FCV (or GFCV) functional as a function of both parameters s
and v, together with the discrete parameter jo. For both the homogeneous and
inhomogeneous model, if f € V; for some j € Z, then for n large enough the

expected cross-validated value for Jo i8 jo = j (see also Remark 7).

Finally, let us note that the restriction s > 1/2 in the analogues of
our Theorem 2 for QGCV and WAVREG essentially eliminates discontinuous
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functions f from consideration, because curves f which have at least one jump
point do not belong to Bj, for any s > 1/2. In this aspect, the performance
of WAVREG is additionally worsened by the necessity to estimate the noise
variance. It should be noted that there is a common error in the following results:
[8], Lemma 3.1; [9], Lemma 3.1, Theorem 3.1, Theorem 3.2 and Corollary 3.2;
[5], Theorem 3; [6], Theorem 1; in all these results it is assumed that s > 1/4,
while the correct range for s in all of them is s > 1/2. The error consists
in the assumption that the error of the quadrature formula admits the bound
|Bjx — EBjk| = O(2=%) for any f € Bj,, for any s > 0, thus including also the
range 0 < s < 1/2. In fact, the correct range of s for which the above bound
holds is s > 1/2 (see [56], section 2.3, pp. 11-12, section 2.4, p.13, section 6.1,
pp. 29-30). A counterexample is given in [77]. For further discussion, see B12(%),

What about FCV and GFCV? Theorem 2 is clearly valid also for discon-
tinuous functions. However, the other results in this subsection are valid under
the constraint f € B3, s; > 0, which also eliminates discontinuous functions.
That is why it is important to note here that in all these theorems the assump-
tion f € B$ N B3, can be relaxed by replacing it with f € A,, where A3, is
the A-space of V. A. Popov (see B12()), In this improvement of the results in

this section, the condition
291 = o(nmi”(%'ﬁ'i?))

is replaced by
. 2min(s’,1/2
21N =o(n” 1#2¢ ), 0<o<s <s<r.

When s > 1/p,or s = 1/p and ¢ < min(1, p), A}, and Bp, are isomorphic,
with equivalence of the (quasi-)norms (Ivanov [77], Dechevski [39]), while if
8 < 1]_p or s = 1/pand ¢ > min(1, p), the essential embedding A;, — Bj, holds.
For0<pSoo,_0<q$oo, $>0, s1 >0, B, N B}, C Ay, C By, holds.
All the elements of Aj, are bounded measurable functions defined pointwise

everywhere on their domain, and for s < 1/p or s = 1/p and ¢ = o0, 4j,
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contains also discontinuous functions. In fact, all interesting fractal curves are
contained in some Ap -space with s > 0; for example, the fractal dimension of
the function’s graph is equal to 2 — s, where s is the sharp smoothness index of
the space Aj , to which the function belongs. As for the set By \ A3, s < 1/p,
p < oo, it contains unbounded and 'monstrous’ bounded functions (see [77] for
details).

Summarizing, our method GFCV is very well adapted for estimation of

continuous functions with fractal graphs, as well as discontinuous functions.
6.2. Density estimation

The usual cross validation approach in density estimation is to replace
Vo(v) in (8) by the ISE(v) = [(fu(2)~f(2))?dz = [ f(z)dz—2 [ fo(x)f(x)de~+
J f3(z)dz. (For the sake of simpler and less spacious theoretical derivations, in
this section the parameter s is considered to be fixed). In practice, one minimizes

the empirical version of the ISE (up to a summand not depending on v), i.e.,

M(fﬂ) = /fz(a:)da: - —Zf(_')(X) - Z Aok + Z Z 1+ t222.1:)2

i=1 Ji=Jo

X;
i Z[Z @ jok(-i)Piok(Xi) + Z 2 Bis-i iy g 1¢4J-kt(2233’]

t-l k J=Jo

After a simple manipulation, we get (up to summands not depending on v) the

following expression to be minimized:

oL 1 D a1 X; i X
()= 5y 3 3 3o el

i=114'=1j=jo k

2 & & A X)X
—mz Z 22 Jk1+t2él;ja °

i=11d'=1,i'#ij=jo k

Theorem 5 . (Sufficient conditions for ezistence of the v-minimizer.)

Let 0 < ' < s < r. Assume that the penalized model is via K3( /v, f; L3, B3,),
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f € B;'z N Lo and that jo < j1, j1 — 00 and 2 = o(n). If jo = O(1) and
f ¢ V; for any j < jo, or if jo — o0, f ¢ V; for any j € Z and the index s’ is
sharp, then, for sufficiently large n there exists b : M 1S5 L (9) = min, M IS E(v),
with 0 < © < C. Under the same conditions, if in the case jo — oo addilionally
200 = O(uﬁlﬁ), 0 < s < r, holds, and, in particular, for 0 < s < 1/2 200 <
291 < const.2 is additionally fulfilled, then, with probabilily tending lo I as
n — oo, there cxisls v* : M(f,») = min, M( f), and 0 < v* < C holds. Here
C < oo depends on f and ¥ only.A®

Remark 2 is valid for f; and f, in the density case, too. However, it is
not clear whether this remark is relevant when estimating compactly supported
‘densities, because, although for any j € Z there exist functions in V; which
are non-trivially non-negative on R (see [118]), the functions in the examples
available are not compaclly supported.

Analogously to Theorem 2, we now show consistency of cross validation

for the case of density, i.e., asymptotic equivalence of minimizing M f,) and

MISE(v): %17‘%51"3%? P 1, n — o0. Corollary 1 in [110] implies that this follows
from the next

Theorem 6 . (Consistency of CV - c¢f. also [{9].) Assume that 0 <
s’ < s < o0, the penalized model is via K3(y/0, f; L2, B3;), f € Lo N B;;,
and that the compactly supported ¢ € Bl ., v > s, is orthogonal to algebraic
polynomials P with deg P < [r]. Assume also that jo < j1, j1 = 00, 2/ = o(n),

and 277 = O(n~20+N). Then, for any v > 0,

M(fy) - MISE@)+T, p
MISE(v) WP, 5

where T, = [ f(z)*dz + ﬂ“—:—l-)-zk ok ok — ﬂ"_'“lzk a?ok is a quantity that

n

does not depend on v and Ty, B, [ f(z)%dz holds.

Remark 6. The condition f € L in Theorem 6 is essential for
s < 1/2, that is, for less regular and possibly discontinuous curves. For s > 1 12,
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the Sobolev embedding (see, e.g., [16]) ensures that || f||L., < c,:||f||3;;, where

¢y depends on s’ only. Readers who utilize the reference source [110] should be
cautioned that, for the same reasons, the additional constraint f € L., must be
imposed in subsection 2.3 there to validate the proof of the bound for Var(T}2)

on p.50 when 0 < s < d/2, d being the dimension (in our case, d = 1). -

Theorem 7 . (Consistency of f; in Bf,,0<0< s <s<r.) Assume
that the conditions of Theorem 5 hold, without the sharpness condition on s'.

Then, if jo = O(1), and if v = v, is bounded, the condition v — 0 as n — oo is
necessary for E||f, — f ”285', -0 to hold; moreover, in both cases jo = O(1) and
jo — o0, if 211 = o(nﬁ%;) holds, then v — 0 is also a sufficient condition for.
E\f.-f ||232¢2 — 0. In particular, if s’ is sharp, then: the above necessity claim
is true for v = ,; if 27 ='o(nﬁl27) is fulfilled, too, the above sufficiency claim
18 also true for v = v,.

Theorem 8 . (Asymptotic behaviour of ©.) Under the premises of The-
orem 5, ¥ — 0.

Corollary 2 . (Consistency of f,« in B}, = L, in probability). Under
the premises of Theorem 5, MISE(v*) B0 as n — oo holds.

The method of proof of Theorem 8 allows obtaining precise quantitative
results, too: for any admissible choice of jo and j; the sharp asymptotic rates can
be found for ¥ — 0. A complete analysis of the rates for # for any admissible j,

and jj, the respective rates for E||f;— f ||23,:,2 — 0, and comparison of these rates

to the asymptotically minimax-optimal ones, will be carried out elsewhere.B14
Here we only include the following simple model corollary.

Corollary 3 . (Asymptotic-minimaz rates in B,-norm, 0 < o < s’ =

s.) Under the premises of Theorem 5, assume that s = s' and c.nT#5 < 20 <

24 < CT¥%. Then, fy = O(n™™5) and E || f; - f |3y = O(n=45%), icc.,

for this choice of s, jo and j, f;5 achieves the asymptotic-minimaz rate.



Penalized Wavelet Estimation ... 291

Of course, Theorem 6 is not strong enough to imply, together with Corol-
lary 3, that foe also achieves the asymptotic-minimax rate, but the choice of s,

jo and 7; in Corollary 3 is clearly of interest also for Foo.

Remark 7. The constraint on jo in Theorem 6 is a lower bound
e 1 .
depending on s’. It means that, if jo is so selected that (Cn)To¥) < 200 <

2((§’n)m, for some sg : 0 < 8o < r, then the theorem’s statement holds
uniformly in s’ : sp < s’ < 7. Consideration of a bound so can be avoided by
simultaneously optimizing the CV-functional in v and s, hence, also in jo =
jo(n,s). In practice, for moderate samples, the relation jo = Jo(n, 8) can be
ignored and optimization can be in v, s, and jo as an independent discrete
parameter. This is an analogue of our practical approach to the regression
problem (see Remark 5), as well as of the practical cross-validation approach
for estimating jo by Tribouley [110].

Finally, comparing our results for the density and the regression case, we
note that the condition f € B3, N Lo in the theory of density estimation is less
restrictive than its counterpart f € B3, N B3, (or the more general condition
f € A3,) in the case of regression. The reason is that in the density case &;,

ﬂjk are unbiased estimators of ¢;k, Bjk, respectively. For the same reasons, the
same relaxation of the assumptions on f occurs for the Bowman-Rudemo type
approach to cross validation for regression problems with random design (see
B1 [50,53)). .

7. Examples and extensions

In this section we consider some model examples of estimation of a regres-
sion function or a density f, together with some first extensions of the penalized
shrinking wavelet model (see also Appendix B). The comparison is between pe-
nalized shrinking and soft thresholding; numerical data will be added for hard
thresholding in case that its performance turns out to be better than that of
soft thresholding. To avoid introducing wavelets for a domain with boundary,
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Figure 1: "A-tear”: A = 0.25, n = 1024, y; = f[-A+ (1 + A)i/n)+ €, € ~
N(0,0.12). True curve: solid line. Estimators: global penalized shrinking:
dashed line; soft thresholding: dotted line.

f is always assumed defined on R, with compact support. The combined re-
quirement for orthogonality and compact support of the wavelet excludes the
use of spline-wavelets; throughout Daubechies’ extremal wavelets ([36], p. 195)
of order M=6 or 8 are utilized, calculated to considerable accuracy. The loss
is quadratic and the values of v,p,u,q,0,s are as in Section 5. The GFCV-
functional is being minimized simultaneously in v, s and j, (see Remarks 5,
7)419; 271 x 2 (which, by way of Corollary 1, means that o = 0, i.e., only the
function is being consistently estimated, but not its fractional derivatives of any
positive order).
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Example 1. The ”A-tear” (Figure 1).

2
T
f(a:) = mi exp(-—l—_-?), A>0,

where 24 = max(2,0), A = 0.25. f € CO(R)NC>=(R\ {0}), supp f = [0,1].
Forl<p<Loo,0<¢qg<occand A+1/p>0, f€ By, ifandonlyif s<A+1/p
or s = A+ 1/p, q = oo ([22], Proposition 2.4.2).

IFigure 1 displays clearly that around the critical point 2 = 0 the shrinking’
estimator shows better adaptivity. Its graph can be made less ”wiggly” by
selecting a smaller value for j;, as indicated in Corollary 1. (In this case, s; =
A=1/4, 8 = A+ 1/2 = 3/4, and, by Corollary 1, a good selection for j; is,
e.g., j1: 2" x n’“i“(f;'ﬁlﬁ)/hllun, where 0 : 0 < o < &' = 3/4 is small enough

for 290 < 271 to hold.) Fot further improvements, see 51:56:88

Example 2. The Weierstrass curve (Figure 2).

o0
f(2) =315 *sin(1.5* x 52), >0, 2 €[0,1],
k=0 :

where 7 = 0.5. As usual, we shall consider its restriction f on [0, 1] (see also
[119]). The graph of f is a typical self-similar monofractal: it has constant local
Holder index 7 and constant local fractal dimension 2—7 (which is also its global
fractal dimension on [0,1]). For such functions the universal thresholding and
global penalized shrinking are expected to be at their best. For any compactly
supported x € C*°(R) such that [0,1] C supp f and x = 1 on [0,1], x.f €
By (R),1<p<oo,<g<L oo,ifandonlyif s < Tors=r1,¢= o0 ([22],
Proposition 2.4.1, the imaginary part of G, with additional rescaling). By the
Wihitney-type trace theorem for Besov spaces (see, e.g., [96]), the same is true
for f with respect to B3 ([0, 1]).

The shrinking estimator on Figure 2 shows better adaptivity to abrupt
changes in the curve’s graph than the soft- (and hard-) thresholded. This is true



294 L. Dechevsky, J. Ramsay, S. Penev

. W

—_————— - T T v -~

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: Weierstrass curve: 7 = 0.5, n = 1024, y; = f(i/n)+¢;, € ~ N(0,0.22).
True curve: solid line. Estimators: global penalized shrinking: dashed line,
estimated ISE =~ 3.442 x 10~%; soft thresholding: dotted line, estimated ISE

~ 6.691 x 10~2; hard thresholding: estimated ISE ~ 4.013 x 10~2. Data for f;
- discontinuous Weierstrass-type curve with vertical displacement at 0.5: esti-

mated ISE = 3.450 x 10~2 (global penalized shrinking); ~ 6.683 x 10~2 (soft
thresholding).

for discontinuities, too (numerical data are included for fi(z) := f(z) + 0.4 x
(z — 0.5)% in the caption to Figure 2).
Extension: kernel-regularization of the shrinking wavelet es-

timator. So far, we have been paying most attention to applications of the
shrinking wavelet estimator in the case of non-smooth functions. What about

very smooth functions? Recall that, for the choice j7; : 271 x n/lnn, f,—, in

Section 6.1 and f,+ in section 6.2 have been shown to be consistent in B3, for
o = 0 only, i.e., they estimate consistently the function, but not its derivatives
of any positive order. Example 1 clearly illustrates this. Several ways can be
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suggested to upgrade the shrinking wavelet estimator to make it estimate deriva-
tives consistently. The simplest solution suggested by Theorem 3, Corollary 1

and Theorem 7 is to decrease j;: 291 = o(n'#) should hold, rather than the

standard 271 = O(Z). Other possibilities will be discussed in 815658, Here

we consider an alternative based on kernel-regularization. Let ® € Bl . (R),
supp® = {z : |z| < 1}, [®(z)dz = 1 and, optionally, ® > 0 on R. De-
note ®, := 1&(:), ¢ > 0. Consider foe(®) 1= (®c * fu)(z). Let vop be the
v-minimizer with respec.t to any of the CV-functionals in Section 6. For the

* bandwidth ¢ we suggest the choice € = 0(1}3,{,2 ). This topic is curréntly under

investigation and results obtained so far indicate that f,,,, with v = vop: and

€= O(v;,{? ) is a very competitive alternative to thresholded wavelet estimators
when f is smooth and sample sizes are moderate. For a typical graphical re-
sult we refer to Example 4 below. For numerical integration of the convolution
integral we recommend Romberg integration. This quadrature method is excel-
lently suited to dyadic wavelets and can in fact be considered as an extension

of Mallat’s recursive algorithm ”on sub-coefficient level”.

The study of consistency of f,,,s in Besov spaces is much facilitated by the
equivalent definition of these spaces, considered, e.g., in [106], Definition 1 (ii),
which is valid for a broader range of p, ¢ and s than the orthonormal-wavelet
atomic decomposition of these spaces (see section 3).

Extension: vector parameters of optimization. -There is an on-
going discussion in the literature about passing over from universal to level-
dependent, block and even individual thresholding of the empirical wavelet coef-
ficients. Level-dependent thresholding has been proposed by Donoho and John-
stone [57] and Delyon and Juditsky [53]. The block-thresholding approach was
proposed and developed by Hall, Kerkyacharian and Picard [68] and its numer-
ical performance was studied in [70]. Individual shrinking was discussed, e.g.,
in [67]. Other relevant development and discussion of these topics can be found
in [89,82,25,28,29]). The aims of these enhancements of the thresholding ap-
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proach are twofold: (a) achieving better spatial and frequency adaptivity while
preserving the smoothing and denoising properties of the wavelet estimator; ()
studying regression problems with correlated-noise error structure. This discus-
sion can be readily extended to penalized shrinking, t00.12Y In the context of
penalized shrinking, the new enhanced strategies are equivalent to replacing 1
(and, eventually, s) in (7) by L (8jk), and then relaxing the global constraint
tix = consl = L (s, = const = 8),J = Joy--+yJ1, k € Z, by imposing a less strin-
gent condition on ¢ji (s;x). The resulting extended version of the K-functional is
an equivalent quasi-(semi-) norm in the quasi-Banach sum of closed subspaces of
two (or more) Besov spaces.B12(#):B17 The resulting cross-validation functionals
for both the regression and the density case are now to be optimized in a vector
parameter v (in the optimization for the level-dependent case the paramecter s

is eliminated by a change of variable, rescaling v).

Level-dependent smoothing parameters. Optimization of the cross-
validation functional is in v = (vj,,...,v;), v; = t3. The expected improve-
ment is better adaptivity in the frequency domain. Our first test was on the
Weierstrass curve with white-noise error structure (Example 2), where the ex-
pected outcome for the optimal v* and v* from Example 2 was v} = const = v~,
because of the global self-similarity of the curve. Indeed, the new fit virtually
coincided with the old fit from Example 2, ISE(v*) coinciding with ISE(»*) up
to the fourth decimal place. There was a slight change in favour of the level-
dependent estimator when the white-noise model was replaced by f[ractional
Brownian noise with correlation structure p(k) = 0.5[(k+1)21 —2k2H 4 (k—1)21],
k > 0 and p(k) = p(—k) for k < 0, and with standard deviation of 0.2. This
type of noise was simulated with H = 0.95 by using the S-plus routine simFGNO
in Chapter 12 of [15]. In one of the typical numerical results obtained, ISE(v)
was 4.633 x 10~2 and ISE(v) was 4.621 x 1072,

Block-penalized shrinking. The constraints on ¢j; are as follows: if
supp ¥jir and supp v are contained in supp ¥jox, for the same value of ko,

then tj; = tjs. The expected improvement is better spatial adaptivity - see the
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Example 3. Double chirp (Figure 3).

f(=) = Vzexp(-7 z)sm[64"(1-=’)],

f € CARNC=(R\ {0}), f¥)(1) = 0, v € NU{0}, f(0) = 0. The graph
of f contains two single chirps (at 0 and 1) of very different nature. In a
neighbourhood of 0 f is with unbounded variation; in a neighbourhood of 1
(not containing 0) f is absolutely continuous. Its Besov regularity is bounded

from above by that of its "profile”: the ”)-tear” for A = 0.50 (cf. Example
1) A21
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Iterative individual penalized shrinking. In this extreme case all
tjk, J = Jo,.--»J1, k € Z, are independent parameters in which the cross-
validation functional is being optimized. This extension is of interest for both
the regression and density model. Here we shall consider density estimation.
Then, optimization of M(fy), v ={vjk, § = Jo,---»J1, k € Z}, in v = th
yields '

[Zie ie(XD)? _ (T $36(X0))? — Yin $5a(X3)"]
n?(1 + v;);2%7°)3 n(n — 1)(1 + v;,2%2)?2

Hence, the following analogue of (7) is obtained:

Bie & 1 9% = (P)?
W—ﬂ:k-[l‘n_l J(_Jj—k_)z I,

Bik =

where 7}?; = LTL, ¥R (X)), Yik = 130, ¥;k(X;). Now the estimator (1°) is

very undersmoothed. To smooth it more, we reapply the individual penaliza-
tion with ﬁﬁ) = ﬁjk. Repeating this procedure leads to ever smoother, highly

adaptive estimators. Performing O(n) iterations has approximately the same
effect for large n as the following individually shrinking rule:

(Jk

(15) Bk = BirCi(s, v) exp (~Cals, v) @_)2 )

where the parameters C; : 0 < C; < 00 and C3 : 0 < C2 < oo are explicit
functions of s and vk, J = jJo,.--»J1, K € Z. Substituting the quantities

iTQJTzﬁT = 3‘— = Ciexp(-C; —1—(#)1,1) back in the expression for M(fv)

yields a cross-validation functional of the form:

Zz{w,k)’clup( 20! (,T();" Yo~ Gan)’)

Jj=jo

n(T50)" - TG exp (~C @%m Ll U




Penalized Wavelet Estimation ... : 299

Figure 4: Sinusoidal density: n = 2000. True curve: solid line. Estima-
tors: iterative individual penalized shrinking: dashed line; soft threshold-

ing: dotted line. Kernel smoothing was by convolving with h.(z) = 1h(Z),

h(z) = K.exp[—(%;).,,], where K = 1/1.2069 is a norming constant. The

kernel bandwidth € was 0.2. The approximate computation of the convolution
integral was via the trapezoidal rule.

which is to be minimized with respect to two unknowns only: C; and C3, with
expected asymptotic behaviour Cy; — 1, C2 — 0. Hence, the strategy of choosing
individual shrinkers is reduced to a minimization problem with respect to two
variables only and can be tackled easily.

Formula (15) leads to an extremely adaptive estimator. Since it is gen-
erally still undersmoothed, additional smoothing is recommended, e.g., by con-
volving it with a smooth density kernel. The estimator is so adaptive that even
the use of a simple constant-bandwidth kernel suffices to produce fits which are
superior to the fits by standard thresholding techniques (for a typical example,
see Figure 4). The iterative approach is currently under investigation, both
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with respect to kernel smoothing®354 and with respect to composite shrink-

Beé,B8

ing/thresholding estimation , and we hope to report some more detailed

results soon. So far, we only note that the (constant) kernel bandwidth must

be O(v/v*), n — oo, where v* = v is the minimizer from Theorem 5.

Another interesting opportunity here, in particular, in the case of Gaus-
sian white noise, is to consider, levelwise and blockwise within each level, a
composite shrinking/thresholding strategy by SURE (cf. B® (the second ap-
proach)).

Example 4. Sinusoidal density (Figure 4).

f@) = { 3|sinz| for z € [-27/3,x/3],

elsewhere.

Figure 4 shows that the new estimator adapts better to the spatial irreg-
ularities of f along the curve, including the discontinuity points = —27/3 and
z = m/3 where the Gibbs effect is much smaller than with soft thresholding.

Extension: self-similar fractal estimator. If no additional informa-
tion about self-similarity of f is available, between the a- and S-coeflicients only

the relations from Mallat’s recursive algorithm hold. For the wavelet estimators
of f, j1 < oo holds, which essentially means that f is being only perceived as a

linear combination of wavelets and all information about the fractal structure of
the graph of f comes from the fractal structure of the wavelet itself. Under these

general assumptions, there are no forced relationships between the 3-coefficients
on neighbouring levels. Assume now that f is dyadically self-similar, i.e., it sat-
isfies a dyadic functional equation

L

(16) (=)= Z cxf(2z - k), z € R,
k=-L
where L € N. Then f is compactly supported at [—L, L] (see, e.g., [36,44] for

details about the implied properties of f) and there exists additional relationship
between the betas on every two neighbouring levels. This relationship is given
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by one and the same linear combination of the betas on the finer level, having
for coefficients the ci’s from (16). If f is being estimated in the non-parametric
regression or density model, we see that for fixed » the problem about finding the
optimal & and G-coefficients of f, is now upgraded to an optimization problem
with restrictions of type equality to which Lagrange-multiplier technique can
be applied. The unknowns now are the @’s and A’s and, additionally, the c;’s

from (16). The equality constraints are bilinear - they are linear with respect to

two groups of unknowns in separate: the coefficients of f, and the coefficients
of the functional equation. This means that the optimization problem can be
reduced to convez. It can be solved, e.g., via the iterative quadratic penalty
method ([18], Section 2.1). This is a simple method, but the resulting problem
about unconstrained multivariate optimization, solved in each iteration, may
become very ill-conditioned. To avoid this, the iterative Lagrange-multiplier
method ([18], Section 2.2) can be utilized. At every iteration it leads to an
unconstrained optimization problem which is well-conditioned and, besides, its
iterations converge superlinearly, much faster than with the quadratic-penalty
method ([18], Subsection 2.2.5). More recently developed advanced superlinear
iterative methods (of quadratic, of Newton type, etc.) can be found in literature

from the last few years (see, e.g., [20]).

Since the optimization problem is (can be reduced to) convex, any vector
of c¢i’s is an admissible initial solution for starting the iterative process. To
reduce the number of iterations, we suggest to obtain the initial solution in the
following way: the initial & and B-coefficients are computed by (7), ignoring
the information about self-similarity. The smoothing parameter is obtained
as earlier, by cross validation. With the so-obtained values of the smoothing
parameter and the respective @’s and 3’s, generating the initial values of the
ci’s is by linear regression (i.e., least-squares method) based on the equality
constraints.

Although the class of integrable functions f that satisfy (16) is relatively
small compared to, say, the whole of L;, it contains functions which are in-
teresting with respect to both applications and theory. Ior instance, such are
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all Daubechies wavelets as well as orthogonal spline wavelets (for the latter,
L = o0). Besides, our approach can be extended to all f which are solutions
of non-stationary dyadic refinement schemes and form a much larger functional
class. Here the c;’s depend on the level j involved in the computation. A
larger system of equations will result in this way, but the reward is that we
can thus treat fractals with much more general structure. Having estimated
the cx’s means that we can construct a fractal estimator of f via the respective
refinement scheme. In the stationary case (c¢x independent of j), this estimator
is globally self-similar, like, say, the Weierstrass function. In the non-stationary
case it is self-similar locally in the frequency domain. When the observations are
noisy, the additional information about certain - global or local - self-similarity
of f results in an estimator whose graph is a fractal as irregular as the noise itself,
and yet it can be claimed that it is denoised to a considerable extent. Moreover,
since self-similarity is a very spatially informative feature, it can be hoped that
the fractal estimator will have good performance already for moderate samples,
in particular, in the symmetric case, i.e., when it is known additionally that
cr = c_j for all k.

For Gaussian and Poissonian white noise there are already publications
discussing estimation of the local Hélder index and more detailed multifractal
characteristics (see [12,76,14]). Under assumption of dyadic self-similarity and
Gaussian white noise, the above suggested fractal estimator can now be up-
graded to produce good fits already for small to moderate samples. The idea is
to consider a penalized version of the NeighBlock and NeighCoeff estimators of
[28] which takes into account dyadic self-similarity (with Lo = 1 in the notations
of [28]). Assume first that the support of the dyadically self-similar function,
that is, the value of L in (16) is known. (This is usually the case in related
applications.) Then, the oracle inequality of NeighBlock is no longer needed;
the length of each block, on every level, is d = 2L + 1; the shrinking estimate is
by the classical James-Stein estimator (JS)

d-2

e
ZV‘-:—L J?,k—ll

Bir=(1 )+Biks



Penalized Wavelet Estimation ... 303

for any j = jo,;.., 1, and any k : ,Bjk # 0, assuming that the white noise is
N(0,1).

We observe that JS can be obtained by a penalized model in the following
way. .

1) For any 6 > 0, minimize

L ; 3.
S(rtae sty er) = 3 (ot = )t + 20Tz Pl
. I=-=L . EV=—L 'Bj.k—v

with respect to 7, I = —L,...,0,..., L. The solution is
n=(Q1- -—0———)+ﬁj.k-:-
To=r B
2) Select optimal # by SURE, applied to the 7’s as functions of the
Bik-s’s. Theresult is 8 =d—2=2L—1.
3) Set Bjk = 7o; ignore the other 7;: continue in the same way for the

next block, corresponding to ﬁj,k.,.l, and so on..

Now we shall demonstrate how the penalized model interpretation of
JS allows to upgrade the estimator, so that the new version takes dyadic self-
similarity into account.

Consider the problem of minimizing the function

J1—-1 .
Y D A(Bik = Bik)* +2(d - 2)_EJ'=|__IIL»°|_ +
i=jo k Zy__L 2,
3 3 B85 k—1)-Iminal
+ 20 [Bikt—mia)* +2(d - 2)..&;_1___]}’
t==Li#0 2v=—L Jik—v

with respect to the variables 7%, ! = —-L,...,-1,1,...,L, ﬁjk, F=1Joyeeerd1—

1, k: ﬁ,-,, #0,¢,,v=-L,...,0,...,L, with the following constraints of type
equality

- 1 e d 2 N .
Bjk = 7 - eBivrkars k:Bin #0, 5 =JGoy..nd1 — 1,

v=-L
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d-2

= )+Pik
i==L B, ki

Biyk=(1-

i.e., the finest level is still estimated by the (unconstrained) JS.

If additional information about the relative importance of the different
coefficients is available, a w;i-weighted version of the cost functional can be
considered.

The equality constraints come from (16), by argument similar to the one
used in Mallat’s reconstruction recursive algorithm. If these constraints are
disabled, that is, if (16) is not fulfilled and, hence, there is no global dyadic
self-similarity, it can be seen that the groups of variables {Bjk,"'jk.l}f-’_-_ L (each
one corresponding to the respective sliding block at position (7, k)) become dis-
connected from each other, which leads to the classical James-Stein estimator
for every (4, k).

The problem can be solved numerically by a superlinear iterative method
for nonsmooth convex optimization based on Clarke’s subdifferential. The same
is true if, for example, additional information about nonnegativity of f in (16)
is available. In this case, additional constraints ¢; > 0, of type inequality, are
added to the optimization problem, which remains convex.

Further refinements of this model can be obtained by replacing the hard”
value d—2 in the functional by a 8;; which varies with n in a small neighbourhood
of d — 2, and is reset by SURE-type optimization on every iteration of the
optimization algorithm. However, developing a rigorous theory requires a much
more detailed and elaborate consideration than is possible here.

If d is not known a priori, one good compromise between performance
and simplicity of estimation of d is to apply a global oracle inequality, obtained
by summing up in j the LHS and the RHS, respectively, of the levelwise oracle
inequality (11) in [25], and thus select the same block size simultaneously for all
levels j = jo,...,J1-

If the white noise is not Gaussian, this model can still be helpful for large
samples, when the central limit theorem takes over. For moderate samples,
however, the initially proposed variant via cross validation is expected to yield
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better results, especially if the original noise distribution is far from Gaussian.

The requirement that the functional equation be dyadic is not essen-
tial. For example, one can consider triadically self-similar fractals, but then the
wavelets ¢ and ¥ must also be triadic.

Appendix A: Proofs4® and details

AO. In all proofs, wherever this is relevant, we assume, with no loss of
generality, that a; = 0, a2 = 1, in order to shorten the mathematical expres-
sions.

Al. Tractional-order derivatives of f are (a) for the inhomogeneous
model (see Sections 3, 4): in the sense of the Bessel potential of f, i.e., convolu-
tion of f with the Bessel-MacDonald kernel (see [103], Section 27); (b) for the
homogeneous model (see Sections 3, 4): in the sense of the Riesz potential of f,
i.e., convolution of f with the kernel in [103], Section 25, formula (25.25). Since
we shall be estimating only functions f which are within the range of equivalence
of the two models 414, we can consider the Bessel-MacDonald kernel only.

A2. The reason for this dramatic simplification is that atomic decom-
position in Besov spaces (see [63,65]) leads to equivalent sequence norms (or
semi-norms); in particular, when the atoms are orthonormal compactly sup-.
ported wavelets (cf. [106]), the resulting sequences are comprised of the respec-
tive wavelet coefficients. In contrast to this, atomic decomposition in Triebel-
Lizorkin spaces (including the Sobolev spaces associated with the smoothing
spline technique) gives rise to norms that are not sequence norms except for
those values of the indices for which the Besov and Triebel-Lizorkin space scales
coincide. : '

A3. Here we single out only one of them: estimating functions whose
graphs are self-similar fractals. Based on our approach, a new self-similar frac-
tal estimator of noisy fractal curves can be constructed. Since it takes into
account self-similarity, satisfactory estimation of simple fractal characteristics
like, say, fractal dimension (see [119]) is expected to be achieved already for
moderate samples. Moreover, considering a non-stationary, locally self-similar
fractal estimator allows subsequent estimation of much more informative fractal
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characteristics (e.g., Holder spectrum, multifractal characteristics (see [11,91]),
discontinuity points, etc.).

A4. Indeed, for small and moderate samples, the minimax estimators
corresponding to two different metrics can be so far away from each other that
any admissible estimator which is ”"near both of them” would necessarily have
unsatisfactory performance with respect to both metrics!

A5. (1-3) can be generalized for B,',q(R“), with preservation of the
resolution-level expansion via a tensor-product d-variate wavelet basis (see [53]
for a short overview; see also [36]). The range of the scale parameters is
0<p< o,0<qg< oo max(0,d(1/p— 1)) < 8 < r, which is exactly the
range for which Besov spaces contain only regular distributions, i.e., only locally
integrable functions.

A6. (For two different p-values the respective K,’s are equivalent but
the extra parameter p provides useful additional flexibility.) For all ¢ and all p
K,(t,.; A, B) is an equivalent (quasi-semi-)norm on A + B, the standard norm
in this space being K;(1,.; A, B) (cf. [16]). Under very general _as‘siumptions the
infimum in (4) is attained for a unique pair a* € A, b* € B, a* = a—b*, for any
a € A+ B. (For example, this is true if A and B are uniformly convez Banach
spaces.)

AT7. Note that the second term on the right (sometimes known in ap-
proximation theory as a saturation term) is always subordinate to K,(t,.; A, B)
which is typically c.t? for some 8 € [0,1].

AS8. In fact, Delyon and Juditsky additionally require compact support
of the estimated density or regression function. For such functions we can show
that the range of admissible (v, u,0) and (p, ¢, s) in the K-functional model is
considerably larger.

A9. Then, the constraint on 7 via u and ¢ can be removed. For 7 # p

this is possible only if the model be refined by considering four-indered Besov
spaces.

- A10. A comparison with the spline-smoothing model shows that the
latter is essentially limited to the Hilbert range only (r = p = u = ¢ = 2). Out-
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side this range the resulting Euler-Lagrange equations are nonlinear differential
equations. The parametrization provided by the wavelet model makes it possible
to compute the coefficients of the minimizing wavelet in an essentially ezplicit
way for the whole quasi-Banach range.B® But even forr = p=u=g¢ = 2 the
wavelet estimator is more adaptive: not only t, but also o, s and jo (see (1))
can be optimized. (In principle, optimization in ¢ and s can be carried out for
Wahba’s spline model, too, but the problem is nonparametric - the spectral theo-
rem has to be invoked. Then o and s have the meaning of fractional powers of a
self-adjoint differential operator. In practice, this means that a large number of
eigenvalues and eigenfunctions have to be computed to a considerable precision,
which can be a very ill-conditioned and numerically intensive problem.)

A11. The equivalence constants between the sequence norm (2) and any
equivalent norm in the Besov space depend on jo. This is important, because in
some of our applications jo — 0o as n — oco. This requires that resolution levels
between, say, j = 0, and j = jo be paid attention, too. However, the coeflicients
in these levels do not depend on the smoothing parameter, and thus these ad-
ditional considerations only lead to additive rescaling of the relevant quantities
and do not have essential impact on the statistical applications considered.

A12. These heuristic considerations are pointwise; this means that, in
the context of Delyon and Juditsky’s results, we must take p = 2, * = oo. This
brings about the constraint s > 1/2 (or s > d/2 in the d-dimensional case).

Proof of Lemma 1. (See also [41-43].) Follows directly from the fact
that in order-to obtain the value of the Kj-functional, one needs to minimize
the following expression:

F)! . 71 g .
DGk —aion)+ 3 S (Bik—=Bin)*+1* 30 32 B+ (1+7) 3 B2
k ko k

i=jo i=jo i>n k
with respect to ajox, k € Z,Bjk,j 2 jo,k € Z. -

A13. For the case when A N B may not be dense in A and/or B, see

[43]), Lemma 2.1. For the case when A and/or B are semi-Hilbert spaces, see
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[43], Theorem 3.1.1. For the case when the cardinality of A is less than that of
B, see [43], Theorem 2.1a (for Hilbert spaces), Theorem 3.1.1a (for semi-Hilbert
spaces), and Remark 2.3. However, the generalizations with non-dense AN B

are not needed for the purposes of Tikhonov regularization (see Section 4).

A14. By (5), the homogeneous and inhomogeneous models are equivalent
on ANB = ANB = Bj,. For functions f with heavy tails, such that f €
B3,\ B},, the inhomogeneous model is more precise (see also [48], Remark 2.2.4.).
In the sequel of this paper, compactly supported f will be considered only, so
we shall be within the range of equivalence of the two models. We have chosen
the homogeneous model because results about it are easier to directly compare
to corresponding results for thresholding techniques, since in the homogeneous
model, like with standard thresholding techniques, the empirical a’s are left
unchanged (see (7)).

A15. Asymptotic-minimax theory is beyond the scope of this paper,52
but we note that for # = p linear estimators do achieve the minimax rates
(see [53], Theorems 3 and 4, case € > 0, as well as the sequence of two papers
[47,48]), together with [85]. Moreover, it is possible that our estimators may
achieve the asymptotic-minimax (within the "asymptopia”) rates for functions
in Besov spaces with p=¢=2,2< 7 < 00,0 < u < 00, and also when 7 # p
and =, p vary in a neighbourhood of 2. (A (very weak) necessary condition for

this is that the estimator be nonlinear. In our case this condition is fulfilled:
the minimizer of the smoothing parameter ¢ with respect to cross validation

(see Section 6) is nonlinear, hence the estimator (1°), with ¢ estimated via cross
validation, is also nonlinear.)

Al8. If f ¢ V;forany j € Z and f € B3, but f ¢ B3 for any
s > &, then for any fixed s > & there exists ¢g = co(f, 9,8 — s’) > 0 with
lim,_,, 4 co = 0+, such that for any N there exists (j, k) € Z2 with j > N so
that B;x # 0 and |Bji| > c027* hold. Here is an outline of the proof of this claim.
Assume that its statement is not true. If for some N thereis no (j,k) withj > N
and Bjr # 0, this would contradict to f ¢ V; for any j € Z. If for any cp > 0
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there exists N such that for any (j,k) with 7 > N |8z < c027* holds, then
it can be shown that || f ||B_ < oo, which is in contradiction with f ¢ B3,.

Finally, if there exists a decreasing sequence {s,} such that co(f, ¥, s, — s")
remains bounded away from zero as n — oo, then it can be proved that there
exists co(f,¥,0) > 0 so that for any N there exists (j, k) with j > N and with

1Bkl 2 co(f,%,0)27*". But then f ¢ B33, which again is a contradiction with
the claim’s assumptions on f. This completes the proof of the claim.

Proof of Theorem 1. We give the proof for v*. The statement
about © can be obtained analogously, or can be derived from the asymptotic

identity E(GFCV(v)) ~ ER(v)+ 6 (see Theorem 2). Under the theorem’s
assumptions, it can be shown that for any v € [0, 00) (£ ER)(v) ~ w'(v), where

] 225 38
(Al) '(v) 2 Z m

J=jo

X Z:[(v?" +1- —2¢ (2:) B — —( 2«/ ik(x:)?)?,

=1 nwy

as n — oo. Here,

Edjor = ok = _Zf(wt)v.lok(mt)s Eﬂ:h = ﬂJI. = -Zf(a':)‘/’,;k(xa)’

i=1 i=1

E&Joh = aJok + W _Z‘PJL(:”') ’ Eﬂ]k = :BJL + - _Z '/’JL(‘”:)

i n ns—l t—l

We outline the basic facts in this proof, as follows. (i) it holds

(42) B = Biul <Il £ gz, 270~ (Il ¥z, +—-—V'/’) + 2 II fllze

(for &jox and ajyk ¥ is replaced by ). An improvement of (A2) in terms of the

average moduli of smoothness and A-spaces is considered in B12(%),
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(ii) Orthogonality of the wavelet basis implies

n L
(A3) [(¥ik, Yjons) — %21 Vi)Y (2i)] < 2(;_ﬁ)/_2(\/ $)?

(for @jok-Pioks and @jox.Yjne (V ¥)? is replaced by (V ¢)? and V . ¥, respec-
tively).

(iii) Almost-diagonality (decorrelation) property of the wavelet transform with
respect to the inner product (g,h)n := 1% g(zi)h(z;). Its essence is that
the Gramian matrix of {®jyx,%;r} with respect to (.,.), is sparse because of the
compactness of the wavelet support.

Let us compare the results obtained without and with the decorrelation
property. The number N; of non-zero Bji on a fixed level does not exceed
Y keomppd-3i suppl 1 £ c.27, where ¢ depends on the lengths of the supports of
f and 9 only. For fixed j and j/ this estimate implies that the number.ij.
of non-zero products Bji.Bjir.(¥jk, Yjrkr)n would be 0(2“‘5'). On the other
hand, by the decorrelation property, (%;k,¥;&)n can be non-zero only if —k €.
suppy — 299" suppy — 299"k, i.e., only if |k — 27~7' &'| < c.max(29-9',1), ¢
depending on the length of suppy only. This yields the more refined bound
Njj» = O(2max(i")), Estimating the quantity 3°IL . o Njj» needed in the
proof of (A1) via the former bound on Nj; yields O(2%1), while the latter bound

implies T/, S°H_ Nij» < e[4(j1 — jo — 1/2)27 + 200%1 4 1] = 0(j,.27).
The proof of (A1) follows from (i-iii), 2/ = O(Z;) and s; > 0.
Recalling that 1 = [ %;x(2)2dz and estimating the error of the quadrature

formula for the latter integral yields (see (A3)) |[1—1 5%, ix(2i)?| < % V(¥?).

Fix v > 0. For n large enough, v2%/* + 1 — L "%, ;1 (2;)? > 1v2%°, uniformly

in j = jo,...,J1, where, with no loss of generality, jo > 0. By the lemma’s

assumptions about f, there exists (j/, k') with 5’ > jo, such that B # 0. We
shall be considering here the more difficult case jo — oco. It can be seen that,
without loss of generality, one may assume that j' = jo. By the sharpness of
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¢ and &' < s, there exists41® ¢y : 0 < ¢o < 00, depending on f and ¥ only,
such that |B;, x| > co.277°. From here and (A2), 1Biorrl = |Biohe| = 1Biorr —

Biok| > c0.27902 — O(2~90/2.n= 4 20/2.071) = ¢o.(1 - 0(1)).2%° > 1.co.27%0¢
for sufficiently big n, by the theorem’s assumptions on jo. For n large enough

w'(v) can now-be bounded from below by

24josy

' :
w'(v)/2 > cl.———(l T oaTey

9—2jos _ ﬁ_ i 2-48 N..(1+ 0(2—1')‘)'2 =
nvs3 ’ n :

Jj=jo

— 1 (4} c2 J1 .—4( . )
- 1’224j°"((1 Fo-12-%00Y  no > 2imilmae) >
J=Jo

1 c1 2. 1 1
2 v224joa((1 Fo-12-203)3  p ' 922%0s’(1 - o(1))3 - ;-0(1)) >0
for sufficiently large n. Therefore, by continuity and asymptotic equivalence to
(%E@)(v) of w'(v), there exists C = C(f,%) € (0,00), such that for n large
enough inf,er w(v) and inf,eg E R(v) are both achieved on [0, C]. By continuity
of ER(v) and compactness of [0,C], v* exists and, moreover, v* € [0,C) and
either v* = 0 or (£ER)(v*) = 0. ]
Proof of Theorem 2. The proof is similar in spirit to the derivations
in Section 4.4 of [117] (cf. [49]). First of all,

(A4) E(GFCV(v)) = (1 + K(v))?x

<[5+ LB 300 — ule))? - 2B 30k - S@)lwi) - el =

=1 =1
= L+ B[ + ER() - ZEY {ai(fu(ed) ~ Fa)}]
=1

Now we show that A(v) — 0 as n — oo, uniformly in v > 0. Invoking

again a familiar bound for the error of the quadrature formulae involved (cf.
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the proof of Theorem 1), by the orthonormality of the wavelet basis and the

compactness of the support of f,

0 < h(v) < c[——(l +Z V(so N+ = Z 21+ 2 V(w‘))l < e = o(1),
i=jo
as n — 0o, uniformly in v > 0. Here ¢; = ¢1(p, 9, f).
Fix v > 0 and denote by &(v) = fu(x;) — f(x;). Since L¢; = 0 and ¢; is
independent of any y;,[/ # i we can evaluate:
(A5)

n

Ble&(v] = Bal3 3 AT (2 + 5 3 el
¢ =1 k

J=jo =1

P ok(xl) Yi€i 7;[’ L(xl) Yi€i _
ST A2 Z w1+ 025%) =

[Z oz + 3 > o &) sthio)

3=Jo

Substitution from (A5) into (A4) yields E(GFCV(v)) = (14+h(v))*(6*+ ER(v)—
26%2h(v)) from which also E(GFCV(v)) ~ ER(v)+ 62 follows.
To show the required consistency, we first note that

h(v)262
ER(v)

ER(v) - E(GFCV(v)) + 6* _

SR) —2h(v) — R(v)? +

(A6) (3 + 2h(v))

holds. Denoting f = [f(z1), f(22),..., f(z.)])’, I - the identity on R", || . || - the
usual Hilbert norm on R*, f, = [f,(21), fu(22), ..., ful@n)], € = le1,€2,...,6,)
we have

1 1, —__
ER(v)=E_ || f. - f|’= E— || (1= H(v))f - H(v)e ||’=

= 21l (= HE)E P +8%(v) > 6%u(v).
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Therefore, (AG6) yields:

|ER(v) — E(GFCV(v)) + 62| h(v)2

3+ 2N(v)) = &(v
h(v)? - . :
Now, by Lemma 2, hm “( y = = 0, hence £(v) — 0. Then it is easily seen that,

by definition of ¥ and v*,
(1-£(5)) ER(5) < E(GFCV(5))—62 < E(GFCV(v"))—8% < (1+6(v") ER(v");
agam by definition of ¥ and v*, ﬁ(i—.—) > 1,forany n € N. Hence, 1 < ER(5).

LER(v*) =

+&(v
1_5((17)1 holds. =

Proof of Lemma 2. Iix v > 0. Denote m := rankH(»); m < n. On
the one hand, m = O(27!) = o(n) holds. Indeed, while the domain of the linear

operator L,(y) := H(v)y is R", the range of £, is the linear span of the set of
n-dimensional vectors

Vi, (suppf) := {(®jok(1), - - 5 (@jok(2n))’s k : supppjor Nsuppf # B}U

U{(d’jk(ml)s ceey (¢jk(zn))ls .7 = jO) oo vjl) k: Sllpl)’(lfjk n Sllppf 75 0}1

which has dimension O(2%).
On the other hand,

= m

p(v) ~ nua(E(v)H@) o Lym 2

m =13

h(v)? _ _ (trH(v)) m (5 ity 8i)?

where s;, i = 1,...,n, are the s-numbers of H(v) (see, e.g., [51] and the refer-

ences therein), and 8,41 = ... = s, = 0. Therefore, by the inequality between

the arithmetic and the quadratic mean, J(—)L < & = o(1) as n — 0o, uniformly

inv>0. ]
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Proof of Theorem 3. We prove necessity when jo = O(1) first. For
any fixed (j,k), j > jo, consistency of fo in Bgy, o > 0, implies E(ﬂ-jk - Bik)? —

0, n — oo. Choose (j',k’) : Bjxs # 0. Simple computations show that
E(Bjx — Bjx)? =

1

_ 212 . _ .
= Tromyl it —fi) = ; Yik(i)? —202%° Bk (Bjk— Bik) +v°2%° BR].

By Riemann integrability of fy;x, Bjx — Bjx = o(1); by Riemann integrability
of ¥% (or by the stronger (A3)), 5 £1 st ¥ik(i)? = O(%) = o(1); by the
boundedness of v, 2v227°3;x(B;x — Bjk) = v.o(1) = o(1) and m;;)—; is bounded
away from zero. Therefore,

L (o(1) + vP24i )

E(Bjk — Bik)* = = 05 w52

is only possible if v — 0, which proves the necessity claim. Admissibility of the
choice v = v}, here follows from the boundedness of v};, proved in Theorem 1.

Now we prove sufficiency. After some computations, utilizing, as usual,
the wavelet-coefficient equivalent norm of Bf,, and after a simple bound from
above, by the inequality between the arithmetic and quadratic mean,

E|lfo—flbg=E |l fo— Efulibg, + | Efo — f g, <
6 l
ST gwmk(z.) fp= E [T+ oy ,,22,.)2 2 ; k(i) +
2 : J1 22ja _
+ D ( @k — o) +2 ) (1 + v2zoy? 2 Bk — Bir)*+
k Jj=Jo k

o v2-’ o
+2222] (1+v2218)22 k+ 2 22] Z'BJ"

J=Jo J=n+1
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Applying (A1,A2), the inequality between the arithmetic and quadratic mean,
v > 0, utilizing "{," € (0,1/2) c (0,1), which yields the inequality

v294is 029478 Lz—’g 022435 1__0'7—'1 o i(s'=0)
oy < () 7 (Gm) T =T,

invoking also the bound

E 22JaZﬂ2 < 22(0’—3‘)2211(0— s') Z 22]a Zﬂz < 622'“(6_"')I|f”3,;,

J=ih+1 J=n+1

as well as the familiar upper bound on Nj, after obtaining

v224
Z 2:,0 (1 + ,022].9)2 Z

Jj=jo

Zﬂ]k < v |f”B‘;’

J=jo

we arrive at

1fo = fllBg, < e(f, 90)—2"’(1 + ——) + c(f,¢)—- Z 2i1420)(1 4 2 )

—JO

J=Jjo

er(f, 920 2.,1(1+ n,)+ 2]+c1(f,«/))Z2"‘“"’[ 2,1(1+ 2)+-—]+

teg(F)o TS + ey o (£)2-2010'=0) <

jo  9d1(1+20) 210 2
<c,f,a.s(f,<p,¢)(2— 2 20 ot 4 2mtl)) = (1),

n n2s

. ) 1
when 271 = o(n“““(?l'lﬂv)), Jo < j1, j1 = oo and v — 0.

Admissibility of the choice v = v} follows from Theorem 4. u

Proof of Theorem 4. We give the proof for v*. The statement
about ¥ follows from the asymptotic equivalence E(GFCV(v)) — 62 ~ ER(v),
v > 0 (see the proof of Theorem 2). Indeed, by the minimizing properties of ¥,
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and vy; and the continuous dependence of E(GFCV(v)) and ER(v) on v, this
asymptotic equality implies (e.g., by proving contradiction with the opposite)
that 9,, and v}, have the same density points.

From the proof of Theorem 1 it follows that, for n large enough, v* = v%
exists and v} € Syu1 = {0} U {v = v, € [0,C) : (£ER)(v) = 0}, where C
is defined in the same proof. Consider also S,z := {0} U {v = v, € [0,C) :
w'(v) = 0}. By Bolzano-Weierstrass theorem, every sequence v, € S, has at
least one density point and every such point is in [0,C], v = 1,2. Consider
Sy = Unen Snw» ¥ = 1,2. By definition of S,,,, v = 0 is a density point of Sy
v =1,2. By (Al), 5 and S have the same density points. To prove v* — 0, it
now suffices to show that the only density point of S; is v = 0.

As in the proof of Theorem 1, we can assume that there exists (jo, ko)
such that 8j,, # 0. Also, without loss of generality, C > 1 and jo > 0. Assume
that v* = v} remains bounded away from 0 for infinitely many values of n.
Then, for these particular values of n, the same argument as in the proof of
Theorem 1 yields

w'(v) v2%os 1-4
2 A + v20r)s nv3 Z PO 2
i=jo

- €2 -
> 4]03 J(l 43) —
> 3 c' —52 Z 2 wo(v)
i=jo
The equation wg(v) = 0 has a unique real positive root
cod — i—4(j—Jjo)s 21 =
Vo iUy = — 22 <c4— o(1)
™ i=io

as n — 00. Since w'(v) > 0 for v > C and all sufficiently large n, for the same n
the largest real zero of any lower bound of w’(v) is necessarily an upper bound

for all real zeros of w’(v). In particular, vo is an upper bound for the zeros of
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w’(v) for any n considered. Therefore, contradiction has been achieved with the

assumption that v* remains bounded away from v = 0 for infinitely many n. m

Proof of Corollary 1. Follows from Theorem 4 and the sufficiency
part of Theorem 3, applied to 9. 5]

A17. The proof of Lemma 2 can be simplified by relying on sclfad-
Jjointness (cf. [49]). Indeed, in our case the influence matrix H(v) is symmet-
ric positive semi-definite, therefore, its s-numbers are just its cigenvalues (all
nonnegative), arranged in order of decreasing magnitude. We have chosen a
more general consideration because of envisaging an extension of our model
for biorthogonal wavelets and wavelet packets.B'8 In these generalized cases the
problem becomes non-selfadjoint. Qur general proof shows that Lemma 2 is
valid in this more general context, too.

Proof of Theorem 5. We outline briefly the proof for v = % and
give a detailed proof of the more difficult case v = v*. As earlier, we consider
the more difficult case for jo: jo — oo.

For any n =1,2,...,

(L u1spy0) = -2 35 o2 S v - ([ w1 <o,

J=jo

by Cauchy-Schwartz inequality. Since s > s’ and the index & is sharp,‘one
may assume that there exists (cf. the proof of Theorem 1 and Theorem 4)
(Jos ko): Bigks # 0 and |Bjore| > o277 for some ¢o > 0. Hence, utilizing also
J %34S <ll f l|Le, and invoking the bound N; < ¢27 again,

1. d 0222joav " f ”L i 2j(1+2,) .

2\ do > 0 - el

2(d1,MISE)(”) -1+ v2210a)3 = (1 N v22”)3 >
2 v224joa((1 + v-l2—2j0f)3 pp Z 2] 4(_1 ]o).) S

J=jo
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X 1 ¢ €3y _ 1 < o(1)
= v224joa((l + v—12—2joa)3 - nv ) - v224joa((1 + v_—12—-2jos)3 - v

)>0

for v and n large enough. Now existence of C' < oo and of 3 : 0 < ¥ < C follows
in the same way as in Theorem 1.
The basic idea of the proof about v* is the same. Denote w(v) := M(f,).

For any n = 2,3,..., by the inequality between the arithmetic and quadratic
mean,

w(©) = -2 3 S S uacx - A S uacrar <o
i=jo k i=1 i=1

and this inequality is strict almost surely. We proceed to study the behaviour
of w'(v) for large v. By s’ < s, there exists sp : 0 < s’ < sp < £F < s,
By sharpness of s’, one can find (jo, ko) With |Bjok,| > co2770%, for some co =

co(f,¥,80 — 8') > 0. Then, after computations, omitting positive summands,

bounding positive terms from below and negative ones from above, one obtains

1., v24jos el flloe & 2001+29) .

= > —p, - oo .
2Ew (v) 2 1+ v22Joa)3 Joko n o 1+ v221,)2 2
> 1 ( a - c_222jo(8+so) & 2j(l—2a))
= p222%jo(s+0) * (1 4 v—12-208)3 g E : .

Jj=Jo

Case 0 < s < 1/2. By conditions on jo and j;, n~122j(s+5) Z;:l=jo 21(1-28) —

o(n~ 57y = o(1).

Case s = 1/2. Again by the conditions on jo and jy, j1 — jo+ 1 = o(lnn) and

n—12%0(s+%0)(j, — jo 4+ 1) = O(n—‘_!%?).o(ln n) = o(1), since sp < s = 1/2.

Case s > 1/2. Now n=12%o(s+%) 731 . 9i(1-29) — O(n‘g!%"?l) = o(1).
Therefore, in all three cases,

C1

(A7) Ew'(v) 2 Somietre
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with certain positive constant ¢; holds for sufficiently large v and n big enough.
On the other hand, by the triangle inequality, and after some computa-

tions,

2 22ja

(AS) E|w'(v) Ew'(v)l < Z (l-l-—’v22j—_’37x

38 v 238
< IR - BN + ) + ([ D iy + T

By Cauchy-Schwartz inequality, and by (|a| + |6])!/2 < |a|'/2 + |b]'/?,
E|B% - B3] < (E(Bjk — Bix)*) /(BB + Bix)*)'/? <
1 1
< %(/ ¢,2kf)1/2(2|ﬂjk| + ﬁ(/ ¢?kf)l/2)'

Substituting this into (A8), after computations utilizing [ ¢fk f S|l f l|Leo» Yields

Elw'(v) - Ew’(v)|<c4E 2%° X 022 |Bitl ) <
S (14 022%0)2 £01 4 02%0 \/n

PR | :
v_; Z 2—2:32 |ﬁ]k| + e 2](1—20)) = %(Il i 1-2)’

Jj=jo J—J'o

where ¢4 = c4(f, ¥). Therefore, by (A7) and Markov inequality,

’ C1 / _____cl
P'() < oz} < PUVE) = BUO)> Sommarmn ) <

264 2210('+-’o) 0( L+ Iz)

By Cauchy-Schwartz inequality, and by the bound on N; (cf. the proof of
Theorem 1), I; < %(Z}{__jo 2i(1=2@s+sN)1/2 || £ || BL- Considering the three
cases 25 + &' < 1/2,2s+ 8’ = 1/2,2s8 + 8’ > 1/2, and noting that in the first
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two of these cases necessarily s < 1/2 holds, it turns out that in all three cases

" 80— a+a' 2
22io(s+s0), = O(n? 5 ) holds, and this tends to zero as n — oo by the
choice of sg. As for the term 22/0(5+%) [, it was already shown while deriving the
lower bound for Ew'(v) that this term tends to zero, too. Let C': 0 < C' < oo,

be the constant obtained in the proof of the case about . Now we sec that for

v>C
C1

P{w'(v) < 0} < P{w/(v) < gt} = 0

as n — oo. This implies the existence of v* by already familiar continu-
ity /compactness argument. ™

A18. In the case 0 < s < 1/2 (the range of s for which B3, contains dis-
continuous functions), the condition on j; in Theorem 5 seems to be restrictive:
2i0 < 271 < (2% indicates a rather narrow range for j;. But first, Theorem
5 only gives sufficient conditions for the existence of the minimizer v*. Second,
a close inspection of the proof of this theorem shows that its statement in the
case 0 < 8 < 1/2 remains true also for a broader range of j;: it suffices to have

2 = o(nlﬁz_?‘io'.2j°) for any s such that s’ < s < 1’—;—' Third, the theorem
may be sharpened by admitting a broader range for jj, if one considers a more
stringent notion of sharpness of s’, namely, f is such that f € Bj; and f ¢ B.};
for any ¢ < 2. The proof of this sharpened version is similar.

Proof of Theorem 6. In this proof, C denotes a positive constant
which may vary along the lines. Fix v > 0. First, let us evaluate M IS E(v) from

below. Using Parseval’s identity and neglecting some nonnegative summands,
we get:

MISE(v) > —ZE{Z%k(X ¥+ Z Z—E{E%L(X ¥

=1 i=jo k i=1

1+ 0221‘)2

Bh(1 — v2%2)
- Zk:a?ok Z Z 1+ 02213

J=jo
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. 1—p22Js 1 . . oyt e
Since 7 oo < {F oa77a)Ts We can continue the above inequality to obtain:

MISE(v) >

n{ [t = ([ ey + 2 Y oy VS = (i) 2

_{‘2 [t + z: E O o R DA

Now we invoke Meyer’s lemma (Lemma 1 in [110] - for the application of this
lemma the periodic extension onto R of all relevant compactly supported func-
tions is considered, with period equal to or greater than the support’s diameter).

By this lemma, and in view of [ f =1,

2% [ f(2) 3 phu(a)da =
k

= / f(2) Y P20 — k)dz —jyaco 3 /0 ' @iz — k)dx = C, C = C(yp).
k

Utilizing the compactness of suppf and jo — oo in a similar consideration of

the expressions of type 277 [ f(z) T ¥ L(:c)da: we arrive at

(A9) MISD(v)> {1+Z(1—;%)—,},C C(ps¥),

JI=J0

for sufficiently large n, so that 277 || f ||}, is smaller than, say, 1/2. Next, we

consider &, = M(f,) — MISE(v) + T, with T}, as defined in the premises of the
theorem. Note that E{, = 0 and that T, does not depend on v. After further

computations, we obtain

6 =~y SHE ok - 3 A 00l-

=1
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Yiey Yin( X))} - T, v3(X0)
n(n—-l)zz 1 + v22e B

J=J0

n + 2 2ﬂ?k 2
ZQJOL + Z Z{ 1 + 022-7" (1 + 02213)2 }+

J=Jo

+zk: Jok + Z Z (1 +v22Ja)2

J=Jo

1% 3.
- Z Var(ajk) — Z Z a ::)(52’;“))2 4 2(n: 1) zk:&jok.ajok.
i=jo
Substituting Var(ajx) = %{f‘l’?okf - ([ eirf)?} V“’(Bjk) = %{f '/’_?'kf =
([ ¥jkf)?} leads to

2 1 n n
(A10) & = (- m ) zk:z > Giok(X)@sor(Xi)+

i=11=1,l#i

2 —~ v~ Yik(X)gi(Xa)
+Z{ n(n—l)+n2(1+v271-’) zk:z 2 JL1+02]253 l

i=jo i=1I=1,l#i

n+1 ‘n-—-1
T n E(/ #iokf)" + E Z(/ vie/) 1+ 1)221a - n(l + 0221')2}+

J=jo

2(n +1)

3 dorctioe 427 2EZ{¢,ok(X) [+

=1

1 & (Xi) = [ 3
+;5§J§’2 (1+v22J')2

k

A2] 9

—Jo

Denoting A; = 5 YL, Zk{‘P_?ok(Xi) - JP2if} A=

Yh(Xi) = [ Y3 S
n? EZ Jk(l + v22{3)21L ’

=1 k
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“we see that E(A;) =0, ¢ = 1,2 holds. With the above notation introduced, we

can write for the RHS of (A10):

= D DD DD M NS [NV, [OME O (oW

-1

i=11=1,l#¢
2 1
+J§J.:o[ n(n—1)(1+ v22Ja) n2(1+ v2213)2]
XDty 2y (¢Jk(X)_/¢ka)(¢JL(Xl) /d’;kf)
k i=11=1,l#¢

1
+ Z{ n(n — 1)(21 oo Pt ,,22,.,)2} (n— 1)Z/¢ka E¢]k(Y)

J=jo i=1
Now we invoke the decorrelation property of the wavelet transform with
respect to the inner product (g, h)s :=-f g(2)h(z)f(2)dz (cf. the proof of The-
orem 1). This property, together with the bound on Nj;, implies that, in par-
ticular, 3 S ([ @iokPioks f)? < C27° holds, rather than < C2%°. Here, again,
C = C(¢). This observation is implicitly used in [110], p.49. Applying the

above observation, let us evaluate the order of magnitude of

By =-——*t1 znj 3 h(Xi X))

“n2(n-1)

.—1 =1,
with .
h(z,y) = zk:{%ok(fv) -/‘Pjokf}{%ok(y)— /(Pjokf}'
Note that
(All) Eh(X,',Xl) = E(h(X;,X{)IX,‘) = Eh(X;, X)|X1))=0

holds. Invoking (A1l), the decorrelation property and the Cauchy-Schwartz
inequality, we obtain like in [110], p.49 that Var(B;) < C%l and, hence,
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P{B\MISE(v)™' > €} < €72C27% — 0. Let now By = /L. By,

2 1
n(n — 1)(1 + v223) + n2(1+ v22ja)')]x

Byj = [~

"Zi i ('/’ik(Xi)—/"/ijf)(v’jk(«\':)—/tl’jkf).
k

¢ i=11=1,l#4¢

Applying the quasi-triangle inequality to the sum in j and continuing by the
same type of argument as for B, one obtains

E(B}) = VarB; < 2(ji1—jo+1) Z E(Bj;) < C(f’ "’)" [1+ Z (1 2

ST TIvIL
J=jo =i U F v2%is)2
and, on applying Chebyshev inequality,
P{B;MISE(v)™" > €} < €>Cj127% = C(f,%,€)27%.0(log, n) — 0,

by the choice of jp.
Next, we show that under the theorem’s assumptions

2 1

VBT{J—Z”[ n(n 1)(1 + v22]a) ng(l T v22j.)2]2(n - 1)x
19—2j08’
X Z/'/’Jl-f Z'/’JL(X )} = Var(Dy) < =———— ¢2 Tio

i=1

where 3772 . 7_1 < oo. To prove this, denote ¢;,(v) = [_mﬁﬁ +
mpm —1). It is easy to see that |c;,(v)| < 4/n, uniformly in v, s
and j.

After computations,

2 J1

Var(D)=nY> 3 ein(v)ey .,.(v)ZEﬂ,m,w / Vit f—

J=jo j'=jo
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_n(z cJ.'ﬂ(v)z:ﬂJk)2 <n E Z cJ,ﬂ(v)cJ ,n(v)ZZ,BJLﬂJ'L' / ‘pJL'/’ it f

J=jo J=jo i'=jo
Now we apply consecutively a change of the order of summation and integration,
Hélder’s inequality taking into consideration that f € Lo, Parseval’s identity

and the upper bound for |¢jn(v)| to obtain

Var(Dy < (3 cin(0) S Pubin"S < 0 1S N 5 S ein(0) Bl <

Jj=jo Jj=jo

16
S — U fllew Z 2 Bh = || f el Z Zﬂ:k'/’ﬂ»( )iz, -
i=jo k i=jo k
By using a theorem due to Kerkyacharian and Picard (compare the citation in

C2-%j0s
S 5

Theorem 1 in [110] we can now claim that Var(D,) Fjo» Where C =

Cs || f llLes Cs depending on s only, and where {7;,}%_¢ € l2 and, therefore,
vj — 0 as jo — oo, hence, P(D;MISE(v)~! > ¢) < 202201+ )y
Having in mind that 2—% = O(n_ﬁlﬁ), we see that M’Igb'(ﬁ also tendé to zero
in probability.

It remains to evaluate A; and Az. A; is a sum of i.i.d. random variables

and their variances can be bounded from above. Using again Meyer’s lemma
and applying the decorrelation argument (see also [110], p.50) yields

C2

Var(Ay) = 3

The argument about Az is analogous to the one with By, with additional invok-
ing of the inequality between the /3 and /;-norm:

. R ) C . i < 22=io)
Var(4;) = E(A3) < 2(1—do+ 1)[ 3 E(A3)] £ —5-2.2%° > a

e €
9238)4 —
=40 5, A+ v222)

g- 250 2J-Jo 2
-'<-' 3 2 [Z (1+v2215)2]

Jj=jo
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for a suitably chosen C' = C(f,%) > 0. Hence, by virtue of (A9), using the

Chebyshev inequality, we can claim that
i -2C =1 -2C
P{AIMISE(v)™" >¢€} <€ ;,P{AQA{ISE('U) >e}<e ;o(log, n).

Finally, let us note that E(T,) = [ f(2)?dz holds. Neglecting negative
summands, interchanging the order of integration and summation and applying
Holder’s inequality and Parseval’s identity, we bound the variance of T; from
above:

Var(T,) = 4(n + 1y —0D-3( / PiokPioks )ik okt — (Za 2 <

kK

<A (5 apuppars < 5 i <

4 n -|- 1
< D AR e
Thus, we arrive at Var(T,) < € and T,, & [ f(z)?dz as n — oo, by Chebyshev
inequality. =

Proof of Theorem 7. The idea of the proof of the necessity part
is essentially the same as the necessity part of Theorem 3. The admissibility
of the choice v = ¥, in the necessity part of the theorem follows from the
boundedness of ¥, proved in Theorem 5. We outline the proof of the sufficiency
part. Proceeding first analogously to the proof of the sufficiency part of Theorem
5, and then applying the Cauchy-Schwartz inequality and interchanging the
order of summation and integration, we obtain

Ellfo-flbg=E |l fo—Eflibg, + | Ef. - f llbg,=

22_1'0

_12[(/2}-)_2] _l_f:___ 2 2
=l Plok ajr) + n & (5 025y Zk:[(/\bjkf)—ﬂjk]'i'
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(4 v 2 J o
+222J (1_,_,,22;3)2 Zﬂ1k+ 2 2% 2ﬂ2

Ji=jo j=n+1

_/[(E‘Pmk)f] + - Z 2'76(1 _1|)_ ,2,22,")2 /[(Z 'P;L)f]'f'

_Jo
+222N “imz/w > 297 5 6
i=jo (1+v2 ) j=n+1

Bounding each of the last two terms from above in the same way as in the proof
of Theorem 3, and applying Meyer’s lemma to each of the first two terms, we

obtain
E| fo- fllBg<
c¢ J1 2j(1+2¢7) oo o (o
< o) 4+ ) D e SURRR VTR
J=Jo

2Jo 21:(1+20) o=
< ca'.d(f) Py 'l’)(—— +——+v

+27201('=9)) = o(1),

when 27t = o(nlﬁ), Jjo < Jj1, j1 = o0 and v — 0.
The admissibility of ¥, in the sufficiency part follows from Theorem 8. =
Proof of Theorem 8. (Outline.) We follow closely the idea of proof
of Theorem 4. In this case, the resulting equation for the upper bound vg is

Il 1SN agisieye (Lt 02003
(A12) o= o=, .J;joz (1+v2m) 29,

where cg is the sharpness constant. The proof can be completed by invoking
the bound v < C again and proceeding as in the proof of Theorem 4. However,
in this case, due to the unbiased estimation of the wavelet coefficients when the
design is random, we can directly obtain the quantitative rates of  — 0, for any

s’ > 0. In fact, for any jo,Jj1 : jo < j1 we can obtain the sharp rate in ¥ = o(1)
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corresponding to these jo and j; in the following way: instead of utilizing the
rough bound v < C, we replace the RIIS of (A12) by

|| f ||Loo = Z 22(1_10),("1&){(:1,'0210.3))3.21..
c3 n’ = max(1, v2213)

The new RHS of (A12) is equivalent to the old one, with absolute equivalence
constants. From the new expression, the sharp rate can be computed by consid-
ering the three cases: (i) v > 27%0%; (ii) v < 2-2119; (jij) 272018 <y < 2-2's
J' € Z : jo £ j' < j1. By solving (A12) for v for each of the cases (i-iii) and
checking whether the solution vp falls into the range of the respective case, we are
able to climinate two of the cases, and accept the remaining third case. If case
(iii) is the accepted one, the substitution v = 277, where j' = (1 — 8)jo + 63;,
allows locating j’ within [jo, j1) by solving the resulting equation for § € [0,1).

(Sce also B14)) -

Proof of Corollary 2. Theorem 8 and the sufficiency part of The-
orem 7 are applied for v = ¥ and o = 0, and then the proof is completed via

Theorem 6. |

Proof of Corollary 3. The rate vo = O(%*) follows immediately
from (A12) with jo = j; and, therefore, cnl_+]2_c <2 < C’n'+T and 9 < yg
together imply ¥ = O(n_l_?r"?—-). Now it follows from the proof of Theorem 7 that

- _2(s—0c
E|l fo = [ libg,= O(n™1927"). .

A19. (See also [49].) For the purpose of optimizing the GFCV- (FCV- )
functional, the excellent subroutine amoeba from Numerical Recipes [100] has
been utilized. It is based on the downhill simplex method of Nelder and Mead.
Since the minimization is performed only once, without iterations, so the com-
putational burden is small, the above procedure has been selected because of its

simplicity and robustness. It is also derivative-free and we intend to use this for

some of the extensions in Appendix B.
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A20. There follow some model examples where the universal-threshold
and global-penalization shrinking strategies are not expected to yicld equally
satisfactory estimation of every part of the curve: Marron and Wand’s "smooth
comb” (see [96]), Examples 3 and 4, and, on fractal level, any multifractal func-
tion (see [11]).

A21. Notice the bad performance of our non-threshold estimator ncar
2 = 1, where the true signal is negligible compared to the noise level and the
thresholded estimator is at its best. One optional modification of the shrinking
estimator in the case of regression is to threshold it (after shrinking) with hard

threshold equal to the noise variance of a purely noisy coefficient. This threshold

level (typically, %‘f-‘), is very low compared to levels used in threshold methods,

and is aimed at removing pure noise for moderate samples. This is a most
primitive example of a composite shrinking/thresholding estimator which will

be discussed in more detail in B8.

Appendix B: Further extensions and generalizations

In Section 7 we discussed some extensions of the K'-functional technique
of penalized wavelet estimation. Here wevgive a (non-ekhaustive) list of fur-
ther developments and applications, together with short descriptions of some
underlying ideas. Again, we assume that a; = 0, ay = 1.

B1. Cross-validation in Besov and potential spaces. There is a common
opinion expressed in literature that cross-validation in Ly may in some cases
lead to a slightly underestimated value of the smoothing parameter leading to a
slight tendency to overfit the curve. Analytically, this can be explained with the
fact that in general L,-cross validation leads to consistent estimation of f itself,
but not of its fractional derivatives of any positive order. This can be overcome
by considering cross-validation with respect to the Bg,-norm such that available
results for La-cross validation correspond to the partial case ¢ = 0. The key
fact for this extension is to notice that Lj-cross validation, as performed in the

density case (see subsection 6.2) is of Bowman-Rudemo type and is equivalent to

applying the cross-validation rule &jor@jor — L X%, @&;, k(—i)Piok(Xi), Bjkﬂjk —
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L5n  Bik(—iy¥ir(Xi), for every (j,k) : jo < j < ji, supp@jok N suppf #
@, supp¥jr Nsuppf # 0, where the notations are the same as in Subsection
6.2 (recall that the B’s depend on v). This leads to optimization in v of the

CV-criterion

CVo(v) = CVo,,i0(v) = D @jor(v)® + Z 2%° Zﬂ i(v)?—
k

J=Jo

- Z(Z Gjok(-i)Piok(Xi) + Z: 2473 Bi- ¥ir(XD),
t—l Jj=jo
with CVy(v) = M(f,). For ¢ > 0 CV,(v) is the cross-validated version of
Il fo=71 ”%;2 up to summands independent of v. For the regression case we

suggest the same Bowman-Rudemo approach, based on the formulae &;, kQjgk >

LTIy Gok(—i)¥iPiok(2i), BikBik = % Ty Bjk(—iybivjk(z:). This yields

CV,,(v) = CVa,s,j0(v) = Zalok(v) + Z 3ie Zﬂ ik(v)?—

J=Jjo

- Z(Z alok(—t)yt‘PJok(z') + E 2%° Zﬂ]k(—:)yt ¢]k(xt))7

l-‘=l J=Jo

where the &’s and 3’s have meaning as of Subsection 6.1. For o = 0 (see [49]) this
is an important and, as it seems, quite new alternative to Wahba’s model, with

"pointwise” estimation (i.e., estimation of the linear interpolation functionals
Li(f) = f(z:)) being replaced by ”weak” estimation (i.e., estimation of the
linear interpolation functionals f — ajx and f Bjk). Besides admitting
an extension for o > 0 in a natural way, the Bowman-Rudemo type approach
to the regression case has some additional advantages compared to the model
in Subsection 6.1: (a) it is available also for the model where z; = iy 3=
1,...,n, are i.i.d. random variables, uniformly distributed in a neighbourhood
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of supp f; (b) this model admits analogous theory of iterative individual penalized
shrinking, as considered in Section 7 for the density case.

It should be noted that in the case of nonparametric regression theoretical
derivations for the Bowman—Rudemo approach are easier to carry through if .
periodized (see [90,37]) wavelets %) and ¢ are considered. (Computing the
@jok’s and the Bji's in (2,3) with respect to %} and Y% can be shown to yield
an equivalent quasi-norm of Jyp,(a, 8).)

As for the model in Section 6.1, it can be ektended foro >0 By utilization
of the fact that B, is isomdrphic to the potential (Sobolev) space HJ (see [16],
6.4.4). The CV-functional is now the expectation of a quadrature formula for
the integral in || f, — f = JIGo * ( fi= f)(2))%dz, where G, is the Bessel-

McDonald kernel4!. The order of the quadrature formula can be higher than
one. (In comparison, the optimization criteria of GCV type like QGCV and
GFCV are essentially quadrature formulae of first order.) The higher order of
the quadrature formula is helpful in reducing the bias for more smooth functions,
and plays essentially the same role as the order of vanishing moments of the
coiflet used in the method WAVREG of [9]. This approach is more technically
involved because it includes regularization of the singular kernel G, depending
on the sample size n. We conjecture that the analogues of A(v)? and u(v) (see
(14)) are in the new case the norms in weighted (both with the same weight)
Schatten—von Neumann S,-norms, v = 2,1, respectively, the weight depending
on ¢ and tending to 1 as 0 — 0+. ;
The results in Section 6 show that consistency of cross validation for
o > 0 is sufficient for consistency of the resulting estimator f,, in Bg,, i.e., with
better estimation of the derivatives and less overfitting of the curve. One way to
determine a best selection of o for the concrete f, if simultaneous optimization
in v and s is performed, is to increase o (e.g., by using the dyadic-bisection trial-
and-error method) until for the optimal value s* = s*(o) the equality s*(o) = o
holds with sufficient precision. For f ¢ C* this is possible to achieve because

s*(o) remains in a neighbourhood of the true smoothness index s’ of the curve
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for any ¢ > 0. Another approach here, for both the regression and density case,

is to consider a relative cross-validation criterion:
CWo(v) = CWo s 50(v) = (b52(F)) T CVo(v),

where b3,(f) = 55(Nioi =Il @s. I} +T0s0 (27 || Bj. l12)? (cf. (2)). The
optimal value of o is obtained by CWse = minggogsr CWo o0 js(v°?'), where
8*, j§ and v°P* are obtained as discussed in Remarks 5 and 7, for the regres-
sion and density case, respectively. An interesting modification is Lo minimize
CW, s,jo(v) simultancously in o, s, jo and v.

In the case of regression with deterministic design, the method of [9]
can also be extended, similarly to the Bowman—-Rudemo approach, so as to
determine the optimal value of the smoothing parameter on the basis of an
estimate of the upper bound for ||f, — f||Bye for 0 < o < s, j; : 21 = o(n),
which bound is the RIIS of

fo=FllBro < IN(I=P;))fWlBg, +211(Ps, f~105,) fllg, +21|(1L;, f = fullbg, = RIS,

where Pj, is the orthogonal projection of f onto Vj,, and I}, is defined in [9],
p-318. An unbiased estimate C'Va, s, jo(v) of ||IIJ',,I'—_f‘,||Bg2 can be obtained for
o > 0in the way it has been proposed in [9] for the case 0 = 0. The use of coillets
makes this approach quite promising, especially when the estimated function
fE€B, 1/2<0+1/2< s < s <r,is very smooth (e, 8 > 1) and 0 =~
s’ —1/2. However, the support of the coiflet is larger than that of the respective
Daubechies’ minimal-support wavelet (see [36]), which reduces the adaptivity
of the method for spatially inhomogeneous curves, especially, when the true
smoothness index s’ does not exceed 1. In order to improve the spatial adaptivity
of the method, we suggest to replace the coiflets with ’multi-coiflets’, that is,
multi-scaling functions B18(¢) which are orthogonal to the same monomials as
the coiflets and have approximately the same regularity, but are better spatially
localized. The so proposed generalization of WAVREG of [9] (with the additional

improvement that j; is not fixed, but controlled, together with j, and with a
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coiflet or *multi-coiflet’) will be referred to as WAV REG, later in this text. As
far as determining an optimal value of o* (based on WAV REG,) is concerned,
it does not seem possible to develop a relative optimization criterion of the
type of CW,(v) defined for the Bowman-Rudemo approach. Iowever, the first
method considered above (i.c., finding a fixed point of the mapping o — s*(a))
is still available.

Finally, let us note that in the models of cross validation in Bg, with
subsequent optimal choice of o it is a good idea to optimize the criterion not
only in jg, but also in j;. (For the usual Lj-cross validation optimization in 7,
is not advisable, because the optimal j; would tend to be too large most of the
time, thus leading to overfitting the curve.)

B2. Asymplotlic-minimaz theory in Besov spaces.B? As with thresholded
estimators, it can be expected that in the theoretical study of the asymptotic-
minimax optimal choice of the smoothing parameter exhaustive quantitative
results can be obtained . We expect that such exhaustive results can be ob-
tained for the level-dependent shrinking estimator fy, v = (V595044503 ), for
any (7,u,0) and (p,q,s) such that B, « Bj . Although not identical, the
proof in the shrinking case can be based on the same basic idcas as the one for
the threshold case. We do not expect major technical challenges in obtaining
asymptotic-minimax results analogous to the results of [53], i.e., including opti-
mal rates of estimation of the derivatives of f, too. However, our aim will be to
remove some of the logarithmic factors in the rates and to obtain more precise
bounds for the constant factors of the rates, depending on the concrete choice of
(m,u,0) and (p,q, s).

B3. Kernel regularization vie quasi-linearization of K -functionals. Tol-
lowing Peetre [94], we call the pair of quasi-normed spaces A, B quasi-lineari-
zable if there exists a family of (sub)linear (see [16], 3.10, 3.11, and [39], Section
5) operators V(t) : A+ B — A+ B such that V(t)(A + B) C B, (Ia4B —
V(t))(A+ B) C A and

olll Tars = VOIS 15+t | VR F I1G1Y7 < K (1, 5 A, B) <
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S Cll Tass =V N5+ | VDS N15)?

for any f € A+ B and any t € (0,00). Here 0 < ¢ < (" < o and ¢, C' may
depend on A, B and p:0 < p < o0, but are independent of [ and £.

Let K(z) be the kernel associated with any r-th order kernel estimator,
thatis, [ K'(z)dx = 1and [ K(z)z'dz = 0,1 = 1,...,[r] (with obvious modifica-
tions in the multivariate case, when / becomes a multiindex). Denote Ay = K( )
Then, utilizing the real and complex interpolation methods (see Section 4), it
can be shown that (By,, By,) and (Bgu,BQ) are quasi-linearizable pairs with

V(t):f»—»K‘_._l?*f,uniformlyin0<p_<_oo, 0<u<oo 0<gqc< oo,
max{0, d(% — 1)} < 0 < s <, where d is the dimension. Here ¢ and C' depend

on the concrete choice of K, p, q, u, o, s and p. The same is true if Besov
spaces are replaced by potential (Sobolev) spaces for the same values of the pa-
rameters o, s and p: 1 < p < 0o. A similar result holds for wavelet estimators
with ¢ having vanishing first [r] moments. In fact, for the case p = u = ¢ = 2
and p = 2 the S-coefficients of V(t)f are computed from the coefficients of f

via (7) (for other values, see 59); These general quasi-linearization results show
that the role of the parameter v = t” is that of a smoothing parameter in a

penalization model induced by the K-functional and, simultaneously, v&+—=

has the role of a kernel estimator’s bandwidth. From this point of view, the
difference between kernel and wavelet estimators is mainly in the choice of the
type of equivalent quasi-norms in the Besov spaces involved in the K -functional.
In fact, rigorous results can be obtained, linking the optimal smoothing param-
eter ¥ for the wavelet model with the bandwidth v* of a kernel estimator. The
relation is very simple:- ;9 < v* < C9, where ¢; and C; depend only on
the constants of equivalence between the K-functional, involving the coefficient
Besov quasi-norms, and its quasi-linearized version involving the kernel K. Tak-
ing into account that under very general assumptions ¥ = 9, — 0 as the sample
size n — oo, we see that a "good bandwidth” v* can be found by only search-
ing within [¢,9,,C19,], which interval becomes narrower with the increase of
n. Certainly this technique can be applied also for variable-kernel estimators,
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provided that one starts from the block-shrinking wavelet estimator (see also
Examples 3 and 4). Of course, rigorous formulations depend on the specific
statistical model (density estimation, regression-function estimation (Wahba’s
model or the Bowman—-Rudemo approach), etc.) but in all cases the underlying
general idea is as outlined above. In particular, one or both spaces in the K-
functional may depend on its step t: K (¢, f) = K(t, f; A¢, By) (see, e.g. B1° and
[39]). In the most practically important statistical applications one faces the
situation K (¢, f) = K(t,, fn; An, B,), where n and f, are, as usual, the sample
size and the empirical estimator, respectively. In these more general situations
t may still be equivalent to.the bandwidth of a kernel estimator, but the simple

rescaling t — 7= considered above may be replaced now by the more general
t — w(t), where w(.) is a warping function which depends on the type of de-
pendence of A and/or B on the parameter. For some cases of dependence of A
and B on the parameter, it may happen that w(.) is not right- or left-invertible,
which may be an indication that the dependence of the spaces A and/or B on
the parameter takes control over the smoothing process, the penalization pa-
rameter ¢ playing then the less significant role. The typical case when A and B
depend on 7 is jo — o0, j1 = o(logy n).

B4. Kernel estimation via solutions of evolutionary differential equa-
tions. Here we outline a new, very general approach to kernel estimation is
statistics. This approach falls into the general quasi-linearization scheme con-
sidered in B3, but the method of generating the kernel estimator is very different
and seems to be complementary to traditional kernel-estimation techniques.

" We return to the considerations in Section 4 leading to formula (5). In
the notation there, assume that B; = A where A is a Banach space. To conform
with commonly accepted notation, we denote by B = D(T') the domain of T (see
[16], Section 6.7), where T' has the properties assumed in Section 4. Consider
the following Cauchy problem for the evolutionary differential equation in the
Banach space A

(B1) L9(t)=To(t), 9(0) =a € 4, t > 0.
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To ensure smoothing cffect, || g(t2) ||a<|| 9(t1) ||a, t2 > t1, should be fulfilled.
A necessary assumption to ensure consistency is lim, o4 || g(t)—a || 4= 0. Both
these assumptions are fulfilled if 7" is such that g(t) = G(t)a, where G(t) is an
equibounded, strongly continuous operator semigroup (ESCOSG) on A (see [16],
Section 6.7, (i-iii)), which, additionally, is contractive, that is, in the notations of
[16], M < 1. In this case T is the infinitesimal generator (IG) of the semi-group
{G(t), t > 0}. For necessary and sufficient conditions on T' under which T is
the IG of a contractive ESCOSG on A, we refer to [61,123,86,73,75]). A simple
necessary (but not sufficient) condition is that the spectrum of T be contained
in {z € C : Re 2 < 0}. The key result is (see [94,24]): if {G(t), t > 0} is an
ESCOSG on A with IG T and v € N is fixed, then for any p € (0, 00] there
exist ¢, = ¢,(p), C, = C’,,(p) :0<¢, £C, < 00, such that

(B2)

e Kp(t,a; A, D(T)) < w,(a; ) + min(1,2) || a la< CoK,(t, a; A, D(T*)),

for any t > 0 and any a € A, where w,(a;t)4 = supoc,< || (G(s)—14)"a ||4. We
see from (B2) that the parameter ¢ plays a twofold role again: on the one side,
it is the smoothing parameter in a penalization model; on the other, it denotes
the length of the ”time interval” in which a has been subject to smoothing via
the process described by (B1).

Let us consider one simple example. Assume that A € Ly, T) = k2% R
k€ R, z€Rv=10=0,8=2=p,a=f¢€ Ly(R), T is the closed
self-adjoint densely defined extension of Tj on Ly(R). In other words, (B1) is
the Cauchy problem for the unidimensional heat and diffusion equation in ho-
mogeneous media with conductivity coefficient k2. T is the IG of a contractive
ESCOSG on Lz(R) Then T has only continuous spectrum, and it is contained
in {z : Rez < 0} (if suppf C [0,{], I < oo, then we can consider Ly([0,1))
instead of La(R) and the spectrum of T is discrete; it consists of the simple
eigenvalues A\, = —k?r2u?/1?). Then, by (5), K3(t,a; A, D(T")) is equivalent
to Ka(\/v, f; BY, B3;) + min(1,/%) || f llsg,, with equivalence constants in-
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dependent of t = /v and a = f. Besides, [G(t)f](z) = K/ * f(z), = € R,

where K(§) = %e'ﬁ?’, and we observe that this is indeed a partial case of
the kernel-estimation model considered in B3. This last observation is in fact
correct under quite general assumptions on T in (B1) (see, e.g., the example
considered in [16], Section 6.7, pp. 157,158, and Theorem 6.7.4., as well as
[108,109]).52

This new approach to kernel estimation is of considerable practical impor-
tance. Indeed, in the last several decades an extensive theory and rich variety of
software products has been developed for the solution of evolutionary differential
equations via finite-element and boundary-element methods (FEM and BEM).
The new approach described here allows applying the full computational power
of FEM and BEM to statistical kernel-estimation, which is of particular benefit

in the multivariate case.B15:821

B5. Estimation with linear constraints. The procedure of shrinking the
wavelet coefficients described by (7) can be generalized in a natural way if the
K-functional penalization model considered in Section 5 be upgraded to take
into account additional information about constraints of: (a) interpolatory type:
FONEL) = vy v = 0,..yvyy p = 0,...,m, where £, # &, for uy # pa; (b)
isoperimetric type: e.g., [ f)(z)g.(z)dz = ¢, v = 0,...,v, where g,(z) are
known functions. If the constraints are to be obeyed strictly, then Lagrange-
multiplier technique can be applied. If only an approzimate tendency to obey the
constraints is being assumed (which is often the case in statistical applications),
then quadratic penalization is recommended. In the "mixed” case there will
be a Lagrange multiplier for each strict constraint and a quadratic penalization
term (multiplied by a respective large parameter) for every non-strict constraint.
Since all constraints, in both the interpolatory and isoperimetric case, are linear,
so will be the system of equations for &; g, ﬁ,-k and the eventual Lagrange
multipliers. The unique solution of this system provides the analogue of (7)
for the so-upgraded model. The value of v utilized in the computations can
be chosen as the optimal value obtained by cross validation or by asymptotic-
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minimax considerations for the unconstrained model (7).

B8. Iterative application of the K -functional criterion. One instance of
such iterative smoothing was considered in Section 7, related to the individual
shrinking model in density estimation. In fact, this approach is of interest for
all penalization models discussed in Section 6 and 7. For example, consider the
GFCYV model in Subsection 6.1. Since only linearity of the estimator is needed

for GFCV, after determining f.—, from f' , on a second iteration, one may replace
f by f; and, denoting %, = ¥, apply GFCV again to obtain ( f;,, )s,» and so
on. In general, the latter estimator will be smoother than fs,- For the case
of a single global smoothing parameter v, it can be expected that the iterative
process will be quickly convergent (i.e., the iteration number / increasing, #; will
tend quickly to zero.) For the level:dependent and block-shrinking models the
iterative process is expected to converge more gradually, leading to a more visible
improvement in the adaptivity of the final iterated estimator. For individual
shrinking the iterative process may not converge, but an optimal number of
iterations can be determined by cross validation (cf. Section 7).

B7. Estimation with smoothness constraints. Consider f,,, with wavelet
coefficients defined via (7), where s is assumed to be fixed. Suppose that for
a certain p, g, 8’ < s it is additionally known for the true function f that
Il fllg o= Cf holds, where c; is a known positive constant (there is a modification

for the homogeneous model). Then, it is possible to determine a unique non-

negative value v, of the smoothing parameter, such that || f,, ||g.s= ¢y for any
Pe

neN. (I f “B;,;S ¢y, then v, = 0.) Thus, additional information about
such a type of smoothness constraint on f proves to be decisive for the choice of
the smoothing parameter, and we no longer need additional (cross-validational,
asymptotic-minimax optimal, etc.) statistical procedure for determining v. (For
the level-dependent model in Section 7, under the additional assumption g = oo,

one may determine in a unique way the smallest v; on every level (i.e., the least

regular fy), so that || f, "B;j,= cs.) A lower (upper) bound on ¢y leads to an
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upper (lower) bound on the smoothing parameter, respectively. In B9(e) ytilizing
a smoothness constraint will be important. In all these cases, the statistical
aspect of the model can be transferred to estimating c; itself, and obtaining
v, from the estimate é; = &y, is then achieved by the above deterministic
procedure. In principle, this procedure of smoothing is available for very general
type of noise (even correlated).

B8. Composition and comparison with other consistent estimators. Be

provided an example of a composite strategy of smoothing and denoising involv-
ing several estimators. Here we discuss two other composite strategies.

(a) Shrinking by a combined cross-validation/asymptotic-minimaz ap-
proach. For f, defined by (1°,7), let vf, be the optimal value obtained for
sample size n via cross validation; let v3 , be the respective value recommended
by asymptotic-minimax theory. Consider v; = (1 — 7,)v5,, + Tav3,, Where
Tn € [0,1]. For small to moderate samples, take 7, = 0; for very large n, choose
Tn = 1; for intermediate n let 7, have intermediate values. The reason for this
type of choice is that for very large n the asymptotic-minimax choice is both
computationally cheaper and more reliable than the cross-validated one, most
of the time. If, additionally, there is a biased perception of f being a smooth
function, then the choice v* = max(v], v3) is recommended; if, on the contrary,
f is perceived to have an irregular graph (e.g., fractal), then v* = min(v§, v3)
can be suggested (cf. also B11),

(b) Combined shrinking/thresholding approach. This is a modification of
the iterative approach®® where on some of the iterations thresholding is per-
formed rather than shrinking. The most important case is that of two iterations
- one shrinking, one thresholding, or vice versa (in fact, these iterations com-
mute modulo rescaling the shrinking and/or thresholding parameter). Because
the strategy is composite, estimation of the smoothness parameter for general
types of noise is an open problem. We propose two approaches to solve it. The
first one (for arbitrary white or weakly correlated noise, and for density esti-

mation) is by estimation with smoothness constraints®7: for fo, as defined via
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(7), we apply the CV-techniques of Section 6 to obtain an optimal value v

and optimal s*. Thus, it is assumed that f € Bj;, and || f || By, is estimated
by the coefficient norm || f‘,; Il g+ For a fixed v € [0,v5) the S-coefficients of

fo are being thresholded with a threshold value such that the B33-norm of the
resulting estimator is approximately equal to || f"& I B This is repeated for a

mesh of values of v in [0, v5]. An optimal value v* € [0, v3] is finally selected by

a customized criterion.
It is possible to start from the other side, too. Begin by determining

an optimal threshold value for the "pure” thresholded estimator, compute from
there an estimate for || f ||py, for some s, then decrease the threshold and

start trials with shrinking via (7) where @&;,x and ﬁjk are the coefficients of f
after thresholding at the current threshold level. Select the optimal proportion
between shrinking and thresholding by a customized criterion.

The second approach, in the regression case, for Gaussian white noise, is
to consider, in the level-dependent case or blockwise, the composite penalized
"shrink/threshold” estimator with a SURE strategy of determining both the
smoothing parameter v; and the threshold level ;. Denote by SURE, x(v, A, x)
and SURE, (v, A,x) the SURE functionals corresponding to the ™first shrink,
then threshold” and the "first threshold, then shrink” estimators, respectively.
In the notations and under the assumptions of [57], subsection 2.3, with r =
v;2%°, j - fixed, t = Aj, d = ¢2’ (the number of non-zero empirical coefficients

z;, i=1,...,d at level j),

SURE, \(7,t,x) =
_l_rd__z_#{i-|-|<t(1+r)}+d in(2 Tz 2
=17~ Trr HEEH RS g[rmn( +1+—T|z.|,lz.-])] 5

t
SURE) o(7,t,x) = SURE, \(r, T T,x).

The limiting case 7 = 0 corresponds to Donoho and Johnstone’s SURE(t,x); the
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other limiting case t = 0 - to linear estimators (cf. Li [87]). Minimizing with
respect to both 7 and ¢ clearly gives more flexibility than in the limiting cases.
B9. Shrinking in the general quasi-Banach case. Formula (7) refers to
the case p = ¢ = 7 = u = 2, 0 = 0 only. Now we cousider the geueral case, as
discussed in the end of Section 4.
(a) The penalization model is via

L(v, [; B, B3,) := K1(v, i (B (535,)0°),

where p, m, s, o are such that p < oo, # < 00 and B3, «— B}

ope (Hlere AT is

the space A endowed with the quasi-norm || - |[4r:=]|| - ||}.) From the prool
of Theorem 5.5.1 in [16] it follows that the formula about [3,';,. in (7) is now
generalized to fji = ;ij.ﬂjk, where p;i(v) :

(B3) N(|1 = pmje]™, 0272 |Bia P~ |sul?) = min N (|1 - 4", V2| B P | ),
N(21,22) being any fixed norm (or, more generally, any fixed quasi-norm equiva-
lent to any norm) in R?, and ¢ = 2ps—2wo+p—n being the critical-regularity in-
dex, well-known in asymptotic-minimax theory (see [53], Theorem 1, for d = 1).

Then, there exist ¢, C' : 0 < ¢ £ 1 < C < oo, depending on N(-,-) only, such
that

C.L('D, f; B:W’B;p) S“ f— i" ”g,",',, +v “ fu "p';,PS CL(U,f; BZ#’I};P)’

for any v > 0 and any fe B + B;p. Moreover, ¢ = C' = 1 if and only il

N(x1,22) = |21] + |22|.
If, in particular,

N(z1,22) = Ny(21,22) = (J21|" + Iwgl”)l"’, max{1/p,1/7} < 1) < o0,

then p;). exists, is unique, and is the only root in [0, 1] of the equation for s

(Btl) W#(l - “)'—%Iﬂ'jklr-—p = 021;.1)'1'”,,_%.
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(Note that By, < B, is only possible if # > p.) In general, (B4) cannot
be solved explicitly. However, for any (j,4) it can be solved by very quickly
convergent iterations of the dyadic or Fibonacci bisection method. Morcover, in
many important partial cases (B4) can be solved explicitly. The most important

such case is T = p < 00, 8 > 0. Then,

1

(B5) Hik = pj = ry :
1408 20T

It can be seen that (7) corresponds to the partial case p = 2, » = 1. The case
when 7 < 1/7 and/or p < 1/7 can be handled via the same argument, but this
case requires special considerations and will not be discussed here.

(b) # = p < co. In this case the penalization is via K,(t, f; Beos I};p),
and the embedding 82, +~ By, holds, 0 < 8,0 < u < 00,0 < ¢ < 0. Assuming
that in the computation of the shrinking factor u;i the quasi-norm N,(z,z;)
is being utilized (see case (a)), 7 : 1/p < 1 < oo, we see that u;) is given by
(B5) with v = t?, and the case p = oo is also included:

1

(B6) Bik = pj = 3
1+ (t2j(:—a))P—,,

which yields pjr = p; = -H_Tz}(;;;)- for p = co. Denote by fl'g the estimmator f
defined by (1’), with (7) replaced by (B6). Then,

(B7)

c.Kp(t, [ B;P’B;p) <l f- fie ||p5g, +7 || fue II% ;P)l/p < C.Ky(t, f; By, B;p)

(with max-modification for p = 00), where ¢ and C depend on nand ¢ =C =1
ifand only if n = 1 or p = o0.

Remark . It is seen from (B4-B6) that, the closer p is to 1/7, the
more sensitive the model is to variations of s, o, t or v. The case p = 1/5 will
be dealt with in 810,
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Remark . The inequalities
min(1, 2% 9 )([a[™ + o)}/ < (ol + [o])/m <

< ma-x(l,2-l'?2_-71xl_)(|a|’h + Iblm)llm

show that in (B7) ¢ = min(1,2l‘7(%_l)), C= ma.x(1,2%(%_l)) holds, and, unless
p = 0o, C becomes much larger than ¢ as 5 approaches 0. In statistical context
this means that the smaller 7 : 0 < 7 < 1, the larger the sample sizes n for
which fl,t is expected to perform well. On the other hand, forp:1 < 9 < o

the upper constant C is 1 and the smallest possible value for ¢ is 1/2, so fl,t is
expected to perform well already for moderate sample sizes. The properties of
the estimator for p = co deserve special attention.

(c) Determining the smoothness parameter. In order to estimate v or ¢
when utilizing the general shrinking formulae in (a) and (b), one may apply
asymptotic-minimax considerations. In particular, all comments in (B2) are
valid here, for 1/9 < p = © < oo (see case (b)). This approach is expected
to be effective for large samples. To improve the performance of f, defined by
(1’) and (B4), (B5) or (B6), on moderate samples, we suggest estimation with
smoothness constraintsB?. To this end, cross validation is performed as proposed

in B8(%), This yields the estimate || f,,; Il By for (Al Bg;» 8 discussed there.

The smoothing parameter ¢ of f.l'g (see case (b)) is determined by requiring that

| faell s~ Fog ll By+ For Gaussian white noise, the method of B8(b) can be

applied. An extension of 2 for this case is also of interest.

B10. Thresholding - partial case of the penalized regularization approach.
Relationship between the smoothing parameter and the threshold value. Am-
ato and Vuza [4] show that soft and hard thresholding, as well as other fa-
miliar thresholding methods can be obtained as partial cases of penalized L;
estimation. In our more general parameter setting in B°, their considerations
about soft thresholding cdrrespond to studying the behaviour of the solution
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of (B5) when # = 2, = 1 and p \, 14+. For hard thresholding they con-
sider a penalized L, model which is not of K-functional type, hence, the un-
derlying functional space cannot be precisely identified. Here we indicate how
hard thresholding can be obtained within the K-functional setting. Looking
at (4), we see that the abundance of admissible couples (a,0): « € A, b € B,
a + b = a, among which the minimum (infimum) is being sought, depends on
how spacious AN B is. The more spacious this intersection is, the larger the
class of admissible («¢,0). On the other extreme, if AN B = {0}, then the K-
functional is an equivalent quasi-norm in the direct sum of A and B, and any
a € A+ B = A® D is a unique sum of the unique projections of @ onto A
and B, respectively. Thus, there is only one admissible couple («,b) in this
case and, of course, it is the optimal one, or, in other words, the variationa]

nature of the model is eliminated. It turns out that classical hard threshold-
ing strategies correspond to exactly such K-functionals with AN B = {0},

where the choice of B depends on the concrete thresholding strategy. Typically,
A® B = C is a fixed finite-dimensional space with dimension O(271) in which

{Piok : suPP@jok Nsupp f # B} N {jk : j = jo,- .-, j1, suppyjk Nsuppf # B} is a
basis; ||.]|4 and ||.||p are any two fixed (quasi-)norms in finite dimensional space
with dimension equal to that of C'; B is the (closed) linear span of those ;i in C

for which |(f, ¥;x)| is above the threshold value. The threshold value is a mono-
tone function of the regularization parameter ¢ of the K-functional, and thus the
space B and its complement A to C' depend on ¢, too. This dependence is easj-

est to express for the Koo -functional. Denoting by A = A(¢) the threshold level,
and by fy the thresholded estimator, it can be seen that Kool(t, f; Ay, By) =
inf;_y o, max(| filla,, tll f2lls,) = max(llf — Fyllae tll Fnlls.), where the
threshold A(t) is selected so that | || f — f,\(t)“A. - tllf,\(g)lla, | is minimal. Here:
A(0) = 0; Ag = {0}; Bo = C (endowed with ||.||); the first term || f — f-,\(t)llA‘
is zero at t = 0, increases with the increase of ¢ > 0 and is || f|| 4 for sufficiently

large t, while the second term ||f,\(,)||g, is ||fllp at t = 0, decreases with the
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increase of ¢ and is zero for ¢ large enough.

In fact, the K-functional setting proposes also a new, unexplored thresh-
olding method, different from the classical ones, with remarkable properties
deserving much attention. We shall briefly describe it in item (b) below. Before
this, in item (a) we shall complete our analysis of the case p = 7, begun in B9,

(a) The case p =7 = 1/1 < 0o in (B4). In this case formulae (B5) and
(BG) degenerate, but y ;i can still be computed exphcntly from (B3) and it turns
out that

(BS5') pik = pj = (277679 — o)

We see that this is a classical thresholding method localizing the spectral window
and having band-limiling effect. This shows that classical filtering methods can
also be described in Lerms of appropriate choice of equivalent quasi-norms in
the spaces involved in the K-functional. This clearly demonstrates once again
that the K-functional setting provides a very general and unified methodological
basis for the study, description and classification of smoothing, denoising and
filtering techniques from variational point of view.

Completing our discussion of the case p = 7 begun in B2®), we note
that, together with other applications of theirs, the shrinking formulae obtained
have potential applications in Bayesian statistics. For example, the valies i
in (B6) can be used to generate the parameters 7; as defined in [1], formula
(10) (note that for u; in (B6) p; < min(1,(277/t)P/(p=1/1) 2=isp/(»=1/n)) < 2u;
holds). For instance, it would be interesting to test the performance of the
Bayesian model proposed in [1] with 7; = min(1,%~1.2-2/%), corresponding to
Pp=2 n=1, 0 =0, with  and 3 obtained by optimization of the GFCV
criterion (see Subsection 6.1).

(b) In B20) we saw that in the case of the embedding By, « BJ,, s >
o, there is an explicit shrinking formula for the shrinking factor fji (formula
(B6)). Another major embedding within the Besov-space scale is the Sobolev-

type embedding: Bf, «— Bp, 1fa——-s——a.nd0<p<1r<oo From (B4) it
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can be seen that there is no explicit formula of the type of (B6) for this setting of
o, 8, m and p. This makes even more interesting the fact that the K& -functional
approach indicates that there is a remarkable new thresholding method narrowly
specialized for: o, s, 7, p: a—-};:s—%::'reR, 0<p<7< oo The
essential additional fact here is that 7 is the same for both spaces in the K -
functional. Because of this invariance of 7 we can invoke the following formula

(88)
Ko(o, 3 LUy di), L(U, ) < ([ 1@ ([ (6o,

where (U, du) is an arbitrary measure space (du can be also an atomic measure),
f*(€) is the decreasing rearrangement of f with respect to the measure du (see
[16], Section 1.3), and A: } = 2 — 1. Formula (B8) cannot be found explicitly
in our reference sources but it can be obtained from the Peetre-Krée formula
([16], Theorem 3.6.1, together with 3.14.5,6 and Theorem 5.2.1 (2) for ¢ = p in
their notation).

Suppose, as usual, that f and ¥ are compactly supported. For simplicity
of presentation, assume that jo = 0 for any sample size n. Formula (B8) implies
the following strategy for thresholding the S-wavelet coefficients of f = fj (see
(1, 7) for v = 0):

(b1) Consider all (7,k): suppy;x Nsuppf # 0. Denote the set of all such (j, k)
by I(f,%). We already know (see the proof of Theorem 1 in Appendix A) that
the number M of elements of I( f, %) does not exceed ¢.27!, where ¢ = ¢(, ¥).
(b2) Consider the decreasing rearrangement {b,, v = 1,..., M} of the finite set
{2+ Bo 2 (4,k) € I(f,¥)}. By definition, b, > byy1, v = 1,..., M — 1;
for any v = 1,...,M — 1, there exists a unique (j,,k,) € I(f, %), such that
2Bl = by; (Jur ki) # (Guaskiy) if and only if 1, # v3. The new,
hard-threshold wavelet estimator f} is defined by

v 77

(B9) fo(z) = Z&okﬁl’ok(-’”) + Z Biok. ¥k, (z), z € R.
%

v=1
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(b3) If b[ - S b[ __wp;] up to some resolution threshold (tending to zero
v T — v T—

as n — oo and much smaller than the threshold levels in standard thresholding
methods), then the terms corresponding to all the last »’s included in the RIIS
of (B9) which fall into this resolution threshold (that is, are formally equal to

b __"1'?]) are being removed. Step (b3) ensures the uniqueness of fi. If the
v E=

[

sequence {b,} is strictly decreasing (relative to the resolution threshold chosen),

step (b3) is not needed.

Let us discuss (B9) in brief. The significance of every |3;i| is being as-
sessed with respect to its level j. As v — 0 with n — oo, the most significant
features appear first, and less significant details emerge only for sufficiently small
v. The criterion for significance of the coefficients is the regularity assumption
expressed in the value of 7. Notice the qualitative differences between the strate-
gies for "more regular functions” (r > —1/2) and for ”less regular functions”
(7 < =1/2). The boundary value 7 = —1/2 exactly corresponds to the critical
regularity € = —2(m — p)(7 + 1/2) = 0 (cf. [53], Theorem 1, d = 1). We believe
that the new thresholding approach suggested by (B9) can prove to be quife
useful in applications involving composite estimators.B8 It is also very appro-
priate for the case when n is a power of two and the orthogonal discrete wavelet
transform (ODWT) is being applied.

(c) Determining the smoothing parameter. We suggest the same ap-

proaches as in B%() although the algorithmic realization of the same ideas
would obviously be quite different, notably involving sorting procedures.

B11. Estimation in intersections of Besov spaces. There is a theo-
rem about explicit computation of K-functionals between intersections of quasi-
normed lattices, due to Karadzhov [84], Theorem 1.2.51. Later results of Fe-
ichtinger and Gréchenig [63], Frazier and Jawerth [65] and Sickel [106] on atomic
decompositions of Besov and Triebel-Lizorkin spaces, in combination with Kara-
dzhov’s result, made it possible to compute the K-functional between intersec-
tions of such spaces (with norm ||.||p,nB, = max(||.||s,,||-||B,)).- As a con-
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sequence one obtains the following statement. Consider Kk'(t, f; B 8280 )s

K(t, f; BZ,, B2}

i )s t > 0, where the Besov quasi-norms are given by (2), f

is the noisy wavelet expansion (from jo to j;) and let ;4_(,-:_) (¢) € [0,1] be such
that ﬁ;',:) (t) = pﬁ.:)(t)./ijk, where ﬂ.l(:)(t) is the respective coefficient of the min-
imizer of the v-th K-functional, » = 0,1. If §;.(¢) is the respective coeffi-
cient of the minimizer of K(t, f; By, B3, N Byl ), and if jiji(t) is such that
Bik(t) = p;r(t).Bjk, then pji(t) = min, ;tg-‘,:,)(t).

B12. More general function spaces with coefficient norms. Recent appli-
cations of wavelet theory to the study of Hélder, cusp, singularity and oscillation
spectra and to the development of multifractal formalism for functions require

the consideration of more general types of function spaces. Here we consider
two model types of such spaces.

(a) The Nikol’skii-Besov spaces B;,(')(Rd), with norm

wr(f; t)L,,

A = 1ALz ey + 4 B iy duo(t)

w(t)

}l/q < 00,

r€N,1<p<L oo, 1< ¢g< oo, wherew : [0,00) — [0,00) is a nondecreasing
continuous function with w(0) = 0 and {fol[t'/w(t)]“%&}‘/" < o0, wr(fit)r,
being the L,-modulus of smoothness of f of order r, with step t. The classical
theory (embeddings, traces, etc.) of these spaces has been developed in the
1970s and 1980s, notably by M. L. Gol’dman. To our best knowledge, after
the series of papers on atomic decompositions and Riesz bases of orthogonal
wavelets in 1989-1990, it seems to have remained unnoticed that the Nikol’skii-
Besov spaces (which are translation invariant) do have the same Riesz bases of
sufficiently regular orthogonal wavelets as usual Besov spaces and, hence, also
admit equivalent coeflicient norms. The only difference with usual Besov spaces
(which may be very useful in the context of penalized statistical estimation, in
particular, level and block shrinking strategies) is that now the weights on each
level j depend on the more general function w.
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Other generalizations of the already discussed scales of function spaces
which are of certain interest to statistics-oriented applications are the anisotropic
Besov and Triebel-Lizorkin spaces on domains and on manifolds in R%, which
can be of several different types - see, e.g., [111], Sections 10.1 and 10.2. The
classical anisotropic Besov and Sobolev spaces (see, e.g., [93], p.153) are defined
as the intersection of usual Besov or Sobolev spaces, of the same or of different
metrics, with respect Lo partial or more general directional finite differences and
derivatives. Another type of anisotropic Besov and Triebel-Lizorkin spaces is
defined by the mixed quasi-norms given in [111], Section 10.2, formulae (1-3).
This second type of anisotropic function spaces have been studied in detail in
[104]. The first of these two types of anisotropic spaces is expected to play es-
sential role in the development of the theory of multivariate regression-function
and density estimation and of multivariate functional data analysis (see [101]).
The second type of anisotropic spaces is expected to play major role in the non-
parametric statistical estimation of operators, in particular, of integral operators.
For spaces on the whole R?, or on unbounded domains or manifolds in R¢, the
homogeneous versions of the various types of anisotropic spaces should be used
to take into account the role of the tail weights (see also Remark 2.2.4 in [48
and Ald)_ '

(b) The A-spaces of Vasil A. Popov have initially been defined by V. A.
Popov as analogues of Besov spaces, where the integral modulus of smoothness
(or w-modulus) wy(f;¢)L, has been replaced by the so-called average modulus
of smoothness (or 7-modulus) 7.(f;t)L, introduced by Bl. Sendov (see, e.g.,
(105,97,99,77,38-40]). More precisely, the inhomogeneous A-space A}, has the

quasi-norm

1
1= A0z, + {17 (F5 05,051 < oo,

r€N,s>0,0<p< oo 0<g< oo, while the quasi-seminorm in the
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homogeneous A-space /i;q is

1= [ 105,05 < oo,

Although not directly discussed in the recent survey [62] (which addresses
only issues related to harmonic analysis) A-spaces and the A, ; spaces mentioned
below are perhaps the most practically important examples of Wiener amalgam
spaces, due to their intrinsic relevance to pointwise approximation processes.
In the 1980s these spaces proved to be very useful in the study of rates of
convergence in approximation theory and numerical analysis, as well as for the

characterization of best one-sided approximation. It is to be noted that (see
(39]) 4;, = B;,, /i;,q = B,‘,q (with equivalence of norms) when 0 < p < 00, 0 <
g < 00, 8 > d/p. Recently, Jaffard [78] has rediscovered these spaces (the spaces

V*? (in his notations) are isomorphic to A;:':/ P

) from quite a different viewpoint
- the study of multifractal properties of functions. He has been able to find a
new insight into the essence of A-spaces by obtaining a wavelet characterization
for 7.(f;t)L,. These results of Jaffard show that clearly the A-spaces will be an
important space scale in future study of deterministic fractals and trajectories
of random processes. In fact, 7-moduli and A-spaces are of immediate use in
nonparametric regression estimation with deterministic design, because the bias
in estimating the wavelet coefficients, which is nothing else but the error of a
quadrature formula, cannot be expressed in terms of the usual w-moduli, but in
terms of the 7-moduli (see, e.g, [105,38,40]). Hence, the bias cannot be measured
in Besov spaces but only in terms of A-spaces. Therefore, estimation rates in the
_case of regression with deterministic design can be studied in Besov spaces only
because these spaces are isomorphic to A-spaces when s’ > 1/p (for dimension 1).
The importance of the bound s’ > 1/p has been discussed in a relevant context
by Donoho [56], sections 2.3 and 2.4. In section 6.1 of [56] Donoho discusses
also the critical case s’ = 1/p. For this case Donoho proposes that interpolation
and sampling (hence, also quadrature formulae) be studied in the class V,, of

Bergh and Peetre [17], which includes the usual class with bounded Jordan
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variation (p = 1), and Wiener’s quadratic variation (p = 2) (see [122]). We agree
with Donoho’s analysis, and make the following additional comments. (i) The
definition of V, is a partial case of the more general concept of the ®-variation of
Young [124], and other, more refined, choices of ®(t) (notably, ®(t) = tP®,(?),
where @, has loga.iithmic size) are also of interest in the relevant context of error

bounds for quadrature formulae. (ii) Considerations involving V}, are a partial
case of the more general approach of r-moduli, since 7,.(f; k), < ¢ h}/P(VPf)1/P
holds, 1 < p < oo, where V?f is the p-variation of f € V,, (see Hristov [74],

Dechevski [40]). (iii) The isomorphism A;{:ﬁn(l,p) = B;'/xﬁin(l'p) has been proved

in [77] for the case p € [1,00), and can be proved also for p € (0,1) by a

refinement of the technique in [39]. This indicates that B;'/‘zin(l'p) is for fixed p

the largest space in the Besov scale for which the error of a quadrature formula
can be bounded uniformly in all elements of the Besov space. (iv) For the
critical index s’ = 1/p, in the case 1 < p < oo, the theory of A-spaces indicates

that the natural space in which pointwise procedures (interpolation, sampling,
etc.) should be studied is A;,,/& (or Aﬁ,’& in the d-dimensional case). Note that

Vp = A,l,,/o’:, holds. (v) The multivariate theory of 7-moduli and A-spaces has not
been studied in such a detail as in the univariate case, since the great variety of
interpolation problems in d dimensions, d > 1 (see [21]) can be studied in terms_
of several different extensions of the concept of r-modulus to the multivariate
case. Our opinion is that the most important of these extensions is based on
the K-functional involving A, -space (see [39] for d = 1), because the space

Ap,n is easy to define on general domains in RY, and the resulting theory is
analogous, though not identical, to the results of [80] for the w-modulus. The

above-mentioned isomorphism A; = B} fi;q = B;q, 8 > d/p, refers to this

P’
type of 7-moduli in the definition of A-spaces in d-dimensions. (vi) Summing
up (i-v), the natural three-index space scale, in which approximation processes

involving pointwise functionals can be considered for any s > 0, is A;q This,
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in particular, refers to the evaluation of the expected rates of nonparametric
regression estimation with deterministic (uniform or non-uniform) design.

To illustrate the use of 7-moduli and A-spaces, let us analyze the deriva-
tion of formula (A2) in detail.

Step 1. The error of the first-order quadrature formula in the LUS of

(A2) is bounded in terms of the r-modulus (sce [105]):

1
|EBjk — Bik| £ (S50 =)L, =1, p= L
n

Step 2. The Leibniz formula for 7-moduli ([40], Lemma 3.8.1) is applied:

, L 2rh
(192, h), < Tr—o(01s — )Ly, -To(92: 201, ,
v Ty Py

v=0
where h >0, o =r, o =v,v=1,...,150<p< oo, -+ =1 v=
4

0,...,7; To(9; h)L, = llglla,; the definition of the Ay j-spaces is given in [38-

40). In the case of the first-order quadrature formula considered here,

1 1 1
T (S¥is 2 S Wl pu (Wi D)Ly + 1S5 00, 1y,
Step 3. The bound
Holla,, < glle, + ma(g; h)L,

(see [38], Lemma 1 and [40]), is applied to the result in Step 2, for g = [, p = py,
and for g = Yk, p=pi; h = 1/n.

Step 4. The properties of the 7-modulus (sce the general references given
above) are applied to obtain a bound of the error in terms of A-spaces, bounded
p-variation and other relevant quantities.

Formula (A2) has been obtained via Steps 1-4, for pg = p; = 00, in order

to remain entirely within the Besov scale, since A2, = BZ,, for any s > 0 and

0 < ¢ £ co. The more advantageous selection (which, however, brings us out
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of the Besov scale) is po = p; = 2. For this choice, as discussed in the end of
subsection 6.1, one oblains a relaxation of the assumption f € B3; N B4, by

replacing it with f € A:}'z. Formula (A3) has been obtained following Steps 1-4,

too.
It is also informative to apply the above Steps 1-4 to outline the proof of

a correct version of Lemma 3.1 in [8,9]. In our notations, the original statement
of the lemma claims that if the scaling function ¢ is a coiflet of accuracy order
r (that is, if ¢ is orthogonal to the monomials ¥ of degree » = 1,...,7 — 1) then
| Edjor —aji| < cs(f)27290%, where ¢,(f) < oo if [IfllBg, < co. Our observation is
that for s < 1/2 a counterexample can be constructed (see [77]) which shows that
this claim is not true. The correct version follows via Steps 1-4, with » in Step
1 being equal to the accuracy order of the coiflet, and with p, =2, v =0,...,r,
in Step 2. The resulting sharp condition for the above bound on |Edjyx — ajk|
to hold forany 0 < s <ris f € A}, 0 < s < r, and f € Aj,, s = r. Hence,
since A3, — A3, and B3j; = A3, for s > 1/2, Lemma 3.1 in [8,9] is true if
1/2<s<r.

B13. K-functional eslimalion with constraints. In some applications it
is desirable to preserve certain informative spatial features (e.g., translation-
invariance ([34]), positivity and integral equal to one in density estimation
([98,96]) and others). In B% and in Section 7 we already encountered examples
of optimization with constraints in the K-functional setting. Further examples,
with convex constraints, can be found in [52] and the references therein. Uti-
lizing the general results of [88] about K-functionals with convex restrictions, it
is now possible to solve nonparametric estimation problems with quite general
convex constraints.

On the other hand, recall that wavelet atomic decomposition reduces
nonparametric problems to essentially parametric ones. It is, therefore, inter-
esting to find out to what extent the theory of parametric models (see [102]) can
be helpful for solving constrained optimization problems in a wavelet setting.

The constrained approximation approach can help improve the perfor-
mance of nonparametric density and regression-function penalized estimators
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in the cases when additional information is a priori available about the shape
of the curve (e.g., positivity, monotonicity, convexity, k-monotonicity, etc.). In
the case of density estimation, imposing a non-negatitivity constraint on the
solution of the K-functional penalized optimization problem, together with an
isoperimetric type of constraint of type equality to 1 of its integral, would yield
a solution which is a density. It is remarkable that this is achieved entirely
within the framework of convex optimization, which means that finding i’.he
global extremum is guaranteed when using any numerical method for search of
local extrema (compare also with the approaches in [98,96,45,46]).

B14. Rates for the smoothing parameter in cross validation. Continuing
the discussion begun in the proof of Theorem 8 (see (A12)), we can obtain,
for the density case, by bounding £ MISE(v) from below (under a sharpness
assumption on s’ if jo — 00), the sharp upper rates for the smoothing parameter
% = argminM IS E(v). On the other hand, by bounding £ MISE(v) from above,
we can obtain (by using f € Bj;, without an assumption about sharpness of
') the sharp lower rates for 9. (For each fixed choice of jo and j1 there would
be one upper and one lower rate for & which are expected to coincide (up to a
constant factor)). These rates can be then utilized to improve the peﬁ'ormance
of cross-validation (also with respect to choice of jo and jj, in the spirit of the
ideas of Johnstone and Hall [81]). This approach can be transferred to Bowman-—
Rudemo type of cross validation in the case of regression (see [50]). It can also
be extended, for both the density and regression estimation, to cross validation
in Besov spaces with o > 0, as considered in Z!. In principle, this method
works also in the case of GFCV, but the difficulty in this case is that the rate
of the optimal v gets "contaminated” by the error of the quadrature formula
involved. In other words, varying & within the interval [0,1/2] is no longer

sufficient to influence the rate for v. If, however, it is assumed that f € A;',
rather than f € Bj;, then s’ controls the rate for v also when s’ € [0,1/2] (see

B12(})), The same restriction appears, for the same reasons, in the theory of
QGCV. In this case, the condition s > 1/2 is needed also to ensure consistency
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of QGCV (see [5]). For s > 1/2 and s’ = s, Amato and Vuza [6] found the
sharp rates of v* — 0 for the QGCV criterion by a technique which refers to
the case jo = 0, j1 = logygn — 1. We can generalize these results to include
also the case jo — oo (under assumption about sharpness of s’), as well as the
case 0 < s’ < 1/2 (under the assumption that f € A3,). From the rates for
v — 0 it is, of course, easy to obtain the rates for E||f, — JIi, — 0. This
approach can be extended to the generalizations considered in B!, too. In [6] it
was shown that minimizing the QGCYV criterion for ¢ = 0 leads to a consistent
estimate of E||IT;, f — fﬁ”’s;, — 0, for 0 < 0 < ' = s, where II;, is as in B!,
Jjo =0, j1 = logyn— 1. On the basis of this observation Amato and Vuza claim
that QGCYV is good enough to estimate the derivatives of the function (despite

the fact that they proved that the minimizer v = v, of E||II;, f — f‘,“fg.;2 (see

~ B1) has rates which asymptotically split apart from the rates of the minimizer
v* of QGCV). We disagree with this opinion of Amato and Vuza, because it
is based only on an asymptotic result about consistency of the estimator (cf.
our Theorem 3 and Corollary 1). The more important result which has to be
established here is, in our opinion, to derive an analogue of our Theorem 2 about
consistency of the choice of the smoothing parameter when 0 < o < 8’ < s (sce
also B1), It is for this type of result that the advantage of v, over v* will show
up. It is also clear that, if s > &’ > o+ 1/2 > 1, the difference between the
estimator WAV REG, (see 1) and WAVREG of [9], corresponding to o = 0
will be quite visible for moderate samples. That is why it is important to study
in detail the estimator WAV REG, proposed in B!, with controlled selection of
jo and j;.

The key technical result in the evaluation of the rates is

J. jA . 1/puoig+1
Zl ———2:-——— < p~Me /" e min(f'\ €A—uu)§£_
&, Ty pr 5 e

A>0,4>0,v>0,v>0. It follows by change of variable in the integral from
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the bounds

27),\
(1 + v2m)

21).\ 2jA

< - < Sur—\
(1 + v2m) = (14 v2m) = max(1,2"777)

2-.\

and 14 02" < max(1, v2™), where j < 1 < j+1. The first of these two bounds

follows from the strict monotonicity of ,(¢) = 2¢ and ¢2(¢) = ﬁq_-,: for ¢ > 0 (cl.

[6], Lemma 3.1, for another bound used in their computations).

The above technical result is sufficient for finding the sharp rates in the
density case and the regression case with random design under the assumptions
that f € B3;, 8’ > 0. If jo — oo, then also sharpness of ' is required. When
the design is deterministic, the additional condition s’ > 1/2 has to be imposed.
The case 0 < 8’ < 1/2 can be included by assuming that f € A;;, ¢ >0,
but an additional step in the proof is needed, involving the equivalence of the
r-modulus to a K-functional (see [38-40]).

As for WAVREG of [9], the sharp rates for £v* — 0 (v* being here the

optimizer of A,.) and the respective estimation rates have not been studied at
all. They, together with the respective rates for WAV RIEG,, can be obtained
in a similar way.

B15. Redesigning the ezperiment by K-funclional techniques. Recently,
the development of discrete wavelet transform techniques requiring dyadic uni-
form design aroused renewed interest in methods for redesigning nonparametric
regression models with random or irregular deterministic design (sece [71,26,27)).
Another important application of redesigning is in medical imaging, for the pur-
poscs of uniformization of data sets and registration of images (e¢.g., positron
emission tomography (PET) images). In this case images are usually very
smooth and uot too spatially inhomogeneous, and the convolution method of
[66] seems to be appropriate. For this particular type of applications we suggest
a modification of the convolution approach based on the K-functional. In B4 we
suggested a kernel estimation technique via solutions of evolutionary differential
equations. The numerical solution proposed was by FEM. Now we propose to

use a difference scheme over a uniforin mesh. The resulting numerical solution
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provides the redesigned data set corresponding to the sclected uniform mesh.

The bias termn in the estimation of the values on the mesh has been studied in
detail (see [95,120,121,108,109,22,99,38,40]).

B16. Penalized regularization of non-K-functional type. The K-functio-
nal is a very general functional characteristics. Most generally, the spaces /1 and
B in (4) can be any quasi-normed abelian groups. Such groups are metrizable,
and so the K-functional can be extended to any metric spaces A and I3, such
that the sum a + b, a € A, b € B, is meaningful. It is possible to go bevond
that. Amato and Vuza [4] give an example of penalized regularization where the
penalty is of entropy type. This is one of their examples illustrating their general
setting of solving min,ex(f(z — y) + g(z)) (Formula (1) in [1]). Here K C X,
where X is a Banach lattice with order continuous norm; A is weakly closed;
y€ D CX; f:X — Ris continuous for the norm topology and lower semi-
continuous for the weak topology; g : K — R U {oo} is lower semi-continuous
for the weak topology. Under these general (and some additional) assumptions
they study in Theorems 2.1 and 2.2 the existence of a weak solution of the
optimization problem when y, — y in the norm topology, for some y € D,
as n — o0o. Our experience with the diverse aspects of statistical estimation
considered in the present paper tells us that this general optimization model
needs to be extended in several directions: (a) one should consider a scquence of
penalized optimization problems depending on n: minger(fu(® = y.) + gu(2))
as Yy, — y (this corresponds to the case Jo — oo (see our Section 6)); (b)
one should be able to characterize simultaneously the family {(f,g)} such that
minger (f1(2—y)+91(2)) < minger(fa(x—y)+g2(2)) for every admissible y and
for every (f1,91) and every (f2,92) from this family (this is important, because
some of the (f,g) in the family may have better properties (e.g., smoothness,
strict convexity) than others, and for the worse ones there may not exist a
solution to the respective optimization problem); (¢) X should be allowed to be
quasi-Banach (note that it was possible to derive formulae (B3-BG) only because
quasi-Banach spaces were considered in the K-functional; the method would not

work in the narrower Banach setting); (d) it should be possible to characterize
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the order of approximation to zero of minzex (fn(z — y) + gn(z)), n = 0, when
the intermediate (cf. our Section 4) set D : KN D C D C X varies from X to
K N D (this is necessary for studying the bias term when deriving asymptotic
rates of statistical estimation).

In the K-functional setting, objectives (a-d) are achieved in a natural
way.

Finally, it should be noted that if some of the general assumptions of
Amato and Vuza on f and g be made more stringent, then others may be
relaxed, or stronger results about existence and/or uniqueness of the solution
of the optimization problem can be achieved (cf., e.g., the classical result in
Theorem 28.1 of [115]).

B17. K-functional with several penalization parameters. The models of
level-dependent and block-penalized shrinking are examples of generalization of
the K-functional for the case of vector penalizing parameter. The respective
properties of the K-functional and the associated real-interpolation theory have
been studied (see, e.g., [107]) and can offer further insight into level-dependent
and block-shrinking strategies.

B18. Biorthogonal wavelets, wavelet packets and multiwavelets.

(a) It is possible to consider biorthogonal atomic decompositions of Besov

and more general spaces.?12() There are some advantages of biorthogonal com-
pared to orthogonal wavelet approximation. For example, in signal and image
processing it is often observed that biorthogonally compressed images have some-
how better quality than orthogonally compressed ones. Another instance is that
in biorthogonal wavelet analysis one can utilize polynomial spline-wavelets with
compact support, which is impossible in the orthogonal case.

(b) The utilization of wavelet packets becomes essential when studying
local self-similarity and local periodicity in processes which are globally non-
selfsimilar and non-periodic. (One typical example is turbulence.) The penalized
model can be useful here, too, in particular, if the penalty is of entropy type
(cf. [4]). In the context of statistical nonparametric estimation, this allows
combining adaptive smoothing and denoising with the Coifman-Wickerhauser
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recursive best-base selection algorithm. The advantages for fractal estimation
can be considerable when locally self-similar fractals are studied because, as
already noted in Section 7, the choice of the underlying wavelet is of crucial
importance.

(c) Multiwavelets have more degrees of freedom than usual (mono)wave-
lets, thanks to which they enjoy a number of desirable properties that monowave-
lets do not have. This refers to both wavelets and scaling functions (mother and
father wavelets). In particular, multiwavelets can combine sufficient regularity
with short support, symmetry and orthogonality to polynomials up to a high
degree, which is theoretically impossible for monowavelets. Besides their general
computational advantages, also for statistical estimation (see, e.g., [59] and the
references therein), they have the potential to become a very effective tool in
fractal-function estimation. Recalling the algorithin for generating the penalized
self-similar fractal estimator (see Section 7), one can study in an analogous
way fractals which are not self-similar but are comprised of a finite number of
interlaced or superposed self-similar fractals. This may prove to be useful, e.g.,
in the study of growth of crystalline structures (cf. [10]).

B19. Pattern recognition. In our opinion, the most adaptive block-
shrinking estimators can be obtained by iﬁtroducing elements of pattern recog-
nition into the block selection strategy. The pioneering work of Hall, Kerky-
acharian and Picard [68] and subsequent work in [25] and [28] (combining the
_ block strategy of Hall, Kerkyacharian and Picard in the partial case of Gaussian
white noise with oracle inequalities and the James-Stein estimator proposed by
Donoho and Johnstone for level-dependent shrinking when the white noise is
Gaussian) can be considered as prototypes of results in this direction.

B20. The orthogonal discrete wavelet transform (ODWT), fractal es-
timation, and barallel computing architectures (PCA). In this paper we have
given preference to empirical wavelet coefficient estimation for sample sizes n
- which are not necessarily powers of 2 and, therefore, ODWT (called also fast
wavelet transform) cannot be applied. The cross validation considered is also
not adapted for ODWT inversion. One reason for our choice is that, when uti-
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lizing ODWT, one works with approximations of ¢;,x and ¥ which depend on
n. When n takes small or moderate values, and when the estimated function is
not smooth, but a fractal, it is important to work with the "exact” ;o1 and ¥y,
(that is, with their values computed to sufficient precision independent of n, by
the respective functional equations of type (16) by which ¢ and ¢ are defined -
see [36]). For example, this is the case when working with the self-similar fractal
estimator considered in Section 7.

We also note that: (a) most of our considerations can be modified for
sample sizes n = 2V and adapted for the use of ODWT, the resulting algorithms
for n = 2V being fast, i.e., O(n)-methods (see the sequel of this paragraph); (b)
while on sequential computers ODWT has essential advantages, being an O(n)-
method, when utilizing PCA with O(n) processors (this is realistic for moderate
and small samples), both the ODWT and the method without use of QDWT

are O(log, n)-methods.

In order to justify our claim in (a), for sequential computing architecture,
when n is a power of two, let us compare GFCV, as proposed in subsection 6.1,
with the ’leave-half-out’ or ’twofold’ cross validation of Nason [92], QGCV of
Amato and Vuza [5,6] and WAVREG of Antoniadis [9]. Nason’s algorithm ex-
ploits in a nice way the syminetry on the real line to produce an O(n) algorithm
when n = 2%, or, roughly, an O(n?)-algorithm for general n € N when the 'leave-
one-out’ CV algorithm has to be applied (see [92], p.570). Like Nason’s twofold
method, QGCV and WAVREG are specially designed for n = 2V and the use of
ODWT, and it can be shown that they are also O(n)-methods. What about FCV
and GFCV? For arbitrary n € N, without making use of the fulfillment of the
compatibility condition, FCV, as defined in (11), is an O(n®)-method. Because
of the validity of the compatibility condition, however, FCV can be computed
by (12,13), instead of (11), by O(n?) operations. For general n GFCV is also an
O(n?)-method. Now assume that n = 2V and that FCV and GFCV are applied

in combination with ODWT. In this setting, x ranges over the discrete mesh

{zi}?=1, the vectors {Pior(zi) iy, {'l’jkj(xi)}?:l’ kj=1,.. s 2y § = Jos-+ oy 1,
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are replaced by the respective first 27111 orthonormal basis vector-lines of the
matrix W of the corresponding direct ODWT; the vector of noisy wavelet co-
efficients w is computed from the data vector y by w = Wy. (For simplicity
of presentation, here we assume the periodic setting, the case of boundary-
adjusted wavelets and corresponding wavelet transform being similar.) Then, it
can be shown that FCV becomes an O(n)-method. GFCV becomes a ’faster’
O(n)-method than FCV, the constant factor in the O(n)-rate being smaller be-
cause of the simple formula for %(v) in this case (see Remark 3). Thus, the
numerical performance of FCV and GFCV is comparable with that of Nason’s
method in both cases of n being, or not being, a power of two. The advantages
of full cross validation clearly show up in the multidimensional case, when the
design is not rectangular and not uniform. The FCV criterion can be defined
also when the design set {2;}7, is a (uniformly or non-uniformly) scattered set
in RY, for any n € N. The construction is based on Voronoi simplectification
(VS, for short) and is discussed in more detail in £2!. Being able to handle
the case of scattered design in the multivariate case is a very important advan-
tage of FCV which makes the method well adapted to deal with the challenging
computational geometric aspects of the rapidly developing wavelet theory for
d-dimensional domains with general types of boundary. This theory has already
a considerable achievement for Lipschitz-graph domains (see [32]), and it is also
imminent that in the near future there will be also a complete wavelet-based
analogue of the convolution/local Taylor expansion technique of [83] of deriving
Whitney-type extension theorems for Besov spaces on generalized Cantor scts
with non-integer Hausdorff dimension in R¢. VS is usually a computationally
intensive procedure, but for fixed design VS has to be applied only once. Then,
for any random vector {Y;} corresponding to the same fixed design set {z;},
FCV (in its simplest version (11)) is an O(n®)-method, for any dimension d.
Moreover, the fulfillment of the compatibility condition for FCV makes it possi-
ble to obtain a computational reduction from O(23) to O(n?) for any dimension
d € N. Proving this reduction is based on the multivariate Hermite expansion
for scattered data and the density of C'™ in Besov spaces. A sufficiently detailed
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consideration of this topic (as well as of the possibility to define an analogue of
GFCV in this case) would be too spacious and too technical to present here.

Finally, comparing the complexity of the optimization algorithm, GFCV,
FCV, QGCV and WAVREG are easy winners over Nason’s twofold and ’leave-
out-one’ algorithms, because in the former group of algorithms the dependence
on the regularization parameter is analytic. It is possible, however, to modify the
definition of Nason’s CV estimator by replacing thresholding with non-threshold
shrinking via (7) or, more generally, (B5) or (B6). For this modification, the
dependence on the smoothness parameter in Nason’s twofold and ’leave-out-
one’ algorithms becomes analytic, and full-scale theoretical analysis of these
algorithms can be carried out, in analogy to the results discussed in subsection
6.1 and B4, with controlled jo and j;: jo = O(1) or j; — o0, j1 = o(log, n) or
j1 < logy n, jo < 71. After this, a theoretical comparison with FCV and GFCV
can be made. In the multidimensional case clearly FCV is the more flexible
method, available for much more general data sets.

B21. The multivariate case. All the main results for the basic penalized
regression-function and density estimation models in Sections 2-6, as well as all
extensions of these models considered in Section 7 and Appendix B, are also
available in the d-dimensional case, d > 1. Here we give some additional details,

Besov spaces of multivariate functions and multivariate wavelets. There
are several ways to define multivariate orthonormal wavelet bases. We consider
here the tensor-product bases.A% With respect to these bases Besov spaces admit
a coefficient quasi-norm“% which is a straightforward generalization of (2,3). In
d dimensions the index of the dyadic level weights is s + d(1/2 — 1/p). The
Sobolev embedding is now true when the following inequality between the indices

of two Besov spaces is fulfilled: By, — Bpl, ,if s—d/p> s —d/p1,0< p<
1 < 0,0 < g < q < oo. (Inthis paper we have often been dealing with
the case d = 1, py = ¢ = o0, 81 = 0, Bply = Loo, p = q = 2.) The
restriction on s when utilizing B[, -regular wavelets with compact support
is4® max[0,d(1/p—-1)]<s < r.

Cross validation. The method for cross validation in the density esti-
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mation setting is extended to the multidimensional case without any essen-
tial changes?®. The same refers to the Bowman-Rudemo approach®! in the
case of regression—function estimation with random design. This is also true
for Bowman-Rudemo’s and Wahba’s approach (in the latter case we have in
mind FCV and GFCV) when the design of the nonparametric regression es-
timation problem is deterministic, but in this case an explanation is needed
how to generate such design in d dimensions. If the sample size is of the form
n = M%_,n,, where n, — o0, v = 1,...,d, as n — 00, a rectangular mesh
{{zi,}?,}2_, can be considered (see B2°). However, this can only be of inter-
est for very specific problems. In general, for any n € N consider the mesh
{=:}%y, i, # %4y, 01 # 42, x; € RY, and construct the Voronoi simplectifica-
tion of the convez hull of {z;}*_,. Then, the empirical wavelet coefficients in

the d-dimensional noisy wavelet expansion are of the form

Gjok = Y WiliPiok(2i), ﬂy;l = Zwew/’ﬁ(m), I=1,...2¢9-1,

=1 =1

where the weight w; is defined by w; = -C“—IIWEL';‘I Viv, Vi, being the d-

dimensional volumes of those simplices which have z; as a vertex, m; being
the number of all such simplices, V' being the d-dimensional volume of the

convex hull of {z;}/-,. The wavelets ¢j, 1/:52 are now the elements of the

tensor-product orthonormal wavelet basis on Ly( R%), discussed in 45. The same
weights appear in the quadrature formula of the GFCV (FCV) criterion. It can
be seen that 3°7'; w; = 1. If the mesh is uniform, all simplices are uniform and
congruent to each other, hence, w; = const for all i such that 2; is in the interior
of the convex hull. In the uniform case one can also construct a modification
where all w; are equal to 1/n.

Applications in Section 7 can be extended to the d-variate case. In par-
ticular, this is true for the fractal estimator and its version for Gaussian white
noise.

Kernel regularization. The kernel is usually taken radial (e.g., ®(x) =
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2
Ky exp[—-(l—|_!-ﬁ-!-|‘-"7)+], where ||x|| is the usual Hilbert norm of x € R%), or as
a normalized tensor product of univariate kernels. In combination with the

tensor-product wavelct basis!® the second alternative is computationally more

advantageous.

The extensions in Appendiz B can all be generalized to the multivariate

case. Some remarks arc due, as follows.

Multivariate periodized wavelets are defined as tensor products of uni-
variate periodized wavelets, and yield equivalent quasi-norms in Besov spaces,

with equivalence constants depending on d.

In the d-dimensional case, the most important class of operators T' con-
sidered in (B1) are partial differential operators which are parabolic in the sense
of Petrovskii (see [108,109]). The respective partial finite difference schemesB15
are parabolic in the sense of John (see [108,109]).

Formulae (B3,B4) remain the same, but the critical regularity indez ¢
involved in (B3,B4) now generalizes to ¢ = 2ps — 270 + d(p — ) (cf. [53]).
Formulae (B5,B5’,B6) remain unchanged.

Formula (B9) also remains unchanged, as well as the definition of de-

creasing rearrangement in B10%(2) but the relevant value T now generalizes
to 7 := 0 —d/mr = s — d/p (thus, the formula about ¢ generalizing to ¢ =
—2(r = p)(tr+d/2) =0 for 7 = -d/2).

The remarks about the critical value s’ = 1/p in B12:81 316 now relevant

when s = d/p.
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