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In this paper we evaluate some integrals involving Hermite polynomials, using the
method of the generating functions. Various particular cases are obtained.
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1. Introduction

Recently, a growing interest in “new” classes of polynomials generalizing
the ordinary Hermite polynomials has been shown [1,2,8,9]. Their importance
has been recognized in different contexts, such as the theory of multivariate
Bessel functions [3], quantum and classical treatment of phase-space evolution
[4], entangled oscillators [10,11], mixed states of light [7], etc.

There are many different forms of the generalized Iermite polynomials
[5], among them we have

. zutyv+zu? +wv? —kuv _ = umon (2) = k
(1) € - Z mn! Hm,n(m’“’y'tu’ )’

m,n=0

where the 5-variable polyndmials H,(,?_),,(a:,z, v, w, k) are explicitly given by

min(m,n)
OR CICEPENSEID SR (] () - SNERSY ANPAD)

q=0

while the H,(z,y) belong to the Kampé de Fériet family and are specified by

the generating function [5],
+o0 mn

(3) “W—E—Am)

n=0

The following identity holds:
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2

where H,,(z) are the ordinary Hermite polynomials derived [rom the generating
function
n
(5) et = Z i Hal2).
n—O

In this paper we evaluate some integrals involving the Ifermite polyno-
mials using the method of the generating function. Various particular cases are
obtained.

1 1
(4) Hv(vg.)n (z’ ——vz7_§1 0) = Hm+n(z)y

2. Integrals

In this section, we evaluate three different types of integrals mvolvmg
Hermite polynomials.

(i) Integral of the form [*Z° cos(ky)e™ Eit ")’Hm(y)Hn(y) dy, a>0
Let,
+o0 2
©  Fmalk)= [ coslhy) 30 Ho(y) Huu)dy.
)

In order to evaluate (6) we multiply both sides by %’} ";"!-, then summing
we obtain,

m LN
(M) Z ST Fa(a,k) = e H(4+) / cos(ky) e~ FU-a elt+rlugy

mn=0

by using (5).
This result can be written as,

400 |
®) Z — Fmn(a, k) = e 3(7+7)Re {/ etV e~ Flv—a)? e(¢+r)vd!l} )
m,n=0 ' oo
and making a change of variable, we get
+o00 m
@) E :n!r Fna(a,k)=e" —4(24r3)+(t4r)a
m,n=0

% Re { cika / T o [gwr(ikttru) dw}.

-0
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Evaluating the Gaussian w-integral of (9), we get

+o0
tmrn e
(10) 3 i Funlask) =\ e
mn=0 :

5 . - 2 2
% Re {elkae(a+t§)t+(a+t-§)r+’-:—(f;—l)-}-%(ﬂ-—l)+"l‘-rt} .

Then (1) leads to,

+oo
tm 7' LQ/QQ
(11) mz —o7 Fmn(a,k) = \/ —

+o00
b SX Iy (LR L1 ) k1LY
xRe{ Zm!n! (a+m2 1),at+iz,o(=-1),-=) .
Thus, finally we obtain the integral
+
(12) [ cos(hy) 0 (o) Hufy)dy = f et

XRe{ lkaH(2) ( +t£,l(l—-1),a+i£,l(l—1),—i)}, a>0.
a2\« a2\« a

(ii) Integral of the form
+o0  p+o0
/ / cos(kx + hy) e~ 3% Hm(x,y)e 8 ax dy, a>0,4>0

Let,
+00  ptoo
(13)  Fu(h,k) = / / cos(kz + hy) e'sz“”zllm(:c,y)e‘g”2 dz dy.
-0 J-oo

If we multiply both side of (13) by %, then summing and using (3), we

get
2 T = [t [ ctoila] )

(14)
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evaluating the inner integral, we have

m . +oo & s
(15) Z " I“,,,(h k) = lgalRe {e-i%(zi-{-mtk—k?) e—[gy?-y(ll+lh)]}dy,

m=0

that is,

+00
tvn ¢ _ 2_ 2 i ih2, 1
(16) E poer] Fo(h, k) = ;%e 33735 Re (e gLl A‘I+?‘i’“)
! ()

m=0

using (3) again,

+co ’ +oco : . .
m 2w _ k2 _nd t2+n ik 1 ih 1
m h k)= 2 25 o ddy ot 3 ‘B B o
z: F (h, k) = \/EBC Re{AE ]!1&!”'(& 2a) ]1"([3’2[3)}

m=0 amn=0
(17)
making a change of index,
+00 +oo
tm K2 a2 m
— a I ——————————
X_:O mi Fm(h, k) = \/me = 2, T (m=2;)!
m= m,;=0
th 1 itk 1
W el (®2)
from (13) and (18), we establish that
o0 pdon a,2 2
(19) / / cos(kz + hy)e™ 7% H,,(z, y)e‘gy dz dy
—o00 J=o0

_2m ggRN om [ (2, 5) s (2,2
= 75 _,—Z.:o j!(m_2j)!Re H; FAPY: )/ Y a’za)]‘

The result (16) may be written in the following forms:

+00 +0oo
tm 2r &2 w2 tm
— I'm h,k) = e % % T T
2 i D= 755 Y i m gy
1 ik ih
. <ve [ (55.35) 1o (35
and +oo

+0oo m

tm 2w _K_»?
DI R O e D D ey

m=0 m,j=0
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(21) x Re[(‘:)m_h Hj (1 ‘;‘ ;ﬂ)]

therefore, from (13) and (20)-(21), we obtain respectively

(22) /+w /+°° cos(ka + hy)e'%’aﬂm(x, y)c'g”zda: dy
- jgﬂe'%-é’%g oo =2 (":"_! sl (51; %) Re [H,,._z,- (% %)] :
(23) /+°° /+oo cos(ka + hy)e'%’zll,,.(:c,y)c’g”?dz dy
2% 2 2R ik\™Y 1 ik 1
=V L Ao [(:) 1 (5 + F'%)] '
a>0, B8>0.

(iii) Integral of the form

/+oo /+°° e3¢ cos(hy)e'gy’H..(x,y)I-Im(x, y)dxdy, a>0,3>0

Let,
teo pto0 B.,2
(24) Fun(h)= / / e~ 3% cos(hy)e™ 2V H,(z,y)Hm(z,y) dz dy
-0 J-co
by a similiar procedure to the previous sections we have

+oo m n h\,2 4 put 22
Y el = e zpn,e[(d‘s)‘ +(d+)u e %+—u++],
mn=0

(25)

which using (1) equals to

B = " u®

(26) z o Fa(h) = \/az;e ¥ Y s

m,n=0 m,n,k,j=0
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(2) 1 tht ih 1 @ (o Lo L _1
x e [”"‘ Alat=23 (0’2a+/3‘0’2a+ﬂ’ ) ka 0’21*‘"‘2,3‘ VAN

hence

27 _h2

+o0o +oco
/ / =3 cos(hy)e™ 5V Ho(z,y) Hun(w, y) dz dy =

m! n! (2) 1 ih 1 ih 1
% Z o, (m = 2k)1k! (n — 25)!5! ilte [ m—2kmn—2; (0’ 2a i F’O’E + F'—;)

(27) x H{) (o 350 %—%)] a>0,8>0.

3. Particular cases
For a = 0, (12) reduces to

/ " cos(ky)e™ 39 H(y) Ha(y) dy = @ ets

—00

ik 1/1 ik 1/1 1
(28) ><Re{l],‘,,’),,(;,a(;—1),;,5(2—1),—;)}, a>0.

Further, let @ = 1, we have

./+°° cos(ky)e_v’/2 Hpn(y) Ha(y) dy = \/é;e—k;

—o00
(29) x ng{ﬂ,(,,’),,(ik,o,ik,o,-l)},
and in view of the result
2y u™ ™
(30) e=(utv)—uv _ ‘Zo g n' T (2)
mn=

and the equation (1), we get
+00 2
[ con(ky)e™1? Hn(y) Halv) dy

-0

(31) - 27 e ¥ /2 (=1)" " Hyp (k) if m+ n = even,
0 if m+n = odd.

This result has been given recently by Dattoli and Torre (6].
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If £ =0in (12), (19), (22) and (23) we obtain respectively:

+00 ¢
(32) [ et e = 2
. a
1/1 1/1 1
(2) (== (== i
x”m,n( 2(0 1)7a’2(a 1), a)a a>0.

(33) / " / gt = Hp(z,y) cos(hy) e~ 5V dz dy = ;a%;e-é‘%

1 ih 1
8 2 (m = 25)l5! 2J)'J' [H"‘”" (0’ EE) H; (F’ﬁ)] , a>0,8>0.

=0

2 _n?

400 +0c0
34 =32 Hp(z, hy) e~ 57’ = 35
(34) /_w /_we= m(z,y) cos(hy) e 3V dz dy JaB ¢

> o (2= 35) e [H"‘"’ (05)]: a>0>o

=0

+o00  ptoo
(35) / / e=5%" H,(z,y)cos(hy) e~ 5V’ dz dy

2 . m! 1 th 1 . —
={ YaB® ” r'(%tane[H'%‘ (2a+7’"75)] ifm=even, ,50,8>0.
0 if m = odd,

For h = 0, (35) and (27) reduce to
+o00 p+oo
(36) [ [T et Hne) de dy
—00 J=-00

2w m! B | : —
-] Vepr(mm) I2 (20’75) ibm = aven, a>0,8>0.
0 if m = odd,

/+oo /+oo 2z -%v’}{ n(2,¥)Hp(z,y) de dy

VaB &< (m—2E)K! (n = 2j)}51 ["m-2%n-2% P22’ " 20’ T
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: @ (g L oL _1)
(37) X ”;.-_,‘ (0’2/3’0’2/3‘ 3l a>0,8>0.
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