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Moment Preserving Approximations
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We discuss the problem of approximation of a given function f by clements from a
linear subspace span {9} of Lz[a,b] of fixed dimension which prescrves maximal number of
moments ol f with respect to another preassigned system of [unctions {x ).
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1. Introduction

Let [a,b] be a fixed interval and assume that m(x) is a given weight
function on [, b]. Denote by L;[a,b] the space of all square integrable functions
on [a,b] with a weight 4 and equipped with the norm

LAl == ( /a b#(x)f"'(a:)dx)% .

Let go(2), p1(), ... be a given system of functions from Ly[a,b). 'To any lunction
J € La[a,b] let us put in correspondence the sequence of its momenls

b \
w(f) = / ) f(z)er(e)de, k=0,1,....

We consider here the problem of approximation of f on the basis of a [inite
data of moments {s}}'_y. The classical Ly-approximation of S by gencralized
polynomials  P(x) = agpo(x) + -+ + aypau(x) is evidently equivalent to the
construction of P that has the same moments as f. Indeed, the necessary
and sufficient conditions for the polynomial P(x) = appo() + -+ + aypu(2) to
minimize
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n
If = ajei()ll
=0
over all ag, y,...,a, are

b n
/ ;t(z)[f(a:) - Zaj:,oj(z)] pr(z)dz=0 for k=0,...,n,
a J=o
and clearly, this system of equations is equivalent to

b
/ #(z)[ao%(z) + oot an%(r)] er(z)dz = pe(f), k=0,...,n,

i.e., to pup(P) = pr(f), k=0,...,n. Thus the moment preserving approxima-
tion comes from L2 minimization problems.

There are several important extensions of this classical question. One of
them, which arose in the recent years in connection with the optimal recovery
of functions, can be formulated roughly in the following way: Given a class
F C Lj[a,b], construct a method of the form

f(2) = 3" me(fex(z)
k=0

with some {ci(z)} which has a minimal error in F. In case {¢x} is the trigono-
metric system {cos kz,sin kz} such optimal methods have been constructed ex-
plicitly in [1] for F = W} (where W is the Sobolev class of r times differentiable
2r-periodic functions with locally bounded rth derivative in L,). In this case
{pr(f)} are simply the Fourier coefficients of f and thus the problem reduces to
reconstruction of functions from W on the basis of a finite data of their Fourier
coefficients. A general problem of best recovery of functions in a Hilbert space
on the basis of coefficients of expansions along a given orthogonal system was
studied in [5].

We go here in another direction. Assume tha.t Yo(z),...¥n(z) is another
system of functions in Ls[a,b]. The problem is to construct an approximation

o(f;z):= bovo(z) + -+ + bupu(2)

which preserves the moments of f with respect to the preassigned system q(z),
.y ¢n(z). Precisely, we want to find bg,...,b, such that

b
(1) / () [bovo(2) + -+ + bau(@)| oa(2)dz = pa(f) for k=0,...,n

Clearly, this system has a unique solution if and only if
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(2) det {('Abi’ (Pk)}:k=o # 0:
where we have used the common notbation
(9):= [ w@f (@) dx

for the inner product.
The construction of o( f; z) becomes extremely simple when the system
Yo, - - -, ¥n is biorthogonal to o, ..., ¢n, that is, when

(¥, ) = 65 forall j,ke€ {0,1,...,n}.
Then, n
det {(bon)},, =1

and the unique solution is obviously given by

3) o(fiz) =Y ni())vi(z).

j=0

Remark. In case o, ..., ¢y is the algebraic system {27} and Yo, .., Pn
is a system of splines of given degree r, the problem was studied in (4], [9], [8],
[6], [7]. However, the simple construction based on the biorthogonality was not
noticed there. Actually, all the quoted papers studied an optimal choice of the
knots of the splines %y, . .., ¥, which leads to an interesting extremal problem
to which we shall return later.

Similarly, one could start from the L,-minimization problem

N i - P
2in [ @)@ -3 aseso ds

and consider approximations of the form P(z) = botbo(z) + * - - + bn¥n(w) that
have the same L,-generalized "moments”, i.e., which satisfy the conditions

b
/ u(z)|f(z) — P(2)IP~(f(z) — P(z))pr(z)dz =0, k=0,...,n,
for a fixed p, 1 < p < oo.

2. Extremal problem

Let o, 1,... be a preassigned sequence of functions in Lg[a,b]. We
saw in the introduction that for every choice of {¥x}ro satisfying (2), there
exists a unique moment preserving approximation to f. Assume now that is
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a collection of different systems {¢}pi_,, all of them satisfying (2). Then, given
S, what is the best choice of {¥}i_, in ©, in the sense that maximal number
of moments {y;} are preserved? In order to answer this question, we first note
the following simple characterization.

Lemma 1. Letn > 0, m > 0 and [ € Lj[a,b]. Assume that the

systems {pp )30 and {P}Xe are biorthogonal in [a,b]. Then there exists an
approzimalion P € span {Yr}p_, to [ such that

(4) wi(P)=pui(f) for k=0,....,n+m,

if and only if f is orthogonal to Yu41(2), ..., Pu4m(2).

Proofl. Indeed, as we mentioned already, the moment preserving ap-

proximation P is uniquely determined and it is given by
n+m

P(z) = Y ui(f)vi(=).
)=0
If J is orthogonal to @n41(2),. .., @ngm(z), then pj(f) =0forj =n+1,...,n4
m and therefore P belongs to span {¢i}r_,. The inverse statement, that the
moment preserving implies the orthogonality of fto gj for j=n+1,...,n4+m
is obvious. Indeed, let P(2) = boo() + - - - + b, ¥, () preserve the moments of
J with respect to the system {@x}r2s'. Then

(frei) = mi()) = wi(P) = (Pp;) = D b, 95) = 0
k=0
for j=n+1,...,n+m. The lemma is proved. -
Let us remark here that the approximation P(x) is unique.

Lemma 1 suggests a way of constructing such an approximation. First,
let us note that if two systems {@x}p20" and {4,};25" are biorthogonal in [a, b],
then each of them is linearly independent. Next, having any system {cpk};::g'
of linearly independent functions, we build another system @, ... @, 4 of func-

tions i

Gr(z) = Y ki)
=0
such that
(Pk,¥j) = bk; forall k,5 € {0,...,n+ m}.

Clearly the constants cy; are uniquely determined. We have

n+m

b
Al = / @) f@)pu() dz = 3 ewjpi(f).

J=0
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Since the system {@;}3*™ is biorthogonal to {3 }3+™} then, by Lemma 1, the

approximation
n

a(fi2) =Y ai(N)vi(x)
i=0
will preserve the moments {/;(f)}a*™ if and only if i;(f) = 0 for j = n +
1,...,n+m. Butif & preserves {f;(f)}g+™, it will preserve {/tj(j'v)}:,"""‘ as well.
Indeed, since the functions {@;(z)}a+™ are biorthogonal to {¥;(f)}§1™. they
are linearly independent and thus they constitute a basis in span {@;(f)}5T™.
Therefore the conditions ;(f) = fi;(é), which are equivalent to

b
/ (f(z) —a(z))pj(z)dz =0, j=0,...,n+m,
n+m

show that f — & is orthogonal to every function from span {¢;(f)}; and
particularly to ¢g,...,Pnt+m, that is,

b
/ (f(2) - 6(2))ps(z)dz =0, j=0,...,n+m,

which is actually p;(&) = pj(f). Our claim is proved. (]
Thus we came to the following conclusion.

Theorem 1. Let @g,...,Pn+m be a given system of. linearly indepen-
dent functions in Li[a,b] and let vy, ..., ¥, be functions from L;[a,b]. Given
J € Lj[a,b], there exists an approzimation bopo(z) + ...+ buthu(2) to f which
preserves all moments jig(f), - .- pngm([) of f with respect to {@ )™, if there
exisls an extension

'/’0"-'1¢n1¢n+1,--~a¢n+m

of the system vy, . .., ¥, such that f is orthogonal to the functions Guy1,. .. Pugm
Jrom the corresponding system Qg, . . . @nym that is biorthogonal lo g, . .., Yoy
Moreover, the wanted approzimation is given by

Ao(F)¥o(2) + -+« + fin(S)¥u(2)-

Equipped with this tool, one may study the following extremal problem
in various interesting situations.

The extremal problem: Given a family Q of systems ¢y := {¥1(\; 2),
ooy Y2n(As2)} depending of n parameters A := (MA,...)\,) and a function [,
find a system pye such that the moment preserving approximation

o(x) = b1 (A% 2) + - + bupn(A%5 @)
to [ with respect to a preassigned sequence ¢y, . .., @2, has a ”double precision”,
that is, satisfies the conditions
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pi(@)=pi(f) forj=1,...,2n.

The formulated problem resembles the famous problem of Gauss about
the existence of a quadrature formula of double algebraic degree of precision.
As we shall see later, there is a relation between these two problems.

3. Total positivity and moment preserving

We consider in this section our extremal problem in spaces defined by
totally positive kernels. Let us first recall some definitions and notations.
We say that the function K(z,t)is a totally positive kernelon [a,b] X [c,d],

if
, xl ... z i - . )
(5) K [tl t:] 1= det {K(zi,t;)}, -, 20
for each choice of the natural number n, the points z; < .-+ < z, from [a,b]

and ¢; < --- <ty from [c,d]. In case of strict inequality K(z,t) is called strictly
totally positive kernel.

One very important consequence from the strict total positivity of K(z,1)
is that the set of functions K(zy,t),..., K(z,,t) form a Tchebycheff system on
[¢,d] foreach z, < - -- < z, from [a, b]. This means that any non-zero generalized
polynomial

P(t):= a1 K(z1,t)+ - - + an K(z,,1)
has at most n—1 distinct zeros in [¢, d]. Equivalently, the Lagrange interpolation

problem
a1 K(z1,t)+ -+ anK(zn,t;) = f;, j=1,...,m,

has a unique solution ay,...,a, for any fixed data {fy,...f,} and nodes ¢; <
«o- < ty in [c,d].

Clearly the determinant (5) corresponds to the Lagrange interpolation
problem. There are kernels K(z,t) which have the property to preserve the
sign of the determinant corresponding to the more general Hermite interpolation
problem. Such kernels are called eztended totally positive (abbreviated to ETP),
In order to give the precise definition, we shall use the same notation

Il “ o zn
© k[0
for sets of points {z;},{t;} which are not necessarily distinct. for example, if
ZTi—y < Ti = +++ = Tiyp < Tipps1 We interpret (6) as a determinant in which

K(zi4m,t) is replaced by
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8m

s K t)|x=x._
form = 0,...,p. Similarly, if t;_; < t; = -+ = ti}p < Tipp41 then K(z,tiyy) is
replaced by
8m
——K(z, z)|

Definition 1. The function K(z,t) is called eztended totully posilive
kernel on [a,b] X [ec,d], if
K [ ”"] >0
f o B

for each choice of the points z; < -+ < 2, from [a,b] and ¢; < --- < 1, from
[e, d].

More about the totally positive kernels can be found in the book of Karlin
[10].

Assume in what follows that ¢;(2), ..., @am(z) are square integrable func-
tions which form a Tchebycheff system on [a, b] for any specified M and K(=z,t)
is an extended totally positive kernel on [a,b] X [¢, d].

Theorem 2. Let vq,...,v, be any given ordered set of odd natural num-
bers and N := vy + -+ + v,. For every integrable function g(t) > 0 on [c,d]
there exists a unique set of pointsc < t; < --- < t, < d such that the linear

combination of N functions
n v—1

o(z) = E Z b._,(9 -K(z,t;)

=1 ;=0
preserves N + n moments of f, P
f@)= [ K@ v,
[+
with respect to p1(z),...,oN4n(2), i.e., pj(0) = pj(f) for j = 1,...,N +n.

Moreover, the points {t;} coincide with the nodes and the numbers {b;;} coincide
with the coefficients of the Gaussian quadrature formula with weight g(t)

/ dOF()dtn 3 f bi; PO (8;)

i=1 j=0
of type (v1,...,vy) for the extended Tchebycheff system

{/:K(Z,t)<pj(:c)d:c, j= 1,...,N+n},
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There is no clement from the linear span of A‘,N:={%l\'(w.t,-) :;_,'3_:_", which
preserves more than N + n moments of f.

Prool. We shall use Theorem 1 to construct the extremal moment
preserving approximation. In order to do this, for cach choice of the set ¢y,--- <
t, in [c,d] we extend the system

& . . .
{a—url\(x,t,), i=1,...,n, j=0,...,0 — 1}

to

{wj(n:)}f’*" = {5‘-1.-1\'(1:,&), 12 1oy, J =0,...,u;}.

Since K(z,t) is ETP-kernel, {¢;(z)}¥*" form an extended Tchebychell system
on [a,b] (see [11]). Following the instructions from Theorem 1, let us now
construct the system of functions {¢;}V*+" from & := span {¢;}V+" which are
biorthogonal to {t/),'}iV +7_ Note first that the mapping

b
(p—;/ K(z,t)o(z)dx

defines one-to-one correspondence between the elements of ® and the space of
functions

Ko := {/ab K(z,t)p(z)dz: p € @},

Given i, j and the points ¢} < ... < ¢, in [a,b], there exists a unique gencralized
polynomial P;;(t) € Ky satisfying the Hermite interpolation conditions

P.-(j'\,(ik)=6.'k6j,\ for all kE{l,...,n} and A €0,...,v.

We claim that the functions {@x})'*" (denoted for convenience by Pijy & =
1,...,n, 3=0,...,u) are defined by the equalities

b
P;j(t) = / K(z,t)pij(z)dx for i=1,...,n, j=0,...,u.
a
Set for simplicity
Pi(t) := Py, (t), @r(2):= @ryu(z) for k=1,...,n.

Because of the existence and uniqueness of {c;';,-}’lv + we nced only check the
orthogonality conditions

b 8’\
/a ij(ﬂ-',lk)@ij(x)dz = irdjr
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for the corresponding i,k, j, A, and they evidently follow from the definition of
- Pij-
Having defined ¢;j, we look now, in view of Theorem 1, for points
t1,...,ty annihilating the moments an41(f), ..., jin4a(f) of f with respect to
P1,...Pn. This leads to the conditions

b
/ f(2)Pu(x) dz

0= jany(Sf)

/ b / ! (2 0)9(t) digu(a) do

d rb
/ / K(z,t)gr(z) dz g(t) dt
d
- / Pu(t)g(t) dt

for k = 1,...,n. But the coefficients B;; of the quadrature formula

/ "g(t)F(t) dt ~ 2 Z B FU)(;),

B i=1 j=0
which is exact for each f € Kg, are given by

Bij = / ’ Pii(t)g(t) dt.

In addition, it is known from an extension [3] of the Krein theorem (see [11])
that there exists a unique set of points #;,--- < t, in [e,d] that annihilates
the coefficients By,, for k = 1,...,n, and these points are the nodes of the
Gaussian quadrature of type (v1,...7,) in K¢ with a weight g. The existence
part of the theorem is proved. The uniqueness follows from the uniqueness of
the Gaussian nodes. The equality b;; = B; ; is clear, since b;; = f1;;(f) and the
integral expression of /i;;(f) equals B;;, by the Gaussian quadrature formula.

It remains to show the extremality of the element o constructed above. In
corder to do this, assume that there is a certain element s from Ky that preserves
N + n +1 moments of f, i.e., that u;(f) = pj(s)=0forj=1,...,N+n+1.
But taking into account the form of f(z) this assumption leads to existence of
constants {c;;} which satisfy the system of equations

b d n vi—1 a,
/,. { /c K(z,t)g(t)dt — Z; ,2_2 c,-,-a—t;I\"(z,t,-)}qok dz =0

for k= 1,...,N + n + 1. The expression Mp(z) in the curl brackets is called
extended monospline. It is known (see for example [2]) that Mp(z) has no
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ized

more than N + n sign changes in (a,b). Then we can construc;t a ]gene:;:lﬁgn

polynomial ¢(2) = dyp1(2)+:  “+dN4nPN+n(Z)+PN4n41(2) which c;;.n%w)q(x)

at the same points as My (z) does, and only there (see [10]). Then N 1

i b My (z)q(z) dz # 0 while, fron

would have a constant sign on (a,b) and thus [’ My(z 1€ e o i

the system above, the integral should be zero, a contradiction. The .
proved.

Remark. Following the algorithm described in Theorem 1, W‘;vci""
structed an element o(z) from N-dimensional linear space that preserves e
moments of f. Now one may easily come to the suggestion to Pl'o"ff) fof
rem 2 directly, just verifying that o satisfies the conditions p;(o) = Hi( ; dea
J=1,...,N +n. This really leads to a short proof but it does not give 3"‘3’ ould
how the form of o was discovered. However, knowing the form of @ on¢ C»
extend the approach to the following more general situation. wd Frs

Let X and T be given linear functionals defined on the classes I'x ;" c Fr
respectively. Let K(z,t) be a kernel such that K (z,t) € Fx and _K(”’ ) n Fr
for each fixed t and z in the corresponding domains of the functlons. fmlfrom
and FYx, respectively. Let ¢;(z),...,pn(z) be a given system of functions
Fx. Introduce the corresponding functions from Fr by

Ui(t) = X[K (2, t)pi=)], i=1,...,n.

and a
Assume that for a certain linear functionals L,,...,L,, defined on Fr
function g € Fr, we have

TOW(g()] = 3 a;L;{ W] fori=1,...,n.
Jj=1

roxi-
Finally, assume that X commutes with T and L;,..., L. Then the app
mation

o(z):= i a;Li[K(z;, )]

i=1

f(z) := T[K(X,)g(")]

to the function

preserves the "moments”

Bi(f) = X[fei], i=1,...,n,
of f.

: " func-
The proof is very simple. Using the assumptions imposed on the

tionals above, we obtain:

K(f) = X[T[K(z,t)g(t)lpi(=)]
T[X[K(z,t)pi(z)g(t)]
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Il

T[¥i(t)g(t)] = Em: L;[¥;) = f: a; L[ X [K (z, t)pi(2)]]

=1

X[( i a;L;[K(z, t)])cp.-(w)]

J=1
X[o(2)pi(2)] = pi(a).

4. Spline approximation

. We shall illustrate here the general approach outlined in the previous
Sections to the particular and most studied case (see [4], [8], [G]v (7], [9]) of
COH.Str“Cti“g a spline that preserves a maximal number of algebraic moments o
a given function f. i

Recall that a spline function of degree r — 1 with knots t; < «++ <1x 18
any expression of the form n
-
S S R
j=1 k=1
Where {e;} and {ck} are real coefficients and uy := max{u,0}. Clearly the
functions

b—z)i—?! .
Yi(z) = %Tx)ﬁ—’ ji=1,..,7

r—1
-(t—k—_—%— k=1,...,0

¢"'+k(z) = (T—l)! ’

form a basis in the linear space of splines of degree r —1 with knots at tiyeestne
Assume that f € C"[a,b]. Consider the problem of constructing a spline
8 € S, (that is, a spline of degree r — 1 with n knots) such that

# . b . '
/ s(z)z?™! d:c:/ f(z)a? dz =: p;i(f) for j= 1,...,7+2n.

In order to do this, we shall follow the algorithm described in Theorem 1.
any given set of distinct points t := {¢1,.. .,tn} in [a,b], we extend the system
{¥i};*" to the system

Yy = {’(/11(27), ey ¢r+n(x)) ¢r+n+1(z)’ RXE ] '/)r+2"(x)}

adding the functions

For

(tk _ z)r—Z _
Yrantk(T) == _(T—_—Z)ti_’ k=1,...,n.
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Next we find the algebraic system {@;(2)};+*" which is biorthogonal to .
Introduce the algebraic polynomials {P;(t)}I*2" of degree 2r 4 2n — 1 defined
by the interpolation conditions:

Pi(a)=Pl(a)=---=P" Va)=0 forall i
Ifi € {1,...,7}, then I’i(r—j)(b) =6;; for 7=0,....,r=1and
Pi(ty) = P{(tx) =0 for k=1,...,n;
Ifi=r+1,...7r+ 2n, then
P9 a)y=Pb)=0 for j=0,...,r—1,
and in addition

P(ty) = bk, Pl(tx)=0, k=1,...,n, forr<i<r+n
P{(ty) = b, Pi(tk)=0, k=1,...,n, forr+n<i<r+2n.

Since, by Taylor’s formula, every polynomial P; can be presented in the form

G=2)% b
P(t)_/ 1)' P (z) da,

it is clear from the conditions above that the system {E(')(t)}'{"'z“ is a basis in
the space of polynomials of degree r + 2n — 1 and it is biorthogonal to ¢. Set

b
a(f) :=/ f(:t)P,S')(z)da:, k=1,....,r4+2n..

Then, according to Theorem 1, the approximation

x r—1
0 o(z) = Zn,(f)( = +Zur+k(f)“‘—1’—)+,—

will preserve the moments p1(f), ..., ftr42.(f) provided

a(f)=0 for k=r+n+1,...,7+ 2n.
But an integration by parts yields

r—1 L . b

® ()= P OORT0) + (1) [0 Pya) de
i=0 o

for each Pe, k = 1,...,7r + 2n (since P,S'.)(a) =0fori=0,...,r— 1).

particular, for k = r+n+1,...,r + 2n, we have P,f,i)(b) =0,i=0,...,r -1,
and thus, from (8),
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b
) () = (17 [ 1@ P da

The last integral is just the coefficient B; (with j = k—r—n) of the interpolatory
quadrature formula

/ w(z)F(z)de ~ Za 9t ”(a)-i-z ALF(tL)-i-E B;,I"(tk)-{-z:b =1 (1)
a J—-l
with a weight w(z) := (=1)"f(")(x). Therefore, if f(")(z) does not change sign
in [a,D), there exists a unique set of nodes t; < --- < t,, namely the Gaussian
nodes corresponding to the weight w, which annihilate the coeflicients {B;}.
Consequently, there exists a unique moment preserving approximation to f of
double precision. Moreover, the spline approximation is given in the form (7).
In order to find the coefficients {/ix(f)} of this spline we first observe that (9)
holds also for k = r+1,...,7+4n and applying the corresponding Gauss-Lobatto
quadrature formula to evaluate the integral in (9), we see that jir(f) = Ak—r,
the latter being the coefficients of this quadrature. Similarly, using (8) and the

fact that P,f,'_j)(b) =6 fork=1,...,r, we get

(f) = (=0 fED0b) + b for k=1,...,7
Thus the best moment preserving spline approximation to f is given by

_.1 n — r—1
0(3)—2;[') i+ (- 1)"‘f"")(b)](b x)l), +EA 1))- ,

where {b;} and {A} are the coefficients of the Gaussian quadrature formula of
the form

/ w(z)F(z)dz ~ Z a; FU=(a) + E AcF(te) + 2 b; FU=1(b)
¢ LJ=1 j=1

with a weight w(z) = (=1)"f(")(z) in the space of algebraic polynomials.
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