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On the Asymptotics of a Function Related to
Tricomi’s Confluent Hypergeometric Function !

Peter Rusev

Presented by P. Kenderov

Let ¥(«,c;z) be the main branch of the Tricomi confluent hypergeometric function
with paramaters a,c. In the paper the asymptotics of the function

V() =:T(e+a+ D)V (a+a+1,a+1; z)

is studied when « tends to infinity and z remains bounded. More precisely, let ¢ > 0,a €
C\ (=00, -1]),z € C\ (—00,0] and define

WO = (B0} 80 -1,

ES¥) (2) = V/mexp(z/2)z* /2~ 422114 exp(—2:'/24'/?).

~ where

It is proved, that lim /;Sf')(z) = 0 uniformly with respect to =z on any compact subsel
Q=00
of the region C\ (—o0,0].
AMS Subj. Classification: 30E15, 33C15
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1. If Re¢ > 0 and Nz > 0, then the main branch of the Tricomi function
is the Laplace transform of the function  (I'(a))~**~1(141)*~%~1(0 < 1 < )
[1, 6.5, (2)], i.e.

. SR | * t¢=1 axp(—zt)
(1) ¥(a,c;z) = P(a)_/o AT oo dt.

Let —w/2 < 0 < m/2 and 9(0) be the ray {¢ € C: ¢ = expif.t,0 <
t < co}. Then the analytic continuation of the function (1) in the hall-plane

!Partially supported by National Science Fund of Ministry of Education and Science —
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410 P. Rusev

Hg := {z € C: | arg(exp(—i6)z)| < 7/2 can be realised by means of the equality
(1, 6.5, (3)]

1 =1 exp(—2(
(2) Y(a,c;z) = a) .[y(o) C(l T Z‘(;)a(—cﬂ) ac. .

Indeed, as it is easily proved by means of the Cauchy integral theorem,
the right-hand sides of (1) and (2) coincide when z € Hy (" Hy.

Now we will see that if ®a > 0, then the main branch of the Tricomi
function has the following integral representation in the region C \ (=00,0],
namely: ‘

zl-c ©0 sa-—1 exp(—-t)
NONNCE R

Let z = > 0 and change the variable ¢ by t/2 in the integral on the
right-hand side of the equality

dt.

(3) Y(a,c;z) =

oo 1 o ¢a-1 exp(—zt)
Y(a,c;z) = I‘(a)/o T oot dt.

As a result, we obtain that

ml—c oo ta—l exp(—-t)
I(a) Jo (z+t)e—ett

But the integral on the right-hand side of (3) is uniformly convergent on
every compact subset of the region C\ (-c0,0], i.e. it defines a holomorphic
function there. Because of the equality (4), the right-hand sides of (1) and (3)
coincide when z = z > 0 and by the identity theorem for holomorphic functions
they coincide in the whole half-plane Hy.

Let Ra¢ > 0,Ra > —1,2 € C\ (—00,0] and define

U(2)=2T(a+a + 1)¥(a + a + 1;2).

dt.

(4) ¥Y(a,c;z) =

Then as a corollary of (3) we obtain the representation

0 ia+ta
(a) = t exp(_t)
(5) v¥(z) e Py dt.
After integration by parts we come to the relation (a + o + 1)\Il.(;“)(z) =
gt (2) + \Il((:;_)l(z), which gives the possibility to define the function \Il,(,")(z)
for each @ € C\ (—o0, —1] provided that ®a > 0.
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2.Let a>0,a€ C\ (—00,-1],z € C\ (—00,0] and define

(6) () = (B} 80 - 1,
where
E{(la)(;) = \/,—rexp(z/Q)za/z—l/daa/z—1/4 exp(__.kl/zul/z)_
The main result in this paper is the following statement.

Main Result. If a € C\ (—o0, —1], then
(7) lim p{)(z) =0
uniformly with respect to z on any compact susbset of the region C \ (—o0,0].

The proof is based on several lemmas. In order to formulate and prove
them we need a preliminary preparation.

Let I(2) be theray {{ € C: ( = —2 —¢,0 < t < oo} and define the
function P,fa)(z; ¢) in the region C\ {l/(z) U(—00,0]} by the equality
(>t exp(=¢)
It is clear that this function is holomorphic in the region just indicated

and moreover that the equality 6P¢f°) (2;¢)/9¢ = 0 is equivalent to the quadratic
equation

P)(2;¢) =

(7 C+(z—a+1)¢-(a+a)z=0.

Let @ € C\ (—o00,—1] and the compact set & C C\ (—00,0] be fixed.
The first auxiliary statement we need is the following lemma.

Lemma 1. There exists ag = ao(K,a) > 0 such that if z € K, and
a > ag, then: '

(i) (a+a)z+(z—a+1)?/4€ C\ (-o0,0];

(i) 7$)(z) == {(a + @)z + (2 — a + 1)/4}/2 — (2 — & + 1)/2
is that root of the equation (8) for which R{Téa)(z)} > 0;

(iii) the asymptotic representations:

9) : T‘Sa)(z) = (za)l/Z —(z—a+1)/2+ O(a—1/2)

and

(10) AN (2)} ™! = (2/a)/? + (2 — a + 1)/2a + O(a=%?2)
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hold uniformly with respect to z € K when a tends to infinity.

Proof. (i) is a corollary of the cquality (¢ + a) + (2 — a + 1)2/4 =
za{l+az/a+(z4)?/4az} since limg oo {14+ az/a+(z—a+1)? [4az} = 1 uniformly
with respect = € K. (ii) is a corollary of the equality limg—qo(za)~"/2{{(a +
@)z 4 (z —a+ 1)2/4}/2 — (z — a + 1)/2} = 1, which holds uniformly on A,
The asymptotic formula (9) is a corollary of the equality (1 + az/a 4 (z — o +
12)/4a)"/? = 1 + O(a~1), which holds uniformly on K when a tends to infinity.
‘I'he representation (10) is a corollary of (9). ]

Lemma 2. If z € K and a > ay, then

(@0 = () e [ L exp(=m{(2)t)
(1) W) = (=) [ e ]
where
(12) o{*)(z) = 2{r{(2)} .

Proof. We denote by I{*)(z) the ray {CeC:¢=r)t0<t< oo}.
It is easy to see that except the point ¢ = 0 this ray lies in the region o\ I(z).
Then the Cauchy integral theorem gives that

Jeat S PR it C
o (z+ T Jay (z+QeF T

By setting ( = réa)(z)t, (0 £t < 00) in the integral on the right-hand
side of the above equality we obtain the representation (1).

Remark. It is clear that ag is chosen so that (e« + @) > —1 when
a > ag. '
Further we change t by 1+ a~/%t in the integral on the right-hand side
of (10) and in this way we come to the representation (z € K,a > ap)

a‘1/4{r.£“)(z)}°‘ exp(—-r,s
(14 af™(z))++1

a)
(13)  ¥(z) = ) (4@(=) + BO(=)),

where "

* A= [
—a

F{)(z;a~ YY) dt,
—-1/4

.w
(14) RE(z) = / | F) 0y ar
al
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and
(1 + )2+ exp(—7i¥(2)u)

Féa)(z; u) = (@) ’
(14 1+ 027(2)) " u)*H!

-1 < u<oo.

Let us define ;
(15) pfﬁ."’(u; HD=at+a—(a+ 1)1 +aM0E))F, k=1,2,3,...

provided that z € K and a > aq.

Lemma 3. Thcre ezist posilive constants B = B(K,«) and C' = C'(K, o)
so lhat the inequality

(16) l0{®(a; 2)| < (B + (k — 1)C)a/?

holds when z € K,a > ag and k =1,2,3,....

Proof. A simple calculation based on the definition of a,(,“)(z) by (12),
as well as on the fact that r.sa)(z) is a root of the equation (8), gives that
P Na;z) = 749(z). Therefore if we define B(K, a) = sup{a~12|7{*)(2)| :
2 € K,a > ag}, then the asymptotic formula (9) yields that the inequality (16)
will be satisfied when z € K,a > ap and k = 1. m

As a corollary of (15) we have that

(a+1)af(2)
(14 oS (z))s+1’

A1) pGh(a2) = (e 2) + k=1,23,....

From the asymptotic formula (10) it follows, that 9?{0.(.")(3)} > 0 and
therefore |1 + o,(.")(z)l > 1 when z € K and @ > aqyo.

If we define C(K,a) = sup{a'/}(1 4+ a~V)|o{(2)| : z € K,a > ao},
then (17) gives that I(,og_)l(a; 2)| < |<p£.°')(a; z)|+ Ca'/?,(z € K,a > ap) and the
validity of the inequality (15) when z € K,a > ap and k = 1,2,3,... can be
proved by induction.

Lemma 4. Lel us define

(18) L) (z3u) = log F{(z;u) + o§(a; 2)u?/2.
Then the inequality
(19) IL)(z30)] < (B + C)a?uP(1 - |u)™

holds when z € K,a > ag and |u| < 1.
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Proof. Since |u| < 1 and moreover, |1 + a‘(,“)(z)l > 1 when z € K and
a > ag, we have the expansion

log F,f"’)(z; 1) = (e + «)log(1l + u) — -r,f"‘)(z)u —(a+ 1)log(1+ (1 + a'(l")(z)—lu)
= (=D e o (=1)k-1yk
=(e+a —u" =Y u—-(a+1 _
); & ( )gk(lw.‘."’(z))k

Since ré“)(z) is a root of the equation (8), the coeflicient of « is equal to
zero and in view of (15) we have that

" oo —1)*-1 » ]
(20) log F{®)(2)(2;u) = —gog )(a; 2)u?/2 + E -(-—%—q:(k )(a; z)uk.
k=3

Then the inequalities (15) give that

{a) 1ol (a;2)],
FARERNES) —_—I. |l
k=3

o0 oo}
< D KHB+(k=1)C)a'lul* < (B +C)a?ul Y Jul*.
k=3 k=0

Lemma 5. If Ra > 1, then
(22) F{)(z;u) = Ofexp(—2"/%a'/?u?[2)}

uniformly with respect to z € K and |u| < 1 when a tends to infinity.

Proof. It was mentioned, that |1+ a,(,")(z)| > 1 when z € K and e > ag.
Therefore R{(1 +a,(,“)(z))"‘} <lwhenze€ K,a>apand k=1,2,3,.... Since
Ra > 1, from (15) it follows that 82{¢£°)(a;z)} > 0 when z € K,a > ag and
k=1,23,...

Suppose that —1 < u < 0. Then (20) yields that

X (—u)k
R{log F{(zu) + ¢§ ) (a; zyu?/2} = = 3 (—Z—)‘R{wf) (a;2)} <0
k=3

provided that 2 € K and a > ag. Therefore,

(22) F{(z;u) = O{exp(—¢$(a; 2)u?/2)} -
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uniformly with respect to z and u € (—1,0] when a tends to infinity. But the
asymptotic formula (10) gives that

(23) o) (a5 2) = 221212 4 O(1)

uniformly with respect to z € K when a tends to infinity and thus (21) is verified
when —1 < u <0.

Let 0 < u < 1. Then as a corollary of the equality

(1+ u)*Lexp(-7{?(2)u)
(1= o621 + ol (2))1u(L + u)=1)H

we obtain that the representation

F(zi0) =

log F{®)(z;u) = (a — 1) log(1 + u) — 7{)(2)u

+(a + 1) log(1 = a{(2)(1 + o{)(2)) " u(l + w)™")
= (a—1)log(1 +u) = 7{*N(2)u + (a + 1)o{®(2)(1 + o{)(2)) u(1 4+ w) ' + O(1)
holds uniformly when 2 € K,a > ag and 0 < u < 1. Then the asymptotic
formulas (9) and (10) give that log F\*)(z;u) = —21/241/2 +212¢) 2y(14u)"1 +
0(1) = =224} /2u?(14+u)~1 +0(1) = O(—='/2a!/?u?/2) uniformly with respect
to 2 € K and u € [0,1) when a tends to infinity.

3. Now we are ready to prove the valididty of (7)..At first we will show
that under the assumption ®a > 1 we have already made, the following equality

(24) Jim 4{)(z) = vz

holds uniformly with respect to z on any compact subset of the region C \
(—00,0]. This will be the fact if we show that

00
(25) lim A{®)(z) =2 / exp(—2/%?) dt
a—+00 0
uniformly on K. Indeed, if 2 = 2 > 0, then
(e o] (e o] 1
/ exp(—z'/%?) dt = a:"ll“/ exp(—t?)dt = 4&'”1/‘.
(i}

0

But the integral on the right-hand side of (25) is uniformly convergent
on each compact subset of the region C \ (—o00,0] i.e. it defines a holomorphic
function there. Therefore the validity of the equality (24) is a corollary of the
identity theorem for holomorphic functions. . :
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Let ¢ > 0 and Tp = To(K,€) > 0 be choosen so that
(26) / lexp(—='7%12/2)| dt < ¢
1t[>To

IFurther, whatever 77 > 0 be, we have that lim,_ .I”,S")(:;a"‘/"l) =
exp(—z'7212) uniformly with respect to z € K and |t] < T. This is a corollary
of (18). Indeed, rom one hand the asymptotic formula (23) gives that

Jim @f7 (a5 2) (@R 2 = -2

uniformly with respect toz € K and |t] £ T. From the other hand the inequality
(19) yiclds that ILf,")(z;a"‘/“t)l < (B+C)T3(1- u;]/d’l’)a“/" uniformly when
z € K, |t| < T and a > ap provided that ag is choosen so that Mp <.,
Let ap be so large that the inequality
€
2T,

holds when z € K,|t| < Tp and @ > ag. Further Lemma 5 gives that there

existst a constants Q = Q(K,a) > 0 such that the inequality
(28) | F{ (250 )| < Q| exp(—z%1%/2)|

(27) | F$) (250~ ) - exp(—2'/21%)| <

holds uniformly when z € K, |t| < ¢}/ and @ > ap.
As a corollary of (26), (27) and (28) we have that

(e <]
IA,(,"‘)(z) - / exp(-—zl/zt2)tlt| < / |F,f°’)(z; u‘]/"t) —exp(—:-:'/'zl.?)l(lt
|tI<To

-0
+/ | () (z; (1'1/"t)|(lt+/ | exp(—z'/262)| dt
Tt/ [1>To

<e+Q | exp(—2'/24%/2)| dt + / lexp(=='721%)| dt < (Q + 2)e.
1t12To [t12To

Now we are going to prove that if Rea > 1, then

(o]
lim R()(z) = lim / , F(za~ ydt =0
alls

a—+00

uniformly with respect to z on any compact subset of the region C\ (—00,0]. To
that end we will use the following representation of R (2), which is a corollary
of (14), namely

(29) R(™(2) = a*exp{r{(2)}(1 + o{D(2))* 1)),
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where

. o [CErexp(==))
(30) Ig )(Z) - ./2 (t+ 6.“)( z))e+l

Since :h{a(“)( z)} > 0 when z € K and a > ag, we have that
R \)
1| < [T Bt enn—gn ar,
2

where £(z) = R{r{*(2)}.
We change ¢ by (££)(z))~¢ and thus obtain the inequality

31) 02| < 6N [ Bt ep(-0d,

264 (z2)

If k is a positive integer such that & > R, then after integration by parts
we come to the equality

= k
Le oy P xRt = exp(=2€{(2) 3 CAHE Y
2£aa z

s=1

o0
+ /2£ (@ )t“""‘ exp(—1) dt,
a (2

where C,t')(s =1,2,3,...,k) are constants not depending on « and z.
I'rom the above equality it follows that

(32) /2 P UL O{(66)(=))* " exp(~267)(2)) }

uniformly with respect to z on & when a tends to infinity.
There exists a positive constant D = D(IK,a) such that the inequality

E(a)(z) > Dal/? holds when z € K and @ > ag. Then as a corollary of (31) and
(32) we obtain that

(33) I$(2) = O(a= V2 exp(-22'/2a/?))

uniformly on K when « tends to infinity.
Since exp(ri?(z))(1 + a(‘")(z))“"'l O(exp(22'/2a1/2)) uniformly on I
when a tends to infinity, from (29), (30) and (33) it follows that

(34) R(®)(z) = O(a™')
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uniformly on K when « tends to infinity .
In view of (24) and (34) we can write that

(35) AL (2) + R(2) = Va1 4 p{)(2)},

where limg—oo p{*(2) = 0 uniformly on K.
Further (9) and (10) give that if z € K and @ > «ag, then the following
representations

(36) {r{i)(2)}* = 222 {1 + w{*)(2)}
and
(37)  exp(=7{M(2))(1 + 0{(2))™* ! = exp(2/2 — 2z'/%a!/?) {1 + (I (2)}

hold and moreover lim,—, o0 w‘(f') {2) =lmy—oo n.(,a)(z) = 0 uniformly with respect

toze K.

Then as a corollary of (6), (13), (35), (36) and (37) we have that the
equality p{™(2) = 14+w{% (2)+98"(2)+07 (2) +w{ ()0l (2) +087(2)p (=) +
wi®(2)p!(2)+wl? (2)n{®)(2)p{)(z) holds when z € K and a > ao and therefore
lima—co #{*)(2) = 0 uniformly on K.

So far, the main statement of the paper, namely the validity of equality
(7) uniformly on every compact subset of the region C\ (-0, 0] is proved when
Ra > 1. In order to prove that (6) holds for each a € C\ (—o00,—1] we use the
relation (a + a + 1)¥((z) = w)(z) - (¥ (2)}, which is a corollary of
(5). Indeed,

@y = (o) [ Eo0C

B / T oo exp(-t)d{(z 4+ 1)) = ~(a+a+ 1)UI(2) + ¥EH(z),
0

dt
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