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The present paper deals with a study of a two variables analogue of Bessel poly-
nomials. Certain integral representations, a Schlifli’s contour integral, a fractional integral,
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1. Introduction

In 1949 Krall and Frink [11] initiated a study of what they called Bessel
polynomials. In their terminology the simple Bessel polynomial is

(1.1) Ya(2) = 2Fo[-n, 1+ n; = - 5],
and the generalized one is
(1.2) " Ya(a,b,2) = 2 Fo[—n,a— 1+ n;—; —%].

These polynomials were introduced by them in connection with the so-
lution of the wave equation in spherical coordinates. They are the polynomial
solutions of the differential equation

(1.3) 2?y"(2) + (az + b)y'(z) = n(n + a — Ny(=),
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where n is a positive integer and a and b are arbitrary parameters. These
polynomials are orthogonal on the unit circle with respect to the weight function

(1.4) p(z,a) = 511-; Zo I‘—(-a_I-;-(%):_l—)(—g)n’

Several authors including Agarwal [1], Al-Salam [2], Brafman (3], Burch-
nall [4], Carlitz [5], Chatterjea [6], Dickinson [7], Eweida [9], Grosswald [10],
Rainville [14], and Toscano [18] have contributed to the study of the Bessel

polynomials.-
The aim of the present paper is to introduce a two variables analogue

Y{*#)(z,y) of the Bessel polynomials Y{*)(z) defined by
(1.5) Y((z) = 2 Fo[-n,a+n+ 1;—; —g]
and to obtain certain results involving the two variable Bessel polynomial

Y,S"'p)(:v, Y).

2. The polynomial Y& (z,y)
The Bessel polynomial of two variables Yna’ﬁ)(z, y) is-defined as follows:

(2.1) Y,Sa’ﬁ)(:t, y) = E 2—: (=n)r+s(a+ 7:"*':-')3(,3 +n+ 1)1-(_123'),(_%),..

n=0 s=0

For y = 0, (2.1) reduces to the Bessel polynomial Y,fa)(a:) .

(2.2) Y, (#)(2,0) = Y,{*)(z).

where Y,{*)(z) is defined by (1.5).
Similarly,

(2.3) Y(=A)(0,y) = Y, )(y).
Also, for @« = —n — 1, we have

(24) Y 10)(z,y) = YP)(y).
Similarly,

(2.5) Y@= (z,y) = V) (2).



On a Two Variables Analougue of ...

3. Integral representations

67

It is easy to show that the polynomial Y,,(a’ﬁ )(:v,y) has the following

integral representations:

0o foo
1 / / ua+nvﬁ+n(1 4 ﬂ 34 ﬂ)ne—u—vdudv
) 0 2 2

MNa+n+1)I(B+n+1)

(3.1) = Y{*F)(z,y).
For y = 0, (3.1) reduces to

(3.2) Y(@(z) = an(y 4 1"23)"e*“clu.

1 o0
I‘(a+n+1)/0 U

For y =0, @ = a — 2 and z replaced by 2%, (3.1) becomes

(3.3) Y.(a,b,2) = fo=2n(] 4 ‘%t)"e-'dt

1 (o]
I‘(a—1+n)/0

a result due to Agarwal [1].

t s
/ / z%(s — x)“’lyp(t - y)"‘lY,f""ﬁ)(:c, y)dzdy
o Jo

a+4niB4+n 2
_ s t {T'(n)} Y(a—“’ﬁ_n)(:t,t),

(3.4) =T DB+

11
/ / w1 — u)* 1A (1 - v)* Y0P (zu, y)dudy =
o Jo

(3.5)
L(NLOTNT () p:az2 [—n; at+n+l, 7 PB+n+l, A 2T
T(y+&P(A+p) ~B -  v+686 Aty 2’

1 1
/ / u""l(l _ u)ﬁ-—lv)‘—l(l _ v)“_lY,S"'m(z(l —u),yv)dudv =
0 Jo

(3.6)
I‘('Y)F(‘s)r(’\)r(/—‘)Fl:Z;? [‘7"; at+n+l, 6; B+n+1, X _z
T(y+ 6)T(A+p) "~

-1 r+E Aty 2%

aik

)
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11
/ / w1 - w) M1 - v)“"Y,f""ﬂ)(:vu, y(1 - v))dudv =
o Jo

(3.7)
T(LETAT(K) pr:22 [—n; a+n+l, v B+nt+l,
T(3+ 6)T(A + ) Rl v+ 6 A+ p;

1 g1
/ / w1 - w) (1 - v)“'lY,f""ﬁ)(z(l —u),y(1—v))dudv =
o Jo :

X

-3~

Y

_],

2

(3.8)
P(7)L(OLNT() pr:2i2 [—n; a+n+l, & PB+n+l, Xz _g]

T(7 + 6)L(A + ) 7+$6 Aty

Particular Cases:

Some interesting particular cases of the above results are as follows:

(i) Taking vy = @+ 1, A=+ 1,8 = p = nin (3.5), we obtain

1 g1
/ / uw*(1 - w)" 1oP(1 - v)""lY,S“'ﬁ)(a:u, yv)dudv
o Jo

. {r(n)}2 (a—n, —n) 2
(3.9) (a+1)n(ﬂ+1)n A=m)(z,y)

which is equivalent to (3.4).
(ii) Taking y=n+1,6=a,A=n+1,p=Fin (3.5), we get

1 1
/ / W(1 = 5)*1o"(1 = 0)P 1Y@ (20, yo)dudy
o Jo

_ (n})? (0,0)
(3°10) - (a)n+1 (ﬂ)n-}-l Yn (91, y)‘

(iii) Replacing y by e —vy+n+1,Aby 8—A+n+1and putting § = 7y

and g = X in (3.5), we get

1 g1
/ / ud=(1 = )7L Mn(1 = p) 1Y) (g, yo)dudy
o Jo

Ma-v+n+1)I()LB-A+n+1)T(})
Ta+n+1)I(B+n+1)

(3.11) = Y e=18=X) (g, ).
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Similar particular cases hold for (3.6), (3.7) and (3.8) also.
Also, using the integral (see Erdélyi et al. [8], vol I, p.14),

(0+4)
(3.12) 2isint 2I(2) = —/ (—t)* e tdt
and the fact that
n_ = ( n)r+sy T°
(3'13) (1 - - y) - g SE—; T' 8' ]

we can easily derive the following integral representations for Y,Sa’ﬂ )(a:, y):

(04+) (04)
/ / (—w)™ Y (—o)P e (1 + T2+ L) dudy

(3.14) = 4sinra sin7f I(a+n+ 1)T(B + n + 1)Y, )z, y),
sinta sinwtf I'(l1+a+2)[(1+8+n) /°° /°° u—e=n—1,=B-n—1,-u=v
x2
(3.15) Y<“-ﬁ)(2‘” 2y 2 dudo = (1~ 2 y)".

4. Schlafli’s contour integral
It is easy to show that

©) o)
[ uemetnento - 2 - Lynua

(4.1) = —4sinma sin7B I(1+a+n)I(1+ 8+ n)Y (> (z,y).

Proof of (4.1): We have

(0+) r(04)
—(2:2,)2 / / u°‘+"'vﬁ+"e“+"(1 - :1:2_u - %)"dudv
-0 o0 :

- -00

r! sl
r=0 s=0
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n (e
= E E r! SIl(—a— n+— -:)r(iﬂ -n—r)

using Hankel’s formula (see A. Erdélyi et al. (8], 1.6 (2))

r=0 s=0

1 1 (04) ,
(4.2) r—(5 = -2—7|'—1, ett zdt.

Finally, (4.1) follows from (2.1) after using the result

(4.3) I'(z)[(1 — z) = m cosecrz.

5. Fractional integrals

Let L denote the linear space of (equivalent classes of) complex-valued
functions f(z) which are Lebegue-integrabe on [0,a], @ < 0. For f(z) € L and
complex number p with £u > 0, the Riemann-Liouville fractional integral of
order p is defined as (see Prabhakar [12], p.72)

1) )= o / (o — £y~ f(t)dt  for almost all € [0,c]
T(p) Jo
Using the operator I*, Prabhakar [13] obtained the following result for

Ru > 0 and Ra > —1:

T(kn+a+1)

°'+“Z°'+” .

(5.2) Mz Z5 (5 k)] =

where Z2(z; k) is Konhauser’s biorthogonal polynomial.
In an attempt to obtain a result analogous to (5.2) for the polynomial

Yn(a’m(x, y) we first seek a two variable analogue of (5.1).
A two variable analogue of I* may be defined as

B[ f (2 - : yz—u’\_l —v)*7 f(u, v)dudv
63)  PUE= gy fh ) @ T 0T s dude,

Putting f(z,y) = a:°’+""'\yﬁ+""“Y,$“’ﬂ)(x, y) in (5.3), we obtain

Iz\.u[xa+n—«\yl3+n—uyﬂ(a.ﬁ)(x, )]

v
j (z —w)* Yy - v)“"lu°’+""\vp"'""“Y,f"’ﬁ)(u, v)dudv
0

o1 z
=rmuml
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xa+nyﬁ+n

~ TOOT(w)
(by putting v = 2t and v = yw)

1 g1
/ / 1- t)’\"'l(l - w)""lt"‘"‘""\wﬁ“""‘“Yn(""ﬂ)(a:t, yw)dtdw
o Jo

1

_ atn pin NN CPrps (@ = At n4 14 )(B—ptntl+r7)
DI !l sID(1+a+n)(1+0+n)

x (=3)(=5)"-

r=0 s=0

We thus arrive at
I)"“[a:""‘"‘"’\yﬁ"'”“‘Yn("'ﬂ)( z, y)]

gotnyB+rT(a - A+n+ DB —p+n+1)

Y(a_’\vﬂ_l‘) 1
Tlatn+ DI(B+n+1) n (@,9)

(54) =

6. Laplace transform

In the usual notation the Laplace transform is given by
(6.1) L{f(t) : s} = / e=*t f(t)dt, R(s—a)> 0,
(]

where f € L(0, R) for every R > 0 and f(t) = O(e*), t — oo.
Using (6.1) Srivastava [16] proved

L{tPZ2(zt; k) : s}

(6.2)

_(a+DiaI(B+1) -n, A(k,B+1); T,
- sB+1ip! k1 F [ A(k,a+1); (Z) ] s

provided that R(s) > 0 and (8 > 1.
In an attempt to obtain a result analogous to (6.2) for ) Al )(:c,y) we
take a two variable analogue of (6.1) as follows:

(6.3) L{f(u,v): 81,82} = /ooo /ooo e~ f1uT2Y f(y v)dudv.

Now, we have

2z 2
—a-n—-1, —f-n-1y (a,8) Yy.
L{u v Y, (_usl 5 1,82) : 81,82}
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7r28a+n ﬁ+ﬂ

= sinra sin 3 I‘(a+n+ NI'B+n+ 1)(

(6.4) —z—y)"

Similarly, we obtain

:z:usl Yyvsa )

L{u"‘"’" ﬁ+"(1 + — + 2 B 81,82}

I‘ a+n+1)IB+n+1)  (a,
(65) R g e)

7. Generating functions

Ahmad

It is easy to derive the following generating functions for ) A )(:z:, Y):

(o]

(7.1) Z

0

Yo (@, y) = (1 - )71 - )P,

§|‘*

3 Lyl )(a,y)
n.

0

(12) =Q- 2wt)"'5‘[1—;—\/f—__—2—;1“[1 1T ,/———ﬁt- ozl

o i B)
Z;!.Yn(a—n' (z,9)

0

2t

—ﬁ—le 1+v1—2z¢t

’

-1 xt —a— 2 3
(7.3) = (1-2yt)73[1 - m—ﬁ] l[w——_ﬁ—?]ﬁe +VI-HT,

oo

yt

" (a=2 B-n _ xt Yt g1 52
(74) D SYETI(a,y) = (14 F) L = gl e,

0

:

A )
(75) 3 Dwenen(e,y) = (1 - g 1 G)ert,
0
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oo

ky/(a,k—n) — (oy—n) (., Y
(7.6) DA ) = K e ),
| Zoo by (b=nB) (g 4) = —L_y(-n

0

Using (3.1) we can also derive the following results:

oo

S E y ke, )

0
(7.8) m/ / °'+"(1+ yv)n ~4=Y Jo(2V/Av)dudv,
Z( )
—.—1.._._.‘00 ooﬁﬂ TU | YV\n —u—v
(7.9) _I‘(ﬂ+n+1)_/o /o (14 4 Loyremv=0 go(2v/Ru)dudv,
f:(_l)k,\w:Yn(aﬂk—n)(z’ y)
0

(7.10) mﬁ/ / utn(1+ 22 4 2)"e ™" cos Avdudv,

o5 .
Z(_ l)k,\2kY'$2k—n,ﬂ)(x, y)
0

— ﬁ+ﬂ yv n_ —u—v
(7.11) 1‘([3 + Y / / (1 +2= ) cos Aududv,

Z( . l)k,\2k+l Y’Sa,2k+1—n)(z, y)
0

(7.12) m / / a+n(1 + yv )"e"“'” sin Avdudv,
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Z(_l)kA2k+1Y's2k+l—n,ﬁ)(w, y)
0

(7.13) I‘_(m_l_) / / Pl 4 on g &2 )"e_"_ sin Aududv.

8. Double generating functions

The following double generating functions for y{eP )(m, y) can easily be
derived by using (3.1):

3 SN (R )

m=0 k=0
1 - y
’ —————Yn ™
G Faena+e TR TR

Z Z ( ’:}1' (k'p') Y’Sm—n,k—n)(w,y)

m=0 k=0

(8.2) /O - /0 T4 —+ )" e~ Jo(2V/Au) Jo(2/fiv) dudv,

Z E( 1)m+k,\2m#2kY'£2m—ﬂ,2k—n)(:v’ y)

m=0 k=0

(o<} (o] y
(8.3) = / / (1 + badbid + )" ~%7Y cos Au cos pivdudv,
o Jo

i i(_ 1)m+k’\2m+ll‘2kyn(2m+l-n,2k—n)(a:, y)

m=0 k=0

(8.4) / (1 + 2 )" e~ """ sin Au cos pvdudv,
o Jo

Z Z( 1)m+k’\2m“2k+1 Y'S2m—n,2k+1—n) (:B, y)
m=0 k=0
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(oo} [e o]
(8.5) = / / (1+ a;_u + %E)"e'“'" cos Au sin pvdudv,
o Jo
o0 (o o]
Z Z(_ 1)m+kA2m+1#2k+1 Y'S2m+l—n,2k+l—n) (22, y)
m=0 k=0
(o o] oo
(8.6) = / / 1+ % + y2—v)“e_“"’ sin Au sin pvdudv.
o Jo
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