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In the present paper, we study analytic properties of the paraholomorphic projective
curvature tensor P of a para-Kahlerian manifold (M, J, g). The main result can be formulated
in the following way: (i) The manifold (M, J, g) is paraholomorphic projective semi-symmetric
(R - P = 0) if and only if it is semi-symmetric (R - R = 0); (ii) Let dim M = 2n 2> 4. If
the manifold (M, J,g) is of recurrent paraholomorphic projective curvature (VP =9¢¥Q®P,
P # 0), then it is of recurrent curvature (precisely, VR = ¢ ® R, R # 0). If the manifold
(M, J,g) is of recurrent curvature, then it is projectively flat or of recurrent paraholomorphic
projective curvature. (iii) The manifold (M, J, g) has parallel paraholomorphic projective cur-
vature (VP = 0) if and only if it is locally symmetric (VR = 0). Examples of para-Kahlerian
manifolds with recurrent curvature are discussed and a new example is constructed. These
examples are also semi-symmetric.
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1. Introduction

By a para-Kéhlerian manifold we mean a triple (M, J, g) (see e.g. (3], [4]),
where M is a connected differentiable manifold of dimension m = 2n, J = (J ,') 18
a (1,1)-tensor field and g = (gi;) is a pseudo-Riemannian metric on M satisfying

the conditions
1) (o) LI} =8, () giad] +9iadi’ =0, (e) ViJj =0,

where V is the Levi-Civita connection of g.

Let (M, J, g) be a para-Kihlerian manifold. Denote by R = (Rhi;*), S =
(Si;) and r the the Riemann-Christoffel curvature tensor, the Ricci curvature
tensor and the scalar curvature, respectively. We assume the folowing convention
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Si;j = Rqi;* and r = g**Sg,. Since J is parallel, the curvature tensor must satisfy

the relation
Rkj,'an - Rkjath = 0.

As it is well-known (see e.g. [2], [9]), this implies the following additional sym-
metry properties of the curvature tensors

RapjkJfJ? = —Rpije,  Raiidft = Ranjedfs
(2) T Raijy = Siad?,  JURabij = —25iaJ},
S,'aJ; = —85j.J¢, SabeJJI? = —Sij.
where J¥ = J(';g“j and Rhijr = Rpij®gsk-

Recall that the paraholomorphic projective curvature (1,3)-tensor field
P of (M, J,g) is defined in the following manner (see [9], [10])

1
2(n+1)
+ Sia 3T = Snad3TE = 2810 J3TE).

(3) P,"-jk = R,"'jk (53.76”; = Sh]&f

As it is proved in the cited papers, this tensor has strong geometric meaning.
Namely, tensor P is an invariant of the paraholomorphic projective transfor-
mations; and for a para-Kéhlerian manifold of dimension 2n > 4, the following
conditions are equivalent: (a) P = 0, i.e. the manifold is paraholomorphically
projectively flat; (b) the manifold is of constant paraholomorphic sectional cur-
vature; (c) the manifold admits paraholomorphic free mobility; (d) the manifold
satisfies the axiom of paraholomorphic planes. If dim M = 2, then P = 0..

2. The recurrence of the curvature

A psudo-Riemannian manifold is said to be of recurrent curvature, if it
is non flat and its curvature tensor satisfies the condition

(4) Vs Rhijk = psRhijk

where ¢ = (g;) is a 1-form, which is called the recurrence form (cf. e.g. [7], [13],
[11]). Note that by the famous Wong’s theorem ([14], Theorem 3.8, see also [15]),
for a pseudo-Riemannian manifold of recurrent curvature, the curvature tensor
does not vanish everywhere on the manifold. The non flat, locally symmetric
manifolds form a special subclass of the class of pseudo-Riemannain manifolds
of recurrent curvature (we have (4) with ¢ = 0). For symmetric para-Kéhlerian
manifolds, one should see [6]; locally symmetric para-Kahlerian manifolds were
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studied in [8]. The local classification of pseudo-Riemannian spaces of recurrent
curvature which are not locally symmetric can be found in [13], [11].
We shall list certain examples of para-Kahlerian manifolds of recurrent

curvature. They are not locally symmetric in general.

Example 1. Any 2-dimensional para-Kéhlerian manifold with non-
vanishing Gauss curvature everywhere is of recurrent curvature since so is any
2-dimensional pseudo-Riemannian manifold with nonvanishing Gauss curvature

everywhere.

Example 2. Let M be an open connected subset of R* and denote
by (z!,22,23,21) the Cartesian coordinates in R*. Let P be a function on M
depending on 2!, 22 only and such that a_?%;)% # 0 everywhere on M. The metric
g defined on M by

P100O0
1000
ol =10 0 0 1
0010
is of recurrent curvature (cf. [13],p. 42-43; [11]). Define also the (1,1)-tensor

field J on M by
a 0 b 0
q_| —aP -a —3bP —c
731 = c 0 —-a O
—3P -b O a

(the upper index indicates the raw number of the matrix), where a,b,c are
constants such that a? + bc = 1. It is a straighforward verification that J and g
fulfil conditions (1a), (1b), so that (J,g) is an almost para-Hermitian structure
on M. Moreover, since the only non-zero Christoffel symbols of the metric g are

as follows
, 19P _, 18P , _19P
Th=3g =735 8720

one can immediately check that (1c) is also fulifilled. Thus, (J,g) becomes a
para-Kahlerian structure on M.

Example 3. Let (Mj,J1,91) be a 2-dimensional para-Kihlerian mani-
fold with nonvanishing Gauss curvature everywhere or the para-Kahlerian man-
ifold from Example 2. Let (R2™, Jo, go) be the pseudo-Euclidean space of sig-
nature (m,m) endowed with the standard flat para-Kéherian structure. Then

the product para-Kéihlerian manifold (M = My x R™,J1 X Jo, 01 X go) is also
of recurrent curvature.
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8. The recurrence of the paraholomorhic projective curvature

For an (0, k)-tensor field T' on a pseudo-Riemannian manifold, define the
(0, k + 2)-tensor field R - T by the condition

(5) (R Timiyizgi = ViV Tiyig.ciie = VinViTisiy i

= — Rimi,*Taigip — ** * = Rimiy*Tiria..im—sa-

In the above, the second equality is in fact the famous Ricci identity.
A pseudo-Riemanian manifold is said to be semi-symmetric if its curva-
ture tensor satisfies the condition (see [12], [1])

(6) R-R=0.

Clearly, any (locally) symmetric para-Kahlerian manifold is semi-symmetric.
Note also that recurrence of the curvature always implies semi-symmetry [13],
[11]. ’

In the sequel, we rather use the paraholomorphic projective curvature
(0,4)-tensor (with local components Phijr = Phij*gsk)- Thus by (3), we have

1
(7 Priji = Rnije — Ant D) (Sijghk — Shigik
= Siad$ Tk + Shad3 Tik + 25had8 i)

where J;; = gia JP (= —Jji).
Generalizing condition (6), let us call a para-Kahlerian manifold to be
paraholomorphic projective semi-symmetric if

¢)) R-P=0.

Using (5) and (7), for the paraholomorphic projective curvature tensor
P, we obtain

1
(9) (R P)imniji = (R R)imnijk — m((ll * 8)imiiGhk
= (R - 8)imhigik = (R + Shmiad5 Ini
+ (R - S)imnad; Jir + 2(R - 8)imhad;’ Jj/.-) .

'I_,et Q be the contracted tensor P, i.e., Qur = g"° Pprsi. Contracting (7)
with g%, we have

(10) Qnr = 2(—nl_T_—1—)(2nShk — gk
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Using definition (5) and (10), we find

(11) . (R Q)tmnk = n—1_:_—I(R . S)lmhk'-

Theorem 1. A parfz-Kd’lzlerian manifold (M, J, g) is paraholomorphic
projective semi-symmelric if and only if it is semi-symmetric.

Proof. It is obvious, that if R- R = 0, then R-S = 0, and consequently
R-P = 0 by (9). That is, the semi-symmetry always implies the paraholomorphic
projective semi-symmetry. To prove the converse, note that we have in general

9 (R - P)imnije = (R Q)imhk-
Thus, assuming (8), one gets R - Q@ = 0. This, by virtue of (11), gives also

R - S = 0. Finally, from (9) it follows (6). i

Theorem 2. Let (M,J,g) be a para-Kaihlerian manifold. If the para-
holomorphic projective curvature tensor P of (M, J,g) does not vanish at each
point of M and satisfies the condition

(12) (R - P)imnijk = Otm Phijk,

0 = (6;;) being an antisymmetric (0,2)-tensor field, then 8 = 0. Morcover, the
manifold is semi-symeltric.

Proof. Contracting (12) with g*/, we obtain
(13) (R - Q)imhk = Otm Q-

Moreover, from (11) and (13), we derive

n+
n

1
Otm Qhk-

(14) (R~ S)imnk =
Relations (12) and (14) applied to (9) enable us to find the following
(15) (R - R)tmhijk = OtmThijks

where we have used the tensor T' = (T}ijx) defined by the relation

1
(16) Thijk = Phijk + '2—n'(Qijghk — Qnjgik

- QiaJ 3 Ink + Qnad} Jik + 2QnaJi Ik )-
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We shall use the following curvature identity
(17) (R - R)tmnijk + (R - R)pijeim + (R - R)jrimni = 0,

which is valid for arbitrary Riemannian as well as pseudo-Riemannian manifolds
(cf. [11], p. 153). Applying (15) into (17), we derive

(18) Ot Thijr + OniTjktm + Ok Limni = 0.

It is a straightforward verification that if we substitute (7) and (10) into (16),
then we can rewrite tensor 7" in the following way

T
(19) Thijk = Raijk — m(gijghk = gnigir — JijInk + InjJik + 2JniJjk)-

Evidently, by (19), the following relation holds good
(20) Thijk = Tjkhi-

Note that under our assumptions, tensor 7' # 0 at every point of the manifold
(in fact, at any point p € M, T(p) = 0 always implies P(p) = 0).

Now, we need to use the following Walker’s algebraic lemma (see [11], p.
153): If ang, by are numbers satisfying

(21) Qop = GBay agybo + ayabp + agpby =0

for a, 3,7 = 1,2,..., N, then either all the a,g are zero or all the b, are zero.

Equations (20) and (18) are of the form (21) when suffixes «, 3,7 are
replaced by pairs hi,jk,Im. By the above Walker’s lemma, 6;,, = 0. Thus,
R - P = 0, which in view of the previous theorem gives the semi-symmetry of
our manifold. =

A para-Kihlerian manifold will be said of recurrent paraholomorphic
projective curvature if its paraholomorphic projective curvature tensor P is non
identically zero and satisfies the condition

(22) Vo Prijk = YaPhij

for a certain 1-form ¢ = (t;) called the recurrence form. Note that by the
previously cited Wong’s theorem, for a para-Kihlerian manifold of recurrent
paraholomorphic projective curvature, the tensor P does not vanish everywhere

on the manifold.
Corollary. The recurrence form of any para-Kdihlerian manifold of re-

current paraholomorphic projective curvature is closed. Moreover, the manifold
is semi-symmetric.
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Proof. Note that condition (22) implies (12) with & given by
0;; = Viv; — V.
By Theorem 2, the manifold is semi-symmetric and & = 0. Consequently V;1); —
V;¥; = 0, which means the recurrence form % is closed. n

Theorem 3. Let (M,J,g) be a para-Kdihlerian manifold of dimension

2n > 4.
(i) If (M, J,g) is of recurrent curvature, then it is projectively flat or of
recurrent paraholomorphic projective curvature with the same recurrence form.
(i) If (M, J, g) is of recurrent paraholomorphic projective curvature, then
it is of recurrent curvature with the same recurrence form.

Proof. (i) Assume that R is non-zero and satisfies (4). Then also
V,Si; = psSij. Covariant differentiation of tensor P and using these two rela-
tions and (7), we find (22) with ¢ as the recurrence form. Now, we have two
possibilities: P is identically zero or non-zero. This completes the proof of the

first part of our theorem.
(i%) Assume that P is non-zero and satisfies (22). At first, rewrite (22)

with the help (7) in the following manner
1
(23)  V,Rpijx = YsBRpiji + ) ((Vasij — 5555 )9hk
- (Vashj - "/’ashj)gik - (Vasia - '/’aSia)J;Jhk
- (VaSta = BaSha) it + 2(VaSha — YaSha) T2t
Next, contracting (23) with ¢*/, we find the relation

1
VsShk — YsShk = fj;(vsr - "ybar).(lhk’

which applied in (23) gives
(24)  V,Ruiji = $oRuijic + Es(gnrgi; — Gikgni — JiiIuk + InjJik + 2Jnidjk)s,

with
1

f, = m(v,‘l‘ - '(/J,T).

Because of (24), we have

(25)  (VpRrijk)Rhsm = YpRrijkRism + Ep(Bikhsm9ij — RjnsmYik
- RrhamJi:Jij + erumJ;Jik + 2Rr’um']{"jk)-
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As we already know, by Corollary 3, our manifold is semi-symmetric. Thus, by
the famous Ricci’s identity (see (5)), we have

(26) Ryijk Ry g + Rirjk Rigm + Rhuirk Rm + Rhijr Rigm, = 0.
Covariant differentiation of (26) yields
(27) (VPR"'J'k)R;‘um + (VpRrham)R:'.jk + (VPRf'lkj)R:"am
+ (VpRriom) Ryij + (VpRrkni) Rp + (VpRrjom)Rin;
+ (VoRrjin) Rigm + (VpRrkem ) Rjip = 0. ‘
By applying (25) into (27) and using again (26), we get
Ep(Rmijkghs — Rsijkghm + Rmhkjgis — RshkjGim + Rmknibis
—Roknigim + Rmjingrks — RajinGkm — RrijkImJIns — RenkjJmJis
—RypnidinJjs — RrjindimJks + Reijeds Jnm + RenkjJg Jim
+Rokhids Jim + Rejindy Jim + 2Rrijedf Jsm + 2Rehk; J7 Jom
+2RrkhiJ;Jam + 2Rrjth;Jam) =0
Contracting the last relation with g”*, we find
&(2(n + 1) Rmijk + Rmikj + Rmkji + Rmjik + Skigim — SiiGkm
+ Rraij:;.J? + RraijruJim - eraiJ;;J; - eraiJranm + RjraiJ:;;JI?
+ Rjraid ™ Jim + 2RrakiJT Jp, — 2Rkraid] I, + 2RjraiJiI ) = 0
This, with the help of (2) and the first Bianchi identity, after certain long but
standard computations, can be simplified to the form
&p(2(n + 1) Ricjim — Siigkm + Skigjm + Sird] Jkm — Ske ] Jjm
=251rdjJim) =0

which in view of (7) can be written as
2(n + 1)& Prjim = 0.

Hence, since P is non-zero everywhere, it follows &, = 0. Finally, using (24) and
& = 0, we get (4) with % as the recurrence form. To be the assertion complete,
it is sufficient to note that R is non-zero since so is P. »

R e m a r k. In Theorem 3, part (z), the projectively flatness can hapen
only if the para-Kihlerian manifold is locally symmetric. Indeed, paraholomor-
phic projectively flat para-Kéihlerian manifolds of dimension > 4 are always
locally symmetric, cf. [5].



On Para-Kihlerian Manifolds with Recurrent ... 175

As an immediate consequence of Theorem 3, we obtain:

Theorem 4. A para-Kdihlerian manifold of dimension 2n > 4 has par-
allel paraholomorphic projective curvalure if and only if il is locally symmetric.

Acknowledgment. The author wishes to express her gratitudes to Prof.
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