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By ‘Colombeau product of distributions’ is meant the product of some distributions
as they arc embedded in Colombeau algebra, whenever the result can be evaluated in terms
of distributions again. This paper, being a continuation of [3], is dcvoted to some further
results on particular products in the Colombeau algebra for distributions with coinciding point
singularities. Following a known result of Mikushinski, we also study in dimension one a variety
of sums of distributional products existing as Colombeau product.

AMS Subj. Classification: 46F10
Key Words: multiplication of Schwartz distributions, Colombeau generalized func-
tions, Mikushinski products

1. Introduction and basic definitions

The differential C-algebra G of generalized functions of J.-I'. Colombeau
[2] contains the distribution space D' and has a notion of ‘association’, that
generalizes the equality of distributions. This is particularly useful for the eval-
uation of some products of distributions — as they are embedded in G — in terms
of distributions again. Here we establish a result on the Colombeau product
concerning functions having discontinuity at a point.

The following well known result in dimension one was obtained by Mikushin-

ski in [10]:
(1) a7 l.27! — 726%(2) = =72, z€R.

Here, none of the products on the left-hand side exists, yet their sum can be
given a meaning in D’. Another formula of that type in dimension one - in a
nonstandard approach to distribution theory — was given in [12]:

(2) H.8'(z) + 63%(z) = &'(z) /2
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H denotes here the Heaviside function, and ‘=’ stands for equality up to an
infinitesimal quantity; which can be thought of as a nonstandard analogue of
Colombeau association.

In the same vein, we will derive formulas in dimension one, where the
individual summands do not have associated distribution, yet their sum consid-
ered as a single entity admits such a distribution. We think it relevant to name
them ‘products of Mikushinski type’.

Let us now recall the basic definitions of Colombeau algebra G, restricting
ourselves to the one-dimensional case. If Ny stands for the nonnegative integers
and ¢ is in No, we put A,(R) = {¢(z) € D : [R 2ip(x)dz = §pj for 0< j < g,
where 8o = 1,80; = 0 for j > 0}. We denote ¢, = e~ p(c1z) for p € Ay(R)
and ¢ > 0. Now let &[R] be the C-algebra of functions f(¢,z): Ao(R) xR —
C that are C'-differentiable with respect to x by a fixed ‘parameter’ ¢. Each
generalized function of Colombeau is then an element of the quotient algebra
G = Em[R]/ Z[R]. Here the subalgebra Ea[R] and the ideal Z [R] of £a/[R] are
sets of functions f(p,2) € £[R] such that the derivatives 9% f(yp.,a) satisfy
certain asymptotic evaluations, as ¢ — 0 [2]. Similar, yet different schemes of
‘new generalized functions’ were introduced by Antonevich and Radyno [1] and
by Egorov [5].

The algebra G contains the distributions, canonically embedded as a
C-vector subspace by the map i: D' — G : u — @ = [U(p,2z)]. The
representatives here are u(p,z) = (u * @)(z) where ¢(2) = p(—2) and ¢ is
running the set A,4(R).

Now a generalized function f in G is said to admit some u in D' as an
‘associated distribution’, which is denoted by f = u, if f has a representative
f(pe,x) such that for each 9(z) in D there exists g in Np such that, for all

¢(z) in Ag(R),
3) tim [[ (e )(@)iz = (u,9).

This definition is independent of the representative chosen and the distri-
bution associated, if it exists, is unique; the image in G of every distribution is
associated with the latter [11, Ch.3]. The =~-association is thus a generalization
of the equality of distributions.

Then by ‘Colombeau product of distributions’ is meant the product of
some distributions as they are embedded in Colombeau algebra G whenever
the result admits an associated distribution (see [8] for comparison with other
distribution products).



More Colombeau Products of Distributions 193
2. Results on Colombeau product of distributions
In what follows we shall need the next technical lemma.

Lemma 1. For an arbitrary ¢ in Ao(R), i.e. ¢ inD with fR p(t)dt =
1, suppose that suppp C [a,b], for some a,b in R. Then, for any p in Ny, it
holds

' ‘ —1)Pp!
(4) /u ‘P(t)/a (y — t)PP(y) dydt = =1l 12) 1'_

Proof. Consider first the term Jp(t) := fat(y — 1)PoP)(y)dy. On
multiple integrating by parts, we get :

t t
B0 = =0, = [t

a

I

t
0 + p(p—1) / =D (y)(y - 1)’ dy

0+ (-1t [ Co(w)dy = (=1 pJo(0).

a

Further we have, by assumption and the definition of Ag(R),

/ab<p(t) (/:w(y)dy) dt = /ab (/at¢(y)dy)
d(/atw(y)dy)= %i,—(/:w(y)dy)2 b

Combining the two equations obtained, we thus get equation (4). o

We now proceed to the Colombeau product of functions having disconti-
nuity at a point with the Dirac é-function supported at that same point. Namely,
suppose that the function f(z) is continuous for all  in R except at the point
2 = 0, where it has discontinuity of first order, i.e. the values f(04) and f(0-)
exist but, in general, differ from each other. In distribution theory such functions
can not be multiplied with a distribution having singular support that includes
the point # = 0. Nonetheless, the Colombeau products of such functions with
6(2) exists, as shown by the following.

b
/ o(t) Jo(1) dt

a

10
= 5

X

Theorem 1. Let the function f(z) be continuous for all z in R except
at the point 2 = 0, where it has discontinuity of first order. Then the imbedding
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of f(z) in the algebra G(R) satisﬁ:es
(5) Fa).Bz) = 31f(04) + F(0-)] 8(a).

Proof. For an arbitrary ¢ in Ag(R), suppose that supp¢(z) C [a,b] for
some a,b in R. Then the representative of f is given by

Figw) = Urea@=1 [ swe(5E) ar+ 1 L
X ga(y—z b

—zfe
Yav= [ set+ oyt
a
Further, denoting I, := (f(go,,z)cﬁ((p,,x),vb(a:)), we obtain, for each test-
function ¥(z),

f(et + z)p(t) dt.

S

b

-ae

=2 [T v (-2) @ [ I * fet 4 a)pttydt +

€ J—be

Sf(et + 2)p(t) dt]

—$C

b u b
-/ ¢(—au)¢(u)du[/a fet - ) e+ [ f(E(t—"))<P(t)dt],

where the change —x/¢ = u is made. Hence, by assumption, we get
b u b
iml = 90 [ ewdu [50-) [“eyar+ 10 [ oy
b u b u
=90 [(ow au [70-) [“ewar+ 500 [ wyai- 10 [ ot ]
b u
= 4 [0 - 50 [ etwau [ e e+ 104

It is taken into account here that f(e(t — u)) tends to f(04), respectnvely, to
f(0-),ase — 0, whenever t > u, respectively, t < u, as well as that f p(t)dt =
1. Therefore Lemma 1, by p = 0, yields

lim 7, = $(0) [F(0-) = FO)] 5 + F(04) = 5 LF(04) + FO-)] (5, )

which gives equation (5). ]
Remark. By the derivation of (5), we have used no auxiliary re-
quirements on the mollifiers (the regularizing functions) ¢(2), such as to be
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even functions of z, as proceeded in the nonstandard approach to distributions
developed in [12].

Next we recall several results given in [3] and [4] that will be needed
below. The following particular Colombeau products of distributions were ob-
tained in [3]. )

Proposition 1. For an arbitrary p in Ny, let 3?15(3;), ;i and ;'i be the
embeddings in G of the distributions §(*)(z), af = {a? for £>0,=0for <
0} and 2a” = {0 for z > 0,=(-=z)? for x <0)}. Then it holds

o~ T -— 14 ' —~ '
© 506~ PG F )~ B,

Remark. Equations (6) are known in distribution theory, although
being only derived as regularized products by the particular choice of symmetric
mollifiers. The equation

(7) zP 6(P+9)(x) = (_—12p_‘§{)_ii)_!. 6(Q)($) (1),(1 € NO)’

can be shown to hold in D’ [9, §3.3). Now, since z? = 2, + (—1)?z” (p € Ny),
equations (6) are clearly consistent with (7) for ¢ = 0.

The next result was proved in [4].
Proposition 2. For an arbitrary p in N, let z—? and 6(>=1)(2) be the
embeddings in G of the distributions =7 and §(°=1)(z). Then it holds

(8) T 5D(z) ~ —(’21()2;(’1 ;)1,)! 5®=1(z).

Remark. Thislatter equation is derived in [6] and [7] under (different)
additional requirements on the mollifiers as compared with the classical model
product in D' [11, §2.7).

We recall further that the ~s-association is consistent with the C*°-linear
operations and the differentiation: f ~ u implies 9”f ~ d’u and a.f = a.ufor
an arbitrary p in Ny and @ in C*®°(R) [11, §3.10]. However, only a weak variant
of the Leibnitz rule can be applied to the derivative of Colombeau product of
distributions, as shown by the next assertion proved in [4].
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Theorem 2. (a) Let the embeddings of the distributions u and v into
G satisfy u.v = w, where w is in D'. Then it holds
(9) Ju.v + TW.dv~duw.
(b) If moreover . 0v admits as associated distribution some wy in D', then
the Colombeau product Ou.v exists and it holds

(10) du.T ~ dw — w.

Remark. In general, only the sum on the left-hand side of (9) has an
associated distribution, but not the individual summands in it.

3. Distributional products of Mikushinski type

We will now derive several formulas for distributional products, in which
the individual summands do not have associated distribution, yet their sum
considered as a single entity admits such a distribution, or else — products of
Mikushinski type. If we apply the weak Leibnitz rule (9) to Colombeau product
given by equation (8), we obtain the following.

Corollary 1. For an arbitrary p in N, the embeddings in G(R) of the
distributions 2P and §(°)(z) satisfy

(11)  27.50(z) — pa-L.s0-1(z)n @Dt sen (),

2(2p —1)!
In the particular case p = 1, it holds
(12) 71 5i(z) — 72.5(2) ~ -—%6”(.’1:).

Denoting now H := H(-2)(=2%), one easily checks that (z_)' = —H
and (H) = —é. Then the result below follows again on applying the weak
Leibnitz rule to equations (6).

Corollary 2. For an arbitrary p in No, it holds in G(R) :

st — —— — !
13) 2P . §e+)(z) + pal”t.6P)(2) ~ (-1 P2 (2.
+ + 92
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—~—

o —— ——~— !

(14) al et (2) — paPTl L 60 (z) w~ %6’(1)
In the case p = 0 of (6), equation (9) yields:

~ ~ -~ T o~ ~ 1
(15) H.5(x) + 52(x) ~ %6’, .5(2) - 5%=2) ~ 50

We can derive further formulas for Mikushinski products. Indeed, equa-
tions (13) and (14), for p = 1, read :

5. 0x) + T.5@) ~ -%5'(.@), 5. ) — IT.8(x) =~ %6’(.1-).

Combining these equations with the ones in (15), we get
(16) 77 .8"a) —6%(z) =~ —&'(2), 72 . 6M(x) - 8%(a) = &'(2).

Now a direct calculation proves the next result that generalizes equations
(15) and (16) for each p in Np.

Prposition 3. For an arbitrary p in No, the embeddings in G(R) of
the distributions % and 67+ () satisfy

A (- + piie) ~ P ),

Proof. First of all, for each #(2) in D, we obtain on the change
=g fg = i1

~ —ca @ ; b
(Frper) @) = 5 [ & (-2) v@rde= [ POv-ena

52 —eb “ Ja

(18) = @/bw(z)dt—zp'(o) /bt<p2(t)(lt+0(s).

Denoting V, := (E(go,,w) L6+ (p,, ), () ) , we get further

—1)\» —ae b 2
Vo = (_e—:’—')*'—;/ (/ (m+et)”<p(t)dt) ¢(P+1)(_’E-)-z/)(;c)d:u

—be -z /e

- b b
= —6-1- /a P(—cy) eP(y)dy /,, (y = 1) o(t)dt
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. b
) / o(t)dt / ‘= 1 ST )y

b t
+ (0 / (L)t / y(y— 1P PV (g)dy + Oe)

= '/’(0)/ + ¢'(0)J2 + O(e).

On a multiple integration by parts, the integrated term being zero each time,
we get

b t b
n=re [ea [ Y@ = et [ S

Now Lemma 1 and a multiple integration by parts give

b t b t
[ otwat [ - orteo g+ [ e [ - orer )y

(-=1)P*! (p+ 1)!% + (=1)Pp! /abtc,oz(t)dt.

J2

Hence,
o »(0) [P i 4 1 ;
(-1)PV, = =p! ( %) /a %(t) dt — ¢'(0) /a to%(t) dt ) —5(1)-{-1)! P'(0)+0(e).
Taking now into account equation (18), we get
(=17 (& (pes ) - 80D, 2), $(2)) + PH{FX(e, ), ()

= O 50, 92)) + 0(e).

Therefore passing to the limit, as ¢ — 0, we obtain equation (17) for each p in

N. ™

Proposition 4. For an arbitrary p in Ny, the embeddings in G(R) of
the distributions ¥ and §®+1)(2) satisfy

(19) & 6e(2) — plE%(a) ~ (})+T1)!6'(nr).
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Proof. Recall that a” = (—a)} forall pin No. Thus, replacing © — —x
in (17) and taking into account that 6P+ (—z) = (=1)P*16(P+1(2), we obtain
equation (19). L)

Remark. Equations (17) and (19) in the algebra G(R) are easily
shown to be consistent with equation (7) for ¢ = 1, which holds in the distribu-
tion space D'.

Acknowledgement. Acknowledgments are due to the Ministry of Sci-
ence and Education in Bulgaria for a finacial help under NI'SR Grant MM 610.

References

[1] A. Antonevich, Ya. Radyno, On a general method of constructing
algebras of generalized functions, Soviel. Math. Dokl., 43, No 3 (1991),
680-684.

[2] J.-F. Colombeau, New Generalized Functions and Multiplication of Dis-
tributions, North Holland Math. Studies 84, Amsterdam (1984).

[3] B. Damyanov, Some Colombeau products of distributions, Math.
Balkanica (N. S.), 11, No 1-2 (1997), 123-128.

[4] B. Damyanov, On Colombeau product of distributions of several vari-
ables, C. R. Acad. Bulg. Sci., 52, No 1-2 (1999).

[5] Yu. Egorov, On the theory of generalized functions, Russian Math. Sur-
veys, 45, No 5 (1990), 1-49.

[6] B. Fisher, The product of distributions, Quart. J. Oxford, 22 (1971),
291-298.

[7) M. Itano, Remarks on the multiplicative products of distributions, Hi-
roshima Math. J., 6 (1976), 365-375.

[8] J. Jelinek, Characterization of the Colombeau product of distributions,
Comment. Math. Univ. Carolinae, 27, No 2 (1986), 377-394.

[9] D. S. Jones, Generalized Functions, McGraw-Hill Publishing, London
(1964).

[10] J. Mikushinski, On the square of the Dirac delta-distribution, Bull.
Acad. Pol. Ser. Sci. Math. Astron. Phys., 14 (1966), 511-513.



200 B. Damyanov

[11] M. Oberguggenberger, Mulliplication of Distribulions and Applica-
tions to Partial Differential Equations, Longman, Essex (1992).

[12] C. Raju, Products and compositions with the Dirac delta function, J.
Phys. A: Math. Gen., 15, No 2 (1982), 381-396.

Bulgarian Academy of Sciences
INRNE Theory Group Received: 15.06.1999
72, Tsarigradsko Shosse

1784 Sofia, BULGARIA
e-mail: damyanov@bg400.bg



