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1. Introduction

Throughout the paper X will denote an infinite Urysohn space (i.e. a
space such that if z,y € X,  # y, « and y have disjoint closed neighborhoods).

We use the standard notation and terminology, following [3], [4]. For
definitions of #-versions of some cardinal invariants, see [5], [6]. «, 3, 7 are
ordinal numbers, while k, A denote infinite cardinals and % is the successor
cardinal of k. As As usual, cardinals are assumed to be initial ordinals. If X is
a set, then [X]S* denotes the collection of all subsets of X whose cardinality is
< K.

Recall that the @-closure ClgA of a subset A of a space X is the set
{z € X : TN A # 0 for every neighborhood U of z}.

In [2], the cardinal function sL(X) was introduced as being the smallest
cardinal k such that for every A C X and every open collection U, with Acul,
there exists V C U satisfying |V| < k and A C UV. It was also shown that for a
Hausdorff space X, |X|< 2sL(X)x(X),

We introduce the following definition.
Definition 1. For a space X, sLy(X) is the smallest cardinal x such

that if A C X, is an open collection and clg(A) C UYU, there is V C U with
V] < kK and A C UV. .

t The author thanks FARESP and the University of Nis for its hospitality;
1 Supported by the Serbian Scientific Foundation, Grant N° 04MOL1.
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It is immediate that sLg(X) < sL(X) for every space X.

Definition 2. For a Hausdorff space X let x(X) be the smallest
cardinal number k such that for each point @ € X, there is a collection Vg of
closed neighborhoods of x so that |[Vg| <  and if W is a closed neighborhood
of 2, then W contains a member of Vj.

We need the following lemma which can be easily shown.

Lemma. For a subset A of a Urysohn space X, |clg(A)| < |A|"),

It is immediate that x(X) < x(X) for every Hausdorff space X; as a
matter of fact, K(X) is equal to the character of the semiregularization of X.
The following example shows that sLg(X) may be strictly smaller than sL(X)
and k(X)) strictly smaller than x(X).

Example . Let X =w; x {0,1}*2 U {a}, where a ¢ w; x {0,1}*?, and
consider the following topology 7 on X:
(i) V C X is a neighborhood of a iff there is a A < w; such that

V D {a} U (w2 \ A) x ({0,1}*?\ {(0,0,...)});
(ii) W C X is a neighborhood of a point (ﬁ,t) € wy x {0, 1}+2 iff
W S {B} x (U\S),

where U is a neighborhood of ¢ in the usual product topology and § is a subset
of {0,1}*2 of cardinality < w, to which ¢ does not belong.

It is easy to prove that:

1) (X,7) is Urysohn;

2) x(X) > w3 and K(X) = wo;

3) sL(X) > wg, because F = wy x {(0,0,...)} is closed and U = {{a} X
{r,00}“¢ : @ € we} is an open cover of F" such that if V C U and |V| < we, then
F g Uy;

4) SLo(X) = wi.

Indeed, let A C X and U be an open collection which covers clg(A).
There are two cases: I) a € clg(A); II) a ¢ clg(A).

I) If a € clp(A), there is U € U so that a € U, hence there is A < w; and

U > {a}U (w2 \ A) x ({0,1}**\ {(0,0,...)})

and

U D {a} U (w2 \ A) x {0,1}*=.
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The set clg(A) N (A x {0,1}2) is covered by closures of < w; members of U.
(Notice that if B € A, t € {0,1}*2 and {8} x (V' \ §) is such that V is a basic
clopen neighborhood of ¢ in the usual product topology and t ¢ S C {0,1}*2,
|S| € wa, then {8} x (V\S)= {8} xV.)

IT) If a ¢ clp(A), there is A < wp and

({a} U (w2 \ A) x {0,1}*)n A =0,

hence A C A x {0,1}“2. Since the last set is clopen and it is easy to prove that
clg(A) is equal to the closure of A in the usual product topology (A with the
discrete topology), there is V C U with |V| < we and A C UV. o

Theorem 1. If X is a Urysohn space, then |X| < 2sLe(X)r(X),

Proof. Applying the well-known method of Pol-Sapirovskii-Arhangel’ skn,
let k = sLp(X)k(X) and for each & € X let By be a collection of closed neigh-
borhoods of 2 such that |Bg| < k and every closed neighborhood of & contains a
member of Bg. We shall define an increasing sequence {4, : a € kt} of subsets
of X and a sequence {U, : @ € kt} of collections of open subsets of X such
that:

(1) |Aa] € 2%, Va < kT & As D cly (Up<a Ag) , Va < kt;

@) Uo = {NUF): F e U{Bs:§ € 1o (Upca i)}, @ < w%;

(3) If V € [Uy]S* and UV # X, then Agq1 \UV #0, a < kt.

Suppose that the sets Ag and U, satisfying (1) - (3), have been defined
for all B < a < k* and let us define A, and U,.

Since clg (Up <o Ag) has cardinality < 2%, according to (2) U, has cardi-

nality < 2%. For each V € [U,]S* such that X \ UV # 0 fix a point zy € X \ UV
and let A, be the 6-closure of the union Js, Ap with all these ay.

Finally, put A = U{A, : @ < k*}. Then clg(A) = A. Indeed, let y € X
so that the closure of each neighborhood of y intersects A; then for each W € By
there is aw < kt so that W N Aay,, # 0. Since |[{aw : W € Bi}| < ||, there is
B < k1 so that 3 > aw for every W € By and y € clg(Ap).

Now it is enough to show that A = X. On the contrary, thereis y € X\ A
then there is W € Bj so that W N A = (. For each € A choose a V; € Bg so
that

Ve C X \int(W).
{int(V;) : @ € A} is an open cover of A = clg(A), so there is B C A with
|B| < sLg(X) < K such that

Ac | int(Ve).

z€B
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But since | B| < &, there is # < k¥ so that B C A and int V = {int(V) : § € B}
is a convinient collection of open sets which appears at the step § + 1. Hence,
Ap41 \ UV # 0 and we have a contradiction. ]

Remark . In the precedent example we have:

P LX)X(X) > gws  and  2°Le(X)A(X) = w2,

It is easy to prove the following theorem.

Theorem 2. If X is a Hausdorff space, then | X| < 2c(X)s(X), If X is
a Urysohn space, then |X| < 2c0(X)r(X)

Here cp(X) denotes the supremum of cardinalities of all collections of
open subsets of X whose members have disjoint closures.

Definition 3. For a space X, the 0-quasi-Menger number qMy(X)
is the smallest cardinal number x such that for every closed subset A of X
and every collection {U, : @ < k} of families of open subsets of X with -
A C Ugen(UlUy), there are finite subfamilies V, of Uy, @ < K, such that

A C Uscx clo(UVa).

Theorem 3. For every Urysohn space X, |X| < 29Me(X)x(X),
Proof. Let ¢gMy(X)x(X) = & and let for each & € X Bg be a collection of
closed neighborhoods of z such that |Bs| < & and every closed neighborhood of z
contains a member of Bg. We shall define an increasing sequence {Fy:a€rt}
of subsets of X and a sequence {U, : & € Kt} of collections of open subsets of
X satisfying the following conditions:
(1) |Fy| < 25, for every a < k15
(2) Uy = {)\U(B) :Beu{Bs:§¢€]lo (Uﬂ<a fg)}}, for every a < kt;
(3) If V € [Ua]S* and clp(UV) # X, then Fy \ clp(UV) # 0, a< wk;
Suppose a < kt and the sets F and Up satisfying (1) - (3) are already
defined for all B < . We are going to define F, and U,.
Put M, = clg (Uﬂ«, Fg). By the lemma, |M,| < 2%, hence |Uy| < €".

For every V € [Uy]S* such that clp(UV) # X take a point 2y € X \ clp(UV) and
define F,, to be the #-closure of the union of [Js., Fjg with the set of all these
zy. Then |F,| < 2%.

Let FF = U{F, : a < kt}. Then |F| < 2* and the proof will be finished
if we prove that clg(F) = X (taking into account the lemma once again). First,
we show that clg(F) = Uycp+ clo(Fa). Let @ € clg(F). The closure of every
neighborhood of z intersects F, so that for each B € Bg one can find some
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ap < kt for which BN F,, # 0. Since s is a regular cardinal and |{ap :
B € Bg}| < &k, there exists 8 < k% such that 8 > ap for every B € Bg and |
S Clg(Fp).

Suppose now y € X \ clg(F). Let By = {By : @ < k}. For each a < &
let W, be the collection of all members W € U{Bg : § € |[o(F)} such that
B, NW = 0. Since X is a Urysohn space, clg(F) C Uy, U{int(W) : W €
Wa}. As clg(F) is closed, one can choose V, € [W,]<¥ for each a € & such
that clg(F) C Uyen clo(U{int(V) : V' € Vu}). Clearly, for every a < &,
U{int(V) : V € Vo} N By = 0, hence y ¢ clg(U{int(V) : V € V,}). This means
Y ¢ Uaenx clo(U{int(V) : V € V. }). There is a § < k% such that all V,, a < &,
are contained in Up. Then by (3), Fat1 \ Ugcx clo(U{int(V) : V € Vu}) # 0
which is a contradiction. ]
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