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In this paper the authors present a unification and generalization of certain families of
elliptic-type integrals, which were studied in a number of earlier works on the subject due to
their importance for possible applications in some problems arising in radiation physics. The
results recently given by Kalla and Tuan [Computers Math. Appl., 32, 1996, 49-55] follow, as

special cases.
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1. Introduction and preliminaries

Elliptic-type integrals occur in certain radiation field problems [4, 8].
Epstein and Hubbell [5], and subsequently Weiss [17], discussed the fol-
lowing family of elliptic-type integrals

(1.1)  Q(k):= /0 (1 - k%cos8)~i~%ds, j=0,1,2,..., 0<k<1.

Generalizations of (1.1) were given by a number of authors, notably by Kalla
[9, 10], Kalla, Conde and Hubbell [12], Kalla and Al-Saqabi [11] and Srivastava
et al [16].

The following generalization of the integral (1.1),
T cos2a—l(%) sin21—2a—l(%)

(1 — k2 cos B)#+5

(1.2) Ru(ka a,7):= ‘/‘0

where 0 < k < 1, Re(7) > Re(a) > 0, Re(u) > ——, was studied by Kalla et al
[11, 13] and Glasser and Kalla [7].
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Al-Saqabi [2] considered an interesting generalized family of elliptic-type
integrals in the form
™ cos?™ () sin?¥(0)

(1 = k2%cos 0)"+%

b

(1.3) B,(k,m,v) := /0

‘where 0 < k<1; meNy ; p€C; Re(v)>—1.
On the other hand, Siddiqi [15] discussed yet another generalization of
(1.1) in the form

explasin®(§))]
(1 - k2cos@)**3

T
(1.4) A(a k) = / ,
(i
where 0 < k< 1; a,v €R.
An interesting unification of the families of elliptic-type integrals (1.2),
(1.3) and (1.4) was given by Srivastava and Siddiqi [16] in the form

A%‘:ﬁ))(p, k) := / cos?*~1(0/2) sin??~1(8/2)
! 0

L= psin?(6/2)]
[1 — k2 cos 0]“+%
where 0 < k < 1, Re(a) >0, Re(B8)>0; \,peC: |p| < 1.
Recently Kalla and Tuan [14] further extended (1.5) by introducting the
following generalization:

(1.5) de,

MG (pi8ik) = [ costi(0/2) s~ (6/2)
X

o [1+ 6cos?6/2) 7" [1 — psin? 0/2]—'\ ”
«
[1 = %k2cos 0]“"'%

where 0 < k£ < 1, Re(a) > 0, Re(B) > 0; A\, pu,y € C; either |p|,|6] < 1 or
p(or §) € C, whenever A = —m (ory = —m), m € Np.

They also discussed the asymptotic expansion of (1.6).

In a recent paper Al-Zamel et al [3] studied a generalized family of elliptic-
type integrals in the form:
Z(“’ﬁ)(k) = z{(B) )(kl’ ooy kn)

('7) ('71 » " In

(1.6)

)

(L.7) = / i cos2*~1(6/2) sin?#~1(8/2) f[(1 — k2 cos )™ dB
0 3

J=1
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= [t = k)™ B(a, B)
=1

o) (Beme 2k 2k
(1'8) ><'I—‘D (:3’71, ,7n.a+ﬂ’k¥—1, ,k;‘:—l ’

where Re(a), Re(B) > 0, |kj| < 1, 7, € C; j = 1,-+-,m F,()")(.) is the
Lauricella function of n variables [6, p. 41, Equation 2.1.4].

The object of the paper is to introduce another unification and generaliza-
tion of the aforementioned family of elliptic-type integrals (1.6) in the following
general form, which is different from (1.7):

Q(avﬁ)

(01y0n—257:4)

(pl’ **y Pn—-2, 6; k)

n—-2

— /1r cosza—l(0/2) sinzﬂ_1(0/2) H [1 —pj sin2(0/2)] —o;
]

Jj=1
(1.9) x [1+ 6 cos?(6/2)] " do,
where 0 < k<1, Re(a), Re(B)>0; oj(j=1,---,n-2), v,p€C,

é 2k
max{ll’meL lkz—_l-l} <L
1<j<n—2

For n = 3, (1.9) reduces to (1.6).

2. Relations with other families of elliptic-type integrals
On comparing (1.9) with the definitions (1.2), (1.3),(1.4), (1.5) and (1.6),
we obtain the following relationships:

Qgg,'j.,_o?&,,)(!” P25y Prn—2, 0; k)

(21) = Q(a,'y-a) 0,“)(07 HES 0; k) - }il‘(k’ «, 7)a

= o1, 0n-2,

where 0 < k < 1; Re(y), Re(a)>0; pe€C;

(v+3w+3) 1y — oFEets)
R Zamoyviou) (2P s P2 O R) = Qo L sioy(200000 4, 0 K)
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(2.2) = 2"%B,(k,m,v),
where 0 < k < 1; m € No; p€C; Re(v)> —1;
(3.3
(23) alé-»nolo {Q(g,’:) ,(p/O',O,"',O;k)} = Au(p’k)-

where 0 < k < 1 and o,u € C;
Qg::g)---,o;o,,,)(/’a P2y "y Pn—-2, 0; k)

(2.4) = QG0 oy (P 05+, 0,0:k) = A (p3 k),

where 0 < k <1, Re(a), Re(B)>0; \peC; |p|<1;

Qg:,’g,)---,ow.u)(p’ P25 Pn-2, 83 k)

(25) = o) (2,0, 038, K) = AT\ (p, 83 ),

(Mo2,40n—2i7b

where 0 < k <1, Re(a), Re(B)>0; A, pn,v € c;either |p|,|6] < 1 or p (or §)
€ ¢ whenever A = —m(or ¥ = —m); m € Nj.

3. Explicit representation and asymptotic expansion

From (1.9), we infer that

(3'1) Q(a'ﬁ) (pl’ *ty Pn—2y 6; k) = (1 + 6)_7(1 s kz)_“—;_

(01,00 n=257:1)

1 = 5t 17 k2t 17473
£B-1 _ -1 —_ n-1)"%; — e -——— f
x /0 P11 - 1) [H(l pit) :J [1 1+6] [1 i 1} dt.

J=1

On making use of the integral [6, p.49, Equation 2.3.6], (3.1) becomes

QE:;?-?'.%-: ;'r,u)(p 1,00 Pu-2, 83 K)
_N@TB), |, p1oney — gyonet

1 é 2k?
X an) (,3,01,""0”—277’”+ §;a+ﬂ;p1,'--,pn—2y 1 +69 k2 __‘1) ‘
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It is interesting to observe that for n = 3, (3.2) reduces to the result
given by Kalla and Tuan [14, p.50, Equation 9] which itself is a generalization
of the result given by Srivastava and Siddiqi [16, p.305, Equation (1.36)].

We will now investigate the asymptotic expansion of generalized elliptic-
type integral (1.9) as k% — 1. Expressing the Lauricella hypergeometric function
FI()") in (3.2) in terms of Gauss hypergeometric function 2/7(.), it is seen that

. 1 5 2k
Fé) (1670'11"',0'n—2v7aﬂ+ :Z';C\-"I“ﬂ;pl,"'a/)n—’)amv'k-z—_T)

& Bt (T2 (0™ i)}
B Z (@4 B)mytetmpy (M) -+ (Mp1)!

my,,Mp—1=0

(33) O (105)

1 252
X oy (ﬁ'*"’nl+"'+7n11—lvl"+"2';a+ﬂ+m1+"’+mn—1;kT:_1>-

Using the analytic continuation formula for the Gauss hypergeometric
function [1, p.559, Equation 15.3.7], it gives

u 1 5§  2k?
Ff )<ﬂ,al, " On-2,7, K+ §;a+ﬁ;p1,'--,pn-z,H—6’Ei‘__1>

_DNa+Ar(p=-F+3) (1 - k?)" i (B)mytetmns

1 .
I‘(Oﬁ)r(;l, + '2') 2"’2 my,yMp— =0 (% —H + ﬂ)ml+m+m,,_1

”_ 2 _ my 2 _ Mp—1 n_
() [ T ()
(3.4) (mq)!e e (Mmp—y)!

1 k?—1
X oIy (ﬂ+m1+---+mn_1,1—a; E_lt+ﬁ+nll+"'+m'n—-l;'-ﬁ'—2_)

i oo
T(a+BT(B-p—3 (1 - k2)"+2 3 (B =1 = F)myttmas
1‘(,3)1"(01 + ﬂ +—p - _) 2k? my,eyMp-1=0 (a +8- K= %)ml"'""""‘"—! .

"2 [(03)™ (0)m;]) (Mrns ( 5 )m
(m1)! - (Mn1)! T
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1 3
X oI (;L+§, ;L—a—ﬂ—ml—---—7nn_1+§;
1 1 n—1 .21 212 ’
provided B — pu — 1 is not an integer. Hence after slight rearrangement of the

series, it is found tha.t

() I L(B)(p—pB+ 2) P28 —
(al'..-'a‘"__z;'y"‘)(pl7 e 7pﬂ—2’67 ,") I\( + 2) ’ (1 + 6)
1 k=1
( L’z)ﬁ “_—F( ") [ﬂ’ah c 02,7, 1 — ﬂ"l"*' &gﬁsz') P
(3 5) pn—2(k2 = 1) 6(k2 b 1) k2 == 1
' ok ' 2k2(1+6)" 2k
[(a)l(B - el oAt Dalp—a =B+ 3)a (1K)
( ) (ﬂ n—= 12) " 2,\, 2u— 1(1-*-6) 12(/‘ 2) (’* 5 :B '2) ( o )
TatA—p-1) 2 u-pr e . \2

_ 1
x Py [ﬂ—wn- 5701002 T3

a+ﬂ i — il.- L
/ n 21P1, s Pn—2; 1+6 .

Representation (3.5) may be regarded as the asymptotic series for

(a,8)

(0] y"‘yayl—Q;'Yr“)(pl’ T Pn—2, 6; k) as kz, - 1

provided p — 3 + % is not an integer.

For n = 3, it is interesting to see that Fg‘)(.) and FI()"_I)(.) respec-
tively, reduce to a Lauricella function of three variables Fg)(.) and an Appell
hypergeometric function of two variables Fy [5, p.224, Equation 5.7.1(6)] and
consequently, we arrive at the result recently given by Kalla and Tuan (14, p.51,
Equation (15)].
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Next we consider the expansion of

1 2k?
(3.6) 21 (ﬂ+ Myt Mo it ot fhmyt et Moy 1) ’

occurring in (3.3), when its upper parameters differ by integers.

Two cases arise:

(i) when p+3=p8-7, 7=0,1,2,---,
and

(ii) when p+i=p8+7, 7=1,2,--..

In both these cases, the results are derived by Al-Zamel et al [3, Equation
(4.4) and (4.7)]. By employing the results of Al-Zamel et al [3], we can easily
derive the asymptotic expansion in above two cases. The result in the first case
is enumerated below. The second case can be treated similarly.

Using the result given by Al-Zamel et al 3, Equation (4.4)], we find that
Q(avﬂ)

(o1, 40n—2i7,B—T—

=(1=8)(1+8)77(1 - k?)2=F~2

%)(Pl: cr ey Pu-2,0; I‘)

- . My— 2 _ nytetmg, -
(T2 ™ @, }] s (285) ™ (2) ™

(ml)! T (mn—l)!

>

my,eyMn—1=0

% i (ﬁ)m-&-ml +"'+mn—1(1 - a)m B2 —1\™
e mMr+mtmy 4 mag)! 242

[8n(2k2) (1 =E)+ YA 4+T+m+m +--+ Mp_1) + ¥(1 + m)
~Y(B+mt+mi+tmao) = Y(a—m)+ (14 8)7(2k*)F

(I3 ()™ @) 3] (Vs (8714 8™

(1711)! GRS (mn_l)!

3.7 X i

my,eyMp—1=0
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T+mytetmy—1—1 (T +my 4+ my_g —m— 1)'(ﬁ - T)m (k2 - 1)m

X
e (@)my +++Mp1 +T7—m 2k2

oo

= (1 - ﬂ)r(l + 5)""(]_ - k2)12—ﬁk—2ﬁ Z i (ﬂ)m-}-n(;;,:.).i..;.mn_]

my,yMp—1 m=0

k2-1

(222 {05 }] (Va0 = )(6/1 4 8 (B

my+-tmp—i
= )
(t+m+my+ -+ mp_q)(m)! - (mp_1)!

x [¢n(2k?) — £n(1 - ED)4+¥(l+17+m+my+ - mp1)+ ¥ (14 m)

(38) -¥(B+m+my+--4+mu_1)— ¥ (a-—m)]+(1+ §)~V(2k?)F

m sei i =]
3 " 1+Z+:" U (rbmy et M = m= DB = T
my,eeymp—1=0 m=0 (@)my +- +mpa+7—m

2o\ [ {im; (0)m;}] (s (8/1+ )™
(%) () (ma)! (1)} '

Acknowledgements. The first named author (R.K. Saxena) is thankful

to the University Grants Commission of India for providing a research grant.

References

[1) M. Abramowitz, I. Stegun. Handbook of Mathematical Functions.
Dover, New York, 1972.

[2] B. N. Al-Saqabi. A generalization of elliptic-type integrals. Hadronic
J., 10, 1987, 331.



Asymptotic Expansion of a Unified ... 395

(3] A.Al-Zamel,VuKim Tuan,S. L. Kalla. Generalized elliptic type
integrals and asymptotic formulas. To appear.

[4] J.Bjorkberg, G. Kristensson. Ellectromagnetic scattering by a per-
fectly conducting elliptic disk. Canad. J. Phys., 65, 1987, 723.

[5] A.Erdélyi,W.Magnus,F.Oberhettinger,F.G.Tricomi. Higher
Transcendental Functions, vol.1. McGraw-Hill, New York, 1953.

(6] H. Exton. Multiple Hypergeometric Functions and Applications. Ellis
Horwood Ltd., New York, 1976.

[7] M.L. Glasser,S. L. Kalla. Recursion relations for a class of generalized
elliptic-type integrals. Rev. Tec. Ing. Univ. Zulia, 12, 1989, 47-50.

(8] J. H. Hubbell, R. L. Bach, R. J. Herbold. Radiation field from a
circular disc source. J. Res. N.B.S., 65, 1961, 249-264.

[9] S. L. Kalla. Results on generalized elliptic-type integrals Mathemati-
cal structures. In: Computational Mathematics - Mathematical Modelling
(Ed.: BL. Sendov). Bulg. Acad. Sci., Special Vol., Sofia, 1964, 216-219.

(10] S. L. Kalla. The Hubbell rectangular source integral and its generaliza-
tions. Radiat. Phys. Chem., 41, 1993, 775-781.

[11] S. L. Kalla, B. Al- Saqabi. On- a generalized elliptic type integral.
Rev. Bra. Fis., 16, 1986, 145-156.

(12] S. L. Kalla, S. Conde, J. H. Hubbell. Some results on generalized
elliptic-type integrals. Appl. Anal., 22, 1986, 273-286.

[13] S. L. Kalla, C. Leubner,J. H. Hubbell. Further results on general-
ized elliptic-type integrals. Appl. Anal., 25, 1987, 269-274.

[14] S. L. Kalla, Vu Kim Tuan. Asymptotic formulas for generalized
elliptic-type integrals. Computers Math. Appl., 32, 1996, 49-55.

[15] R. N. Siddiqi. On a class of generalized elliptic-type integrals. Rev.
Brasileira Fis., 19, 1989, 137-147.

[16] H. M. Srivastava, R. N. Siddiqi. A unified presentation of certain
families of elliptic-type integrals related to radiation field problems. Ra-
diat. Phys. Chem., 46, 1995, 303-315.



396 R. K. Saxena, S. L. Kalla, J. H. Hubbell

[17] G. H. Weiss. A note on a generalized elliptic integral. J. Res. Nat. Bur.
Standards B: Math-Math. Phys., 68B, 1964, 1.

1 Dept. of Mathematics and Statistics
Jai Narain Vyas University Received: 9.04.2000
Jodhpur 842001, INDIA

2 (Corresp. author: S. L. Kalla)
Dept. of Mathematics and Computer Science
Fac. Science, Kuwait Universily

P.0.Boz 5969, Safat 13060, KUWAIT

kalla@mecs. sci.kuniv.edu.kw

3 National Institute of Standards and Technology
Gaitherburg, MD 20889, U.S.A.



