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*

Let
(1) Py(2)=apz" +a1z" '+ ...+ @n_1z2+ @n, @ #0, n21,

be a polynomial in z of degree n and coefficients ag, @1, . . ., @n—1,@n Of the com-
plex number field, which is algebraic closed, i.e. all n zeros of (1) belong to this
field. Let k. (0 < k, < n) denote the number of the distinct zeros of (1) with
the multiplicity r, where 7 = 1,2, ..., s, and where s with 1 < s < n denotes the
greatest multiplicity of the zeros of (1). Evidently, ks > 1 and, in particular,
kp=nand k, =1(k, =0,1<r<n-1,n2>2) fors=1and s =n,
respectively. If k. > 1 for some 7 (1 < r < s), let zy), j=1,2,...,k, be the
distinct zeros with the multiplicity r of the polynomial (1). Then we set

ke
2) Z,=[[Gz==7), ke21; Z, =1, k=01 <r <5)
Ji=1
Hence the polynomial (1) has the factorization

(3) P.(2)=aoZ{Z2...27...28,
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where -
(4) 1./€1+2k2+...+8k3=n.

The factors Z,, 7 = 1,2, ...,s,in (2)-(3) are determined by the Euclidean
algorithm and the classical Hermite method (see, for example, [1], pp. 67-70,
and [2], pp. 180-181). (It is given an incorrect version of the Hermite method in
[3], p- 1144, and [4], p. 332: - for example, the polynomials X, are defined false
since there are repetitions of the binomial factors, and hence, the factorizations
(3) in [3] and (40) in [4] are incorrect; also the factorizations (3) in [3] and (40)
in [4] are incorrect because the leading coefficient ag is ommited as a factor;
in addition, the number of the factors of the factorizations (3) in [3] and (40)
in [4], and the number of the equations of the triangular system (7) in [3] and
(44) in [4] are taken equal to the degree of the polynomial respectively, which
unnecessary complicates the calculations, etc.)

The correct formulas of the Hermite method are the following

) o = ﬁ(zj’ r=12...,8 fot1(2) = 1,
where 5
(6) ff(z) = ‘_1;__1 = Z,-Z-,-.H R/

r=1,2,...,8, Do = P,(2), Ds = ao,
where D, is the greatest common divisor of D,_; and its derivative D] _,, cal-
culated by the algorithm
(7) _ Dy(Dy—1,D;_y) = aoZ} 1 22y - 2377,
r=1,2,...,8, Dg = P,(z2), D6 = P,"(z), D,y = ap.

Thus from (7), (6) and (5) we obtain the correct factorization (3)-(4).
Let n, denote the degree of the polynomials D,, where n, > 1 for 1 <

r < s—1(s > 2). Then from (4) and (7) we obtain the triangular system of the
linear equations
(8) lkrg1+2keyo+ ...+ (8= 7)ks = 1y,
r=0,1,...,8—1, 8> 2, ng=n.
Now we shall give an explicit solution of the system (8) with respect to ky,..., ks.
Theorem. Ifs > 2, then the degrees ky,ks,...,ks of the polynomials

(2) are ezpressed by means of the degrees n and nq,...,ns—1 of the polynomial-
(1) and the greatest common divisors (7) by the formulas

9) k=n_1-2n 40,41, r=1,2,...,8 ng=n, ng=mngy =0.
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Corollary. The number of all distinct zeros with multiplicilies 1,2,...,7
of the polynomial (1), where 1 < r < s, is equal to
T
(10) Z kj=mno—mn1—ny +Npy1, Mo =0, Ng = Ngp1 = 0.
Jj=1

First proof. Let s> 3 and for'some r with 1 < r < s —2 we take
the following three successive equations from (8):

s=r+1
(11) z Jkr—145 = nr-1,

j=1
s—7
(12) ijr+j = Ny,
i=1
s=r—1

(13) D Gkrrti = v

=1
If we add (11), (12), (13), multiplied by 1, -2, 1, respectively, then we shall
obtain

s—r+1 s—r s—r—1
(14) 7npo1 =20, + npgr = Z Jkr—14j5 — 2ijr+j + Z Jhri1+j
i=1 i=1 i=1
s—r s—r s—r s—r
= Z(] + Dkryj — 2Zjl‘?r+j + z(.? = Dkryj = kr + Zo-kr-!-j =k,
j=0 . Jj=1 j=2 j=2

for 1 <7 < s—2 (s> 3). Thus (14) yields the formulas (9) for 7 = 1,2,...,8—
2 (s > 3). The formulas (9) for ks—1 and ks (s > 2) directly follow {rom the
equations (8) for 7 = s — 2 and r = s — 1, having in mind that n, = ns41 = 0.

Second pr o o f Theformulas (9)fors=2ands=3
directly follow from the system (8) for » = 1,0 and r = 2,1, 0, respectively. If
8 > 4, then from (8) for r = s — 1,5 — 2, s — 3 we conclude that the formulas (9)
are valid for k,, ks_1,ks—2. Let we assume that the formulas (9) are valid for
ko,ks_1,ks—2,...,kr, where 7 > 1 and 7 < s — 2. According to what has been
assumed, if in (11) we replace r by 7 — 1 and j by j + 2, then we shall obtain

$—7

(15) . kro1=np_g = O (5 +2)krsj -
Jj=0
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S—T
=12 — I (J +2)(Mrpjo1 = 20pj + Nrpjt1)
X =0
S=T S—=7r S—=7
=Np_g — Z(] + 2)np -1 + 2 Z(] + 1)nppj-1 — Zjn'r+j—1
J=0 =1 i=2
S—=7
= Np_9 — 2Np_1 + Ny + z 0.2p4j—1 = Np_2 — 20p—1 + Ny,
j=2

keeping in mind that n, = ny4q = 0. From (15) it follows that for s > 4 the for-
mulas (9) are also valid for all members of the sequence ks, | JRETRA I LIPS 81 71

T h'ird pro of: Let A="aliiv;r=1,2,7.%s, denotethe
determinant of the system (8) with the elements

(16) api= 1y 157 < s El)piae =10 1 <r< vl

ay,=r—v+l, v<r<s(2<v<as).

Since A = 1, according to the Crammer formulas for solution of the systems of
linear equations and the Laplace theorem for developement of the determinants,
the solution of the system (8) is

(17) k.= ZA,,rnu_l, =124, yailng = n),

v=1

where A,,, v,7 = 1,2,...,s, are the corresponding cofactors of the elements
ayy, v,7 =1,2,...,8, of the determinant A. From A and (16) we find that

(18) Ay =0l <y <r=1(2<sr.L38);

Ap=1 (1< 78, 821),
A1y =21 K r <s=1,522),
Arpor=1 (1<r<8-2,523),
An =0, T 3<r<s (<1 <33, s>14).

Hence the matrix of the system (17) with elements (18) is inverse of the matrix
of the system (8) with elements (16). Thus from (18) and (17) we again obtain
that the formulas (9) are valid, setting no = n, n, = ns41 = 0.

Finally, the formulas (10) follow from the formulas (9).
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Remark . As we determined the polynomials (7) and their degrees
ny, 0 <7 < s—1, we directly can determine the degrees k., 1 < r < s, of the
polynomials (2) by the formulas (9) without a computer program for solution
of the system (8).

Example . Let us consider the polynomial
(19) Pr(z) = 427 — 825 — 3% + 152* — 623 ~ 622 + 52— 1.
By the algorithm (7) we obtain the sequence of the greatest common divisors
(20) Dy =224-32—224+32-1, Dy=2z-1, D3=1,

where the leading coefficient ap = 4 is omitted as a factor. Hence the greatest
multiplicity of the zeros of (19) is s = 3. The degrees of the polynomials (19) -
(20) are

(21) no=7, n1=4, n2=1, n3=0(n4=0).

With the help of (21) the formulas (9) immediately give the number
(22) ki=n9g—2n1+n, =0, kg =ny—2ny+n3 =2,

k3=mng —2n3+n4 =1

of the distinct zeros with multiplicities 1, 2, 3 of the polynomial (19), respec-
tively. Since 1 is a simple zero of D; from (20), so 1 is a triple zero of (19). If
we divide Dy by D; from (20), then we obtain the double zeros -1 and 1/2 of
(19). From (22) and (2) we have Z; =1, Z, = (2 +1)(# — 1/2), Z3 = z — 1. By
(3) the factorization of (19) is Pr(z) = 42273, i.e.

Pr(z) =4(z+ 1)%(2 = 1/2)% (2 = 1)® = (222 + 2z — 1)}(2 - 1)%.
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