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In the present paper we characterize a four-dimensional Riemannian manifolds (M, g)
such that the traces (Rx)* for k = 1,2 of the Jacobi operator Rx are globally constants on
M. In this paper we investigate also the 4-dimensional Einstein Lorentzian manifolds (M, g)
for which the characteristic coefficients of the skew-symmetric curvature operator R(Ez) =
R(X,Y,u) are pointwise constants at any point p of the manifold M and for any non-degenerated
plane E?(p; X,Y) in the tangent space Mp to M.
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1. Characterization of a four-dimensional globally two-stein
Riemannian manifolds

Let (M, g) be an n-dimensional Riemannian manifold with a metric ten-
sor ¢ and a curvature tensor R. The Jacobi operator Ry is a symmetric linear op-
erator of the tangent space M, at a point p € M defined by Rx(u) = R(u, X,Y),
where X belongs to the unit sphere S, M at p, see [5]. Since X is an eigenvec-
tor of Ry with the corresponding eigenvalue 0, then the characteristic equa-
tion det(R(e1,X,X,e1) — cgij) = 0 of Rx can be represented in the form
c(c" 4+ J1e" 2 4 ...+ Jp2c + Jp—1) = 0 where ¢ = ¢(p; X) and J; = Ji(p; X),
1=1,2,...,n. .

A manifold (M, g) is called a pointwise Osserman, if the eigenvalues of the
Jacobi operator Ry are pointwise constants on M, and (M, g) is called a globally
Osserman, if the eigenvalues of the Jacobi operator Rx are globally constants
on M, [1]. Since Ji(p;X) = trace Rx = p(X), where p is the Ricci tensor,
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then the trace Ry is a pointwise constant on the manifold (by dim M > 3) if
and only if (M, g) is an Einstein manifold, [8]. That means that any pointwise
(globally) Osserman manifold is an Einstein manifold.

The k-th Ricci curvature p* for all k = 1,2,... of M is the symmetric
covariant tensor field of degree k given by p*(X, X,...,X) = trace (Rx)*, [7].
We say a Riemannian manifold (M.g) is k-slein space provided there is a real
valued function g on M such that p*(X) = p2*||X|| for all X € S, M. If this
equality does not depend on the point p € M, then we say (M, g) is a globally
k-stein manifold, else (M, g) is called a pointwise k-stein manifold, [7].

Let (M, g) be a four-dimentional pointwise Osserman Riemannian mani-
fold and let p be a fixed point of M. In this case the Jacobi operator Rx has the
following characteristic equation: ¢(¢® — Jyc? + Joc — J3) = 0. For any tangent
vector X € S, M for the curvature components with respect to an orthonormal
basis X = X, X2, X3, X4 of eigenvalues of the Jacobi operator Ry, we have

(3], [4):

a = Il’lz = .K34, b= 1(13 = 1(24, c= Ii'14 = K23,
Ry223 = Ri443 = Ry332 = Ry442 = R1224 = Ri334 = 0,
R3124 + R3214 = K13 — K14,

Ry132 + Raziz = K14 — Ko,

R3143 + Ro431 = K12 — K13

where 0, @, b, ¢ are the corresponding eigenvalues. Following [4], we obtain:
(1.1) R(z,y,z,u) = ali(2,y,z,u) + bRy(2,y, z,u) + cR3(2, y, z,u),

where R;, Ry, R3 are the Riemannian (1,3) tensors given by
1
Rl(-’b‘, Y, 2, 'lt) = 5([.(/(2:’ l)g(y, 2) - _(j(.’L', 2)!](?], 1)]'[.(/(33 3)!/(“’7 4) - .(/(37 ‘l)g(u, 3)]

—[9(=,1)9(y,3) — 9(=,3)9(y, 1)].[9(z, 2)g(u,4) — g(z,4)g(u,2)]
+lg(z, 1)g(y,4) — 9(z,4)9(y, 1))-l9(2, 2)9(u,3) — 9(=,3)g(u,2)]
+[9(2,2)9(y,3) — 9(=,3)9(y, 2))-l9(2, 1)g(u,4) — g(2,4)g(u, 1)]
—[9(=,2)9(y,4) — 9(=,4)9(y,2)].[9(z, 1)g(x,3) — g(z,3)g(x,1)]
+[g(2,3)9(y,4) — 9(=,4)9(y,3)]-l9(2, )g(u, 2) — 9(2,2)g(u, 1)]
+g(=, 1)g(y,3) — 9(2,3)9(y, 1) + 9(2,4)9(y,2) — 9(=,2)9(y, 4)]
L9(z,1)g(u,3) — 9(z,3)g9(x, 1) + 9(2,4)9(u, 2) — 9(z,2)g(u,4)]),
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Ra(z,y,z,u) = %([g(w, Dg(y,2) — g(,2)9(y, )].lg(2,3)9(u, 4) — 9(z,4)g(u, 3)]
~[9(x,1)9(y,3) — 9(2,3)9(y, 1))-[9(z, 2)9(u, 4) — 9(z,4)g(u,2)]
+lg(=,1)g(y,4) — g(x,4)9(y, 1)].[9(2, 2)9(w, 3) — 9(z,3)g(u,2)]
+g(%,2)9(y,3) = 9(2,3)9(y,2)].[9(2, 1)g(u,4) — g(z,4)g(u,1)]
~[9(=,2)9(y,4) — 9(x,4)9(y,2)].[9(z, Dg(w,3) — 9(z,3)g(u,1)]
+lg(2,3)9(y,4) — 9(x,4)9(y,3)).[9(z, Dg(u,2) — g(z,2)g(u,1)]

Jg(z, D)g(y,4) — 9(z,4)9(y, 1) + 9(2,2)g(y, 3) — g(x, 3)9(y,2)]),
Ra(x,y,2z,u) = %([g(w, Dg(y,2) - 9(,2)9(y, 1)][9(z,3)g(u,4) — 9(z,4)g(u,3)]
~[g(x, )g(y,3) — 9(=,3)9(y, 1)].[9(2, 2)g(u,4) — g(z,4)g(u,2)]
+lg(=, 1)g(y,4) — 9(x,4)9(y, 1)].[9(2, 2)9(x,3) — 9(2,3)g(w,2)]
+l9(=,2)9(y,3) — 9(2,3)9(y,2)].[9(z, D)g(w,4) — g(2,4)g(u,1)]
—[9(=,2)9(y,4) — 9(=,4)9(y,2)]-l9(2, 1)g(u,3) — 9(z, 3)g(x, 1)]
+lg(z,3)9(y,4) — 9(x,4)9(y,3)]-[9(2, 1)g(u,2) — g(2,2)g(u,1)]
+[g(2,3)9(y,4) — 9(=,4)9(y,3) + 9(=, )g(y,2) — 9(x,2)9(y, 1)]
J9(z,1)g(u,4) — g(2,4)9(u, 1) + 9(z,2)g9(u, 3) — 9(z, 3)g(u,2)])
and where g(X, ) denote g(X, X;), ¢ = 1,2,3,4. From this expression we obtain

the following theorem.

Theorem 1. A four-dimensional Osserman manifold (M, g) is « man-
ifold of constant sectional curvature if and only if for the eigenvalues a, b, ¢ of
the Jacobi operator Ry we have a(p) = b(p) = ¢(p) at any point p € M and they
do not depend on p.

It was proved that if a four-dimensional Riemannian manifold (M, g) is
a pointwise Osserman manifold, then [3]:

(1.2) Y = aX + BX1 + 1X2 + 6Xa,
Yi=-X+aX; - 6X;+7Xs,
Y = —vX 4+ 6X; + aXy — X3,
Y= —-6X —7X1 4+ X2 + 7X53,
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for the eigenvectors X, X;, X2, X3 of the Jacobi operator Ry and for the
eigenvectors Y, Yq, Y3, Y3 of the Jacobi operator Ry, where X, Y € S,M and
hence

(1.3) P+ +y2+68%=1.

It is well known that if (A, ¢) is a four-dimensional pointwise Osserman mani-
fold, then the eigenvectors of the Jacobi operator Rx are a smooth vector fields
suppose defined in a neighborhood U, at point p € M. Now we denote X3 by
A, X3 by B and X4 by C and we denote the corresponding cigenvalues a, b, ¢
which are a smooth functions on U,,.

Theorem 2. ([4]) Let (M, g) be a pointwise Osserman manifold. Then
the eigenvalues a, b, ¢ and the eigenvectors of the Jacobi operator Ry salisfies
the following systems:

(1.4) plc=b)+ ¢P(c—a)=0,

P(a—c¢)+0(a—0)=0,
0(b—a)+ o(b—c)=0;

and

(15) X(a) = (u+ v)a - vb - e,
X()=—va+ v+ A)b- Ae,
X(e) = —pa — Ab+ (A + p)e,

where

v =9(VaB,C), v = g(VBC,A), 0 = g(VcA,B),
A= .(/(VAAvX), K= .(/(VBBa4Y)a v= .(/(VC'Ca‘Y)-

Further we denote by «(p) the matrix of the system (1.5). Evidently,
Rank{a(p)} is a pointwise function of M.

Let €4 be the set of all points p on M such that for the eigenvalues of
Rx, for any tangent vector X € 5,8; we have

(1.6) a(p) = b(p) = e(p).

According to Theorem 1, (M, g) is a space of constant sectional curvature at p
and hence the eigenvalues a, b, ¢c of Ry are globally constants at p. Since trace
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Rx = ais aglobally constant, then (M, g) is a globally Osserman at p. Since Rx
is a symmetric linear operator, then Q; is open and dense almost everywhere
on M [2] and hence (M, g) is locally a space of constant sectional curvature on
Q. Thus we obtain the following lemma.

Lemma 1. Let (M,g) be a four-dimensional Riemannian manifold and
let Qy be the set of all points p on M such that the eigenvalues of Jacobi operator
Ry, for any tangent vector X € S,Qy are equal at p. Then (M,g) almost
everywhere locally in a neigborhood U, C Q, is a space of constant sectional
curvature on Qy and for the characteristic coefficients of Rx we have

(1.7) Ji(p; X)=3a, Jo(p;X)=3d%, J3(p;X)=d’

Let Q2 be the set of all points on M with a property at any point p €
M and for any tangent vector X € S5,Q2 the Jacobi operator Rx has two
eigenvalues. The set Q; we characterize by a condition Rank{a(p)} = 2 and
az1(p)asz(p)ass(p) = 0. Because Ry is a symmetric linear operator, then £ is
open and dense almost everywhere on M, [2].

Let Q3 be the set of all points on M such that at any point p € Q3 and
for any tangent vector X € §,Q3 the Jacobi operator Rx has three diflerent
eigenvalues. We have Rank{a(p)} = 2 on Q3 and also asz;(p)asz(p)ass(p) # 0,
p € Qa. This set is also open and dense almost everywhere on M, [2]. Now we
transform the system (1.5) defined around a neighborhood U, at a point p € Q3.
Since Rank{a(p)} = 2 and a3z;(p) = as2(p) = ass(p) # 0, then we can write [6],

e X) _ p(p:X) _ 0(pX)

(1.8) azi(p) ~ as2p)  ass(p)’

From the quaternionic transformation (1.2) by condition (1.3) we obtain:
@(p; X) = g(VaB;C), ¥(p; X) = g(VBC, A), 6(p; X) = g(VcA, B),
@(p; A) = g(VxC, B), $(p; A) = 9(VeB, X), 6(p; A) = 9(VBX, C),
o(p; B) = g(Vc X, A), $(»; B) = 9(VxA,C), 6(p; B) = g(VxC, B),
@o(p;C) = 9(VBA, X), ¥(»;C) = 9(VaX, B), 8(p; C) = 9(Vx B, A),
and
(1.9) o(p;aX 4+ bA) = —a®g(V4B,C) + «*bg(VxB,C)
+ab®(g(VaB,C) — g(Vx B,C)) = 0°9(Vx B, C),
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P(p;aX +0Y) = ®g(VBC, A) + °9(Ve B, X)
+a2b(g(VpB, A) — g(VsC, X) — g(VcC, A))
+ab*(9(VeC, X) - 9(VeB, A) - 9(VBB, X)),
0(p; aX + bA) = ®>9(Ve, A) + a*b(g(VBA, B) — (Ve X, B) + g(VcC, A))
+ab®((9(VBA, B) - 9(VBA,C) — 9(VcC, X))+ °9(VBX, C).

Using (1.8) after a substitutions of X by A, B, C' and having in mind (1.9) we
obtain

9(VaB,C) _¢(VeC,A) g(VcA,B)

(1.10) a31(p) T az(p) __ as3(p)
9(VxC,B) _9(VoB,X) _ 9(VBX,C)

az1(p) asz(p) as3(p)
9(VeX,A) g(VxA,C)  g(VaC,X)

an(p) —  asn(p)  ass(p)
9(VBA,X) ¢(VaX,B) ¢(VxB,A)

asi(p) ~ asm(p)  ass(p)

where a;;(p)(¢,7 = 1,2,3,4) are the minors of a(p). Further we apply (1.8) for
a tangent vector a.X + bY where a and b are arbitrary real numbers such tha,t
2 4+ 0% = 1. According to (1.9) and (1.10) we obtain

a26(032(]))g(VXC', B) — azi(p)(9(VBB,A) —9(VcC,A) - g(VBC, X))
+ab®(asx(p)g(VaB, C) — as1(p)(9(VeC, X) — 9(VBB, X) — g(Vc A, B)) = 0.

From this equality and (1.8) according to the remarks above we have:
azn(p)(p—0—-v+p)=0.

Applying (1.8) for the tangent vector ¢X + bB and aX + bC we obtain
azn(P)(Yy—p+v—-2A)=0
azz(p)(0—v+A—p)=0

and hence we have the system:
azi(p)(p—0—v+p)=0,

az(p)(¥—p+v—-2)=10
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ass(p)(B - P +A—p)=0.

Since the minors ag;(p), as2(p), ass(p) are different from zero, then we have the
following system:

(1.11) p—0—v+pu=0,
P—p+rv—-A=0,
00—+ A—pn=0.

Let us consider at first the equality
p—0—-v+4+pu=0,

or
9(V4B,C) - g(VeA,B) = g(VeC, X) — g(VB, X).

Changing in this equality X by aX + bA and using the transformation (1.2) we
obtain: ‘

a*(9(VaB,C) — g(VcX,B) - 9g(VeC,X) - g(VBB, X))

+b%(9(VxC, B) — g(VBA,C) — 9(VeB, A) — g(VcC, A))
+a®b(—-g(VxB,C) — 9(VeX,B) + 9(VcX,C) — g(VcA, B)

(1.12) -9(VeC,X) - g(VeB,X) - g(VeC, A)
+9(VBB,A) — 9(VeC,X)—9¢(VeB, X))
+ab*(—g(V 4C, B) + 9(VBX,C) — g(VBA, B) - g(VcA,C)
~-9(VBB,X) - 9(VBC,A) - 9(VcB, A) - g(VsC, B)
9(VeB,A) - g(VeC, X)) = 0.
From here we get
(1.13) 9(VaB,C) - g(VeA, B) - g(VeC, X) + 9(VeB, X) = 0,

9(VxC,B)—g(VBA,C) - g(VBB,A) — g(VcC,A)= 0.

Using (1.2) we can check that these equalities are equivalent. Irom (1.12) we
have also

(1.14) 9(VxB,C)+g(VBB,X) - g(VeC, X) + g(VeA, B)
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—2¢(VBC,X)—-29(VeB,X)—9(VcC,A)+9(VBB,A) =0,
_(](V_,\’C, B) - g(VBX’ C’) + g(VBBv A) - !/(VCC', A)
—29(VC, A) — 29(Ve B, A) — g(VeC, X) — g(VBB, X) = 0,

and using (1.2), we can see also that these equalities are equivalent. Thus fron
(1.13) and (1.14) we obtain the system

(1.15) 9(VaB,C) - 9(VeX,B)—g(VeC, X) - g(VBB,X) = 0.
-9(VxB,C)+ 9(VBB,X) - g(VcC,X) - g(VcA, B)
—29(VeC,X)-29(VeB,X)—-9g(VcC,A)+9(VpB,A) =0,

and from here we have

(1.16) 9(VeA,B)—g(VeX,B)=0.

From this system, after replacing X by «X + bA and using (1.2), we obtain:
a*(9(VoX, B) — 9(VoB, A)) + V(9(VeX, C) + 9(VpA, C))
+ab(—g(VBB,X) + 9(VBB, A) + 9(VcC, A) + g(VcA, B)
+9(VoX, B) - g(VeC, A)) + ab*(~g(VBB, X) - g(VBX, C)
—-9(VBB,A)+ g(VBA,C) + 9(VcX,X) - g(VcC, A)) = 0.

We sum the coeflicients before a2b and «b? which are vanishing and obtain the
equality:
-2¢9(VeB,X) + 9(VeC, X) + 9(VcA, B)

+9(VeX,B) - g9(VBX,C)+ 9(VBA,C) = 0.
Since the coefficients before a® and b are vanishing also, then

9(VoX,B) +9(VcA, B) = 0,

and from here we have
—p+v+60—p=0.

From the results above, we have

—p+r+60—-9=0,
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then after summing of the last two equalities we obtain ¢ = 1. Analogously,
changing in (1.16) X by X + 0B and having in mind (1.2), we obtain ¢ = 6.
Finally we have ¢ = 9 = 0 and then the system (1.4) has the form:

(1.17) p(2a—b—-2¢) =0,

P(2b—c—a)=0,
0(2¢ —a—10)=0.

If o(p; X) # 0, then we obtain (1.6) which is not possible when p € Q3, hence
@(p; X) = 0. Then ¢ = 9 = 6 and the system (1.5) has the form:

(1.18) X(a)=M2a-0b-c¢),

X(0)=X2b-c—a),
X(c)=A2c—a-0),
for any tangent vector X € 5,Qs3.

Now we can prove the main result in the present paper.

Theorem 3. Let (M,g) be « four-dimensional Riemannian manifold.
Then (M, g) almost everywhere locally is a globally Osserman manifold if and
only if (M, g) is a globally two-stein manifold.

Proof. Let (M, g) be a globally Osserman Riemannian manifold. Then
all characteristic coefficients Ji (k = 1,2, 3) of Jacobi operator IRx are globally
constants on M and because of trace(Rx)? = JZ —2J3, then (M, g) is a globally
two-stein manifold.

If (M,g) is a globally two-stein, then trace Ry = Ji(p; X) is a globally
constant on M and (M, g) is an Einstein. Also Ja(p; X) is a globally constant
on M either and then from (1.5) we get

(1.19) X(J2) = v(a—b)2+ p(a—c)? + Ab-c)?,

which holds at any point p € M.
' Let p € ;. Then according to Lemma 1 and (1.7) we have that (M, g)
is a globally Osserman manifold.

If p € Qg, then two of the eigenvalues of the Jacobi operator are equal,

say b(p) = ¢(p), and
(1.20) a(p) # b(p) = <(p).
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Then the system (1.5) has the form
(1.21) X(a)=(p+ v)(a-10),

X(0)=pub—a)=v(b-a),

and from here according to (1.20) we obtain
(1.22) w(p; X) =v(p; X).

Suppose Jy(p; X) is globally constant on the manifold. Then X(J;) = 0 and
from (1.19), and (1.20) it follows that:

(p+v)(a—-0b)?=0.
Since a(p) # b(p), then from the last equality we have:
(1.23) v(pi X) + pu(p; X) = 0.
Now from (1.22) and (1.23) we have
v(p; X) = pu(p; X) =0,

for any tangent vector X € 5,Q2. From here and (1.21) we obtain X(a) =
X (b) = 0, which means that « and b are globally constants on A.

If p € Qg, then the eigenvalues of Jacobi operator Ry are different at a
point p, i.e. a(p) # b(p) # c(p) and then the system (1.5) has the form (1.18).
If J, is a globally constant then X (J2) = 0 and from (1.19) we obtain

(1.24) Ma=0)2+(a=c))+(b-c)})=0.

In the case A(p; X) = p(p; X) = v(p; X) = 0 from (1.18) we have X () =
X(b) = X(¢) = 0 which means a,b, c are globally constants on Q3.

If Mp; X) = p(p; X) = v(p; X) # 0, then from (1.24) we have «a(p) =
b(p) = ¢(p) which is not possible when p € Q3.

Thus we prove that (M, g) is a globally Osserman manifold and hence
that (M, g) is a locally rank-one symmetric space [8]. -

2. Characterization of a four-dimensional Einstein Lorentzian
manifolds using a skew-symmetric curvature operator

An n-dimensional Riemannian manifold (A, g) is called a Lorentzian
manifold, if at any point p € M the tangent space M, to M is an n-dimensional
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vector space of signature (—,+,...,+) or (+,—,...,—). The set of all unit
spacelike (time-like) tangent vectors in M, we denote by +S,M(~S,M). A
manifold (M, ¢) is called an Einstein manifold, if p = Ag, where A is a constant
and p is the Ricci tensor. For this class of manifolds we have the following result
of A.Z. Petrov [9].

Theorem A. ([9]) If(M,gq) is a four-dimensional Einstein Lorentzian
manifold, then at any point p € M there exist an orthonormal Lorentzian basis
e1, ez, €3, ¢4 (€4 € =Sy M) with respect to which all curvature components are
defined by one of the following formulas:

(2.1) Ry212 = —R3434 = 1,
Ry313 = —Ra424 = v,
Ra323 = —R1414 = a3;
(2.2) Ri212 = —R3434 = g,
Ri313 = —Roy2q4 = a2 + 1,
Raz23 = —Ryq14 = a2 — 1,
R3114 = —R3224 = 1;

(2.3) Ri212 = —R3y34 = Ri313 = —R2424 = Ra3os = —Ria1a = @,

R3114 = —R3224 = 1,

Ryqq3 = —Ra113 = 1.

The skew symmetric curvature of the tangent space M, is defined by
R(E?)(u) = R(X,Y,u), where E? = E%*(p; X,Y) is an arbitrary plane of M,
spanned from the tangent vectors X, Y. It is easy to see that R(E?) does not
depend on the orthonormal basis X, Y in the plane E%(p; X,Y). This operator
has been defined by G. Stanilov [4] and the problem of a pointwise constancy
was stated at the begining by him. At first, this problem was resolved in the
Einstein Riemannian setting by G. Stanilov and R. Ivanova [10] who proved
that the curvature operator R(E?) has a pointwise constants eigenvalues on the
Jour-dimensional Riemannian manifold (M, g) if and only if (M,g) is a space
of constant sectional curvature, [10]. The manifolds where the skew-symmetric
curvature operator R(E?) has a pointwise constant eigenvalues were referred to
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by P.B. Gilkey as IP (Ivanov, Petrova) hmnifolds because at first S. Ivanov and
1. Petrova proved in [11] the following theorem.

Theorem A. Let (M,g) be a four-dimensional Riemannian manifold
such that the eigenvalues of the skew-symmetric curvature operator R(E?) are
pointwise constants at any poinl p of manifold. Then (M,g) is locally (almost
everywhere) isometric to one of the following spaces:

a) a real space form;

b) « wraped product B Xy N, where B is 1-dimensional space, N is 3-
dimensional space form of constant sectional curvature K and f is a smooth
function on B given by

f(2)=vVKa2+Ca+ D,
where K, C, D are constants such that C? — 4K D # 0.

This classification was extended by Gilkey, Leahy and Sadofsky [12] to
the dimension m = 5, m = 6, and m > 9; subsequently the case m = 8 was
dealt with in [14]. We summarize those results as follows.

Theorem B. Let (M, g) be a Riemannian manifold of dimension m > 5
and m # 7 such that (M,g) is IP. Then either (M,g) has constant sectional
curvature, or (M, g) is locally isometric to a wraped product of the form

ds? = dt* + f(t)ds%,  on  (to,t1) X N,

where f(t) := (Kt? + At + B)/2 > 0 and where ds}; has a constant sectional
curvature K.

The case dim M = 7 was resolved from P. Gilkey and U. Simelman in
[13].

In the present note we continue this investigation on the four-dimensional
Einstein Lorentzian setting. We recall IP-manifolds as a pointwise Stanilov
manifolds and we will generalize this definition in the end of paper. Since in
this setting the curvature operator is not always diagonalizable, then we say a
Lorentzian manifold (M, g) is pointwise Stanilov manifold, if the characteristic
coefficients of a skew-symmetric curvature operator R(E?) are a pointwise con-
stants at any point p of M (the same definition can be used in the Riemannian
geometry).

Theorem C. Let (M,g) be a four-dimensional Einstein Lorentzian
manifold. Then the following conditions are equivalent:
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a) (M, g) is a pointwise Stanilov manifold,

b) (M, g) is a space of constant sectional curvature (in particular, (M, g)
is flat) or (M, g) is a Petrov’s space of mazimal mobility with a metric given in
a special coordinate system by [9]:

ds® = da? + sinh?®(zy — x4)da? + sin?(2; — xq)dal — de?.

Proof. We prove only the implication a) => b) because the implication
b) = a) is trivial. Let (M,g) be a four-dimensional Einstein Lorentzian mani-
fold, then at any point p € M for the curvature components with respect to the
invariants of the Petrov basis e;, ez, €3, €4, (€4 € ~Sp M) in the tangent space
M,, we have one of the following possibilities:

(2.4) a; = az = ag,
B = P2 =P3=0;
(2.5) ‘ ar=ay=p1=p62=0;
1 1
(2.6) oy =eg, a2=A~s-2—, € = 1,
1 1
1> B2 = £/ 13
(2.7) . a=0.

It is easy to check that the characteristic equation of the skew-symmetric cur-
vature operator R(E?) with respect t© any orthonormal Lmentzmn basis e, ez,
es, €4, (€4 € “SpM) in M, has the form:

[l.4 = Iz/.l. = I4 =0,
where for the characteristically coefficients of R(E?) we have:

(2.8) L(p;X,Y)= Rkyis+ Rkvis + Rivas — Rivia— R ya4 — Rkvas

Li(p; X, Y) = —(Rxy12-Rxy3s — Rxy13.Rxy24 + Rxy23.Rxv14)%.
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Assume that ey, ez, €3, e4, (e4 € =5, M) is Petrov basis in M, at a point p € M
and suppose we have (2.1). Then from (2.8) we get:

(2.9) Ly(p;ex,e2) = —Ia(pjes, e4) = of — i,

Li(p;e1,e3) = —Ix(p; e, eq) = a2 — B2,

L(p;ez,e3) = —L(p;er, e4) = a3 — B3;

(2.10) Iy(p; e1, e2) = —Ls(p; es, e4) = —aifi,

Ii(p; e1,e3) = —Ia(p; ez, €4) = —a3f35.
Ii(p; ea, e3) = —Iu(p; 1, €4) = —3f33,

Hence the conditions

(2.11) Ii(p; €1, €2) = Ii(p; e, €3) = Ik(p; e2, €3),
and
(2.12) Ii(p; e1,e4) = Ii(p; e2,€4) = In(pses,eq), (k= 2,4)
coincide. |
Let a = af, b = % be the roots of the equation 2 4 pz + ¢ and let ¢ = o

and d = 32 be the roots of the equation y% + ty + f = 0. From (2.11) in the
case k = 4 we obtain:

292 212 2 12
aifi = a3f; = a3fs,

a—b=a} - pl=—\/p?—4q,
c—d=a-pt=-\/12-4q.

From these equalities and (2.11) by k¥ = 2 we get p = &t and hence

hence ¢ = f and

of + B} = ex(ad + B3),
analogously we obtain
of + B} = ex(ad + B2),

where £, = £1 (s = 1,2). From this relation in the case e¢; = —1 we get

A+pi+ad+pE=0
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and then .
ar =P =a2=[0,=0.

In this case a2 + 2 = 0 hence a3 = f3 = 0 which means that (M, g) is flat.
The same results can be obtained in the case e = —1. Let € = ¢3 = 1. Then

of + 1 = af + B3 = of + 3.
Now from (2.11) when k = 2 it follows that

of —pi =of - B} =i - B3
From the last two relations we have
S=a}, Bi=05 =0

Now using the first Bianci identity, we get 8; = 0 (¢ = 1,2,3). From here and

o? = a} = o3 we have that (2.4) holds or we have the relations:

o = az = —ag,
Pr=P2=P3=0.
If (2.4) holds, then (M, g) is a space of constant sectional curvature at a point

p. In the case
ay=az=-a3, P1=P2=F3=0,

for the curvature tensor R we have a representation:
R(z,y,2,u) = ((9239ys — 9r49y3) — (9249u3 — 9=39u4)
—(9219y2 — 922941)(9220u1 — 9210u2) + (9220y4 — 9ra9y2)(gz49u2 — G22u4)

—(gwlgyS = ga:Sgyl)(gz3gu1 - gzl.‘]uii) + (ga:igyd - .‘]:_z:4gy1)(gz4gu1 - gz1yu4).
"(ga:2gy3 - gz‘39y2)(gz3gu2 - gz2gu3))al- .

From here it follows that K74 = 9a;. Since from (2.1) we have K4 = a;, then

a1 = 0 and hence (M, g) is flat at p.
Suppose we have (2.2). Then from (2.2) and (2.11) it follows that

(2.13) I(p; 1, €2) = —Lx(p; e3, 1) = f — 3,

Li(p;e1,e2) = —I4(p; €3, 4) = —ai B3



22 V.T. Videv

L(p;e1,e3) = —Ia(piea, eq) = (a2 +1)2 = 33 — 1,
Li(p;e1,e3) = —Ly(p; e, €4) = —P3(aa + 1)%;

L(p; e, e3) = —Lx(p;e1,€4) = (aa — 1) = 33 — 1,
Li(p; 2, €3) = —L4(p; €1, e4) = —B3(a2 — 1),

which means that the conditions (2.11) and (2.12) coincide again. Now from
Iy(p; e1,e3) = Iy(p; ez, e3) we obtain (a2 + 1)2 = (a2 — 1)? and hence a3 = Q.
Then from the condition I4(p;e1,e2) = Lu(p;e1,es) we get a?f? = B2, Since
By + 2B, = 0, then (4a? — 1).8% = 0. '

If B2 = 0, then B; = 0 and from the assumption I5(p; e1, e2) = Lr(p; ey, e3)
it follows that ; = 0. Hence we have (2.5) which means that all invariants of
Petrov basis are independent from p. In the case

1 1 [1 [1
— — _——A_ - —_— — = —_— = -
a; 82, (a3 52, o5 81z B2 2 e = %1;

we have that all invariants of Petrov basis are independent from p ecither.
Let us assume that (2.3) are satisfied. From these formulas and (2.11)
we can obtain the following characteristically coefficients:

I(p; e1,e2) = —Ix(p; e3, eq) = o? 4+ 1;

L(p;e1,e3) = —Ix(p;ez,eq) = a® — 15
Iy (p; ez, e3) = —I2(p;e1,e4) = o2

From here and the condition (2.11) in the case k = 2 we get (2.7). -

Thus, if (M, g) is a four-dimensional Einstein Lorentzian pointwise Sta-
nilov manifold, then at any point p € M for the curvature components with
respect to Petrov basis e;, ez, €3, €4 (e4 € ~S5,M) in the tangent space M,
we have one of the possibilities (2.4) - (2.7). Obviously, the curvature operator
R(I?) has non-zero characteristic coefficients in the cases (2.4), (2.6) and (2.7).
The results of A.Z. Petrov in [9] show that the cases (2.6) and (2.7) are not
possible and hence we have only the case (2.4). In this case, (M, g) is a space
of constant sectional curvature, or (M, g) is a reducible space - the second case
is not possible when (M, g) is non-flat.
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In the case (2.5) the characteristic coefficients of R(E?) are vanishing on
the manifold. In this case

ay +ag + f1+ B2 =0,

which is possible if and only if (M, g) is a symmetric Einstein Lorentzian man-
ifold such that at any point p € M for the invariants of Petrov basis we have
(2.2). A.Z. Petrov proved that in this case (M, g) is a space of maximal mobility
(with a metric given above) and these manifolds are founded as a solutions of
the Einstein equation in Relativity, [15].

Finally, we remark that the term pointwise Stanilov maniflolds in the
Riemannian setting can be generalized by the following definition:

Let (M, g) be an n-dimensional Riemannian manifold, let E* be an ar-
bitrary k-dimensional subspace of the tangent space My, let ey, e3, ..., ex be
an arbitrary orthonormal basis in E* and let S(E*) be the linear symmetric
operator of the tangent space M, defined by

S(E*)(u) = S(er, ez, .., ex)(u) = > Rlei,ej, R(eis e5)u).
i<y
We say that (M, g) is a pointwise Stanilov manifold of order k, if the eigenvalues
of the curvature operator S (E") are pointwise constants at any point p € M.

Evidently in the case dim M = 4 it is possible to exist only pointwise
Stanilov manifolds of order 3 and a pointwise Stanilov manifolds of order 2; the
last class of manifolds was described above, by Theorem A. In a next paper we
will prove the following (see [16]):

Theorem D. Let (M,g) be a four-dimensional Riemannian manifold.
Then (M, g) is a pointwise Stanilov manifold of order 3 if and only if (M, g) is
a pointwise Stanilov manifold of order 2.
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