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1. Introduction

Approximations of continuous functions by Szasz operators were investi-
gated by many authors. We refer to papers [1]-[5]. This paper is also devoted
to this problem. Our main result connects with the problem of estimate of
difference Sy,(f;2) — f(2) by the modulus of continuity of function f, which is
continuous on [0, 00) and has a polynomial grows at infinity.

Let m be a fixed natural number and C,2m(0,00) be the space of all
continuous functions on the real semi-axis for which the estimate

(1) |f(2)] < My(1+2%™), = €[0,00)

holds, where My is constant, depending on every function f only. For any
positive d we denote by wy(f,68) the modulus of continuity of function f on
closed interval [0, d], that is

wa(f,6) = sup{lf(t) - f(a‘)l O 2% G‘[O,d], |t —=| < 6}.

Obviously, for any d the modulus of continuity wqy(f,§) of functions f €
Cz2m(0,0) tends to zero as § — 0, since such a function is uniformly continuous

on [0,d].
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For the Szasz operator S, defined by
s k
@ Su(fiz)=em 3y B p (k) 2>,
k=0

M. Miiller [5] and T. Hermann [3], respectively, obtained the following inequal-
ities -

(3) ISu(f32) = J@) € L+ V@) ww (£, 32),  0<@<a
(@) 15a(f;2) = @) € L+ VB weo (£ dx), 0 <w< 00,

where weo(f,8,) is the modulus of continuity of function f on infinite interval
[0, c0). .
It is well-known that the modulus of continuity w(f,§) of function f on
some interval tends to zero as § — 0 if and only if f is an uniformly continuous

function on this interval. Therefore, modulus of continuity we ( fs 71;) in (3)

and (4) must not tends to zero as n — oo if f is not uniformly continuous
on all positive semi axis. Moreover, this modulus of continuity may be even
unbounded. Therefore (3) and (4), in general, not gave any information about
an order of approximation of functions by Szasz operators.

The order of approximation for Szasz operator by the modulus of conti-
nuity was firstly established in [4] as

(5) 15.(f52) = f(@)lofo, < Cr(1+ @) warr (S5 /%)
where f € C,2(0,00) and Cy is constant depending on f.

The aim of this paper is the generalization of this estimate for functions,
belonging to C,2m(0,00). Moreover, we shall consider also some generahzatlons
of operators (2) in Lipschitz classes Lippsy.

Lemma 1. For any natural v,

(6) Sp(tV;2) =2 + 3 b‘ v =1 + P R O

nv—1

where by, k = 1,2, ... are the constants, such that
0, k2>v
(7 bk"’—{;éo, k<v ®

Proof. Since for » = 1 (6) is true, we can use the method of induction.
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Suppose that (6) holds for any natural v < m.
Choosing the constants 1, ag, ..., @y, from the equality

m+1 k(k=1)...(k—m
_(__n%ﬂ-!l_l + Z n a_‘/ nm+l—1

=1

and using (6), we can found S, (t™*!;2) by the following formulas:

o0 k m .

. 1. _ e—nx na)k . 1 < .

S (tm+ 3 ’L) nm+1 E J_Lf(k—m—l T + 2 j =T .511(“,.1,)

=m+1 J=1
_ nm+lzm+l - nx)¥ = 1 ] .
= e E g_l_')_ + Z & sm=re1 Sn(t'; 7)
_ 1 1 bl j—1
= ’Lm+ + Z (T pwrerry nn—3+1 {’I:J + ——d""] + _5L;LJ = + .. + "J_ } )
j=1

By expanding the sums in the last equality and by making the rearrangements,
we arrive to the form

. mtl. .y pmtl Un m , Cm-1 +("7nb1m m—1
St jx) = + n —& +Tl
S (a1 + agbig + ... + A, m)
nm
Denoting

bl,m+1 =l
b2,m+1 = Q-1 + “mbl,m

bmmi1 = a1+ az2b12 + oo + amby—1,m,
we can write
. b -
:S’n(tnl.'-l; .’L') = :L‘m+1 -|- _lu%ﬂ.:c"‘l +-&|"T"2_'ﬂ:vnl—l + . + bn:;r'v'l‘il z,

which gives the desired result. : ' ]
Now we can prove the following main theorem.

Theorem 2. Let f € Cp2m(0,00) and waq1(f,8) be its modulus of
continuily on the finite interval [0,a + 1), where a > 0. Then for the sequence
of the positive linear Szasz operators {S,} the inequality

® 1S9~ Flopon < Crlt + @ Punn (£ /)
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holds for a sufficiently large n.

Proof. Obviously, for z € [0,¢] and ¢ € [0,00) we can divide the line in

two point sets
Ey = {(wst) P TE [0,(1,], t>a+ 1},

E; = {(z,t): z€[0,a], t<a+1}.
Let (z,t) € Ej. In this case t™ —2™ > 1 and we easy obtain the inequality
9 1£(8) = f(@)] < 3M;(1 + a™)?(t™ — 2™)>.
If (z,t) € E,, we have the inequality
(10)  1f(®) — f(@)| < wars (fs |t = o)) < wara(f,82) (1+ 1521

with the some positive §,.
(9) and (10) gives the inequality

(1) 1£(8) - F@)| < 3Ms(1+am(t™ = ™) +waa(£,5,) (1 + 152)

for any t > 0 and 2 € [0,a]. Applying S, to both sides of (11) and using the
Holder inequality, we obtain

(12) Su (f(8) - f(2);2) < SMy(L+a™)2S, (¢ - 2™ )
+wast(fy62) (1 + o /5 w)zm;w)) .

On the other hand, by using the 'monotonit;y of the positive operators
and the inequality (¢ — a:)?’" < (™ — a2™)?%, we get
Sn (If(t) - f("v)l ;:l:) < 3Mj(1 + am)2Sn ((tm - xm)2; 1')
+wat1(f8) (14 & */F (" = a™)%5w)) -

Now, we calculate Sy, ((t™ — 2™)%;z) in (13).
From (6) and (7), we obtain for 0 < z < a:

Sn ((t™ — 2™)%; 2) = S, (12™;2) — 22" Sa (1™ ) + '::2”‘5,,(1 )

(w2m + bl,2m z2m—1 + b2,2m w2m—2

(14) oot ”';:.:‘.’1"' m+l oy ”'" bmamgm 4.t —r—*f—"’,,'";,‘}'" m)

2m-1

— m—
S ,1,, E 'bk 2m — 2bk,m| z2m-k S 9‘3:'_1 kz Ibk,Zm - 2bk,m| .
=1
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Hence, we obtain

i‘l— 2m—1 ‘
(15) (0ma.§ S (e —-w’")2;m)> £ 2'\"/£€:—_~1—( > |bram — 20y ml)

k=1

-

M

m

Using (15) in (13), we get

mei1. [2m—1
:S (If(t) == f( )I 'I) < 3A[f([ + {L771)2a2 ( z Ibk'27n - 2()];,1)1,!)

k=1

1
2m—1 2m
+was1(f,6n) [1 + 4 2',"/ efn] ( z |br,2m — 2bk,m|) ] )

. 2m—1 . .« . . .
Taking é, = *{/%=— in this inequality, we can write

m—1

Su (IF(t) = f(@)]52) < BMy(1 + a™)2 2ot ( > 1b, zm—Q”'w"")

1
2m—1 2m
Fwat1 (f, =/ ﬂz—?) ll + ( > |bk2m — 2bk,ml) ] .

k=1

Since S, (1;2) = 1 and for a sufficiently large n, "2’; < %7/ 5’2—';'——1 we obtain

2m—1,
1Su(f32) = F(0)llofog < 3My(1L+am)? 5/ 22 ( S 0h 2 — 2bk.m|)

k=1
2 2m-—1
+wa+1 (f7 mv = n )

2m—1 5'31_1

14 ( Z |bk,2m = 2bk,m|) .
k=1

By the properties of the modulus of continuity, there exists a constant Ky,

depending on function f, such that wey1(f,6,) > K;6,. Therefore we can write

' M 2m-—1
”‘Sn(f; ‘7") - f("v)”C[O,a] S { f ( Z |bL 2m — 2bk 'm|>

) 2m-—1 2%7
+ |1+ ( Z Ibk,2m - 2bk,m|)

k=1

2m—1
X(l + (Lm)zwa+1 (f, 2m [ - ) )

Denoting
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AI_{ 2m-—1 |
il b m\ — 20 ,m
Cj I\j ( Z l k.2 5 l)
2m—1 2
+ [1+ < Z Ibk.2m - 21)1\'»7”!) ?

k=1

we can find

150(f32) = S@)llgpoag € Cr(1 + @™o (f, \/——)

which gives the proof. ]

Corollary 3. If f € Lippa on [0,a+ 1], then

”S"(f; .’L') f( € ”C[O a] < Cvf(l + (Lm')2A,[ ( 2m=—1 ) 2m
holds, for a large n.

Consider now some generalization of operators S,.

Let 3, be a sequence of nonnegative numbers such that

lim 3, =00 and lim 22 =1,

n—oo n—oo

Consider the sequence of the linear positive operators $* defined by
k
(16) Sulfia) =e™n® Z (oz)” ¢ (—,ji) ,  (a>0).

This type generalization with 3, = n + 3 was considered first by D.D. Stancu
[6]. Now, using Corollary 3, we give the following more general theorem on
approximation in Lipschitz classes.

Theorem 4. For0< vy <1, let f € Lippry. Then for the sequence of
the positive linear operators {S}} the inequality

(17) 1530/32) = f@)lleo,n < C-max { o, (1~ )7}

holds for a large n, where C is constant, defined as

C=(Ma"+ MCs(1 + a™)2a@m-1v/2m 4 Ma").
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2l (5:5) -+ (&)

+l n(f; ﬂ:) - f('l')l

|7 () - ()| e
B n k! €

Using Corollary 3 and the condition f € Lipysy, we can write

Proof. Clearly,

co (2)*

k'

(L2m-—-1 v/2m
n

v (m,)

R

1Si(fiz) - f(x)] < MY
k=0

kta
Bn ﬁn

+Cy(1 +a™)*M (

|k k
+A{{LZ_(:) :Bn 11

a\? a?m—-l v/2m
(18) < M (-) +Cr(14a™)?’M ( )
:Bn n
n\" — (na)k _
o (0-5) 2 ()
Bn k=0 n k!
Using the Holder inequality with p = L 5 to sum on the right-hand side of

(18), we obtain

7 9 a2m-1 v/2m
— L ' m /]
< u(3) Frcrrmrn (43

(- 2) (S (&) tes)”

and therefore, for 2 € [0, a],

2m—1)vy/2m

n'y/Zm

al

AP Vel
Sirim - 1@l < M (50) s+ amyn

"
+M (1 - [—;’-) a.
n
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Now, since Sx(1;2) =1 and ;% < W’ we can find
; n\”
1S2(/32) = f@)llego < C-max { e, (1= 2) 7}
which completes the proof. n

Let 8, = n+ 3, 3 > 0. Then we get a generalization of the type

(19) ‘S’r(Laﬁ)(f x) = e E .(ﬁJ:.L ("_*_/3) s (o, 3> 0).

Corollary 5. For0<+v <1, let f € Lippry. Then for the sequence of
the positive linear Szasz-Stancu operators {S’,(la’ﬁ )} the inequality

SKO52) = @) g < Ot

holds, where

C = M(a" 4 Ba" + Cy(1 + a™)2a2m=1)v/2m)
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